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5. YpasHeHus NpAMOi, NpoxoAsiued uepes aaHnyio Touky M, (x,, ¥, 2,) W IepneHaHKy-
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» = LoX— - -z
Ky My(xg. Yo, 20) ¥ NEPHEHIHKY.IAPHON 321aHHOH NPAMOH —fx‘- S U i} (141).
m n
i X=X _Y=-W_z2-2
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} X% - 2-
TIOCKOCTH, MPOXOoALeft Yepes AaHHYI0 NpAMYI0 — e
|

2
H napaiieb-
m n

HOH APYroH NaHHOA NpAMOK

x;x.“ ==V _ % (142). 10. ¥ paBHeHHe MI0CKOCTH,
)

L)
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nopsaaka. [ousTHe THNa iMHUKM BTOporo nopsaaka (172). 3. LleHTp aMuuu BTOpOTO NOpAL-
Kka (175). 4. CranaaprHoe ynpoluex ue 1060ro ypaBHeHHA THHHH BTOPOTO NOPALKE NyTeM
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JIapTHOE YNpollenue 1106010 ypaBHeHHs NOBEPXHOCTH BTOPOTO NOPA/LKA NYTeM MoBOpPOTa
oceil (187).

Knaccudukaunsa noBepxHoCTed BTOPOro HNOPSAKA .. ..................
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CROTD wizwn Sy Sl SREd e S SNrd Siai BUeEsd BUEsr sueds sos seay
3aKa0UMTeNbHEIE 3aMeUaHHs 0 r[p(}ﬁﬂemax AKCHOMATHKH  .............



OT PEJAKTOPOB CEPHH

JlaHHBIH BEIMYCK CepUH NpeacTaBaseT co0ol yueOGHHUK 110 Kypey aHaJIUTH-
YyecKoi reomeTpud. KpoMe TpaauiMOHHO H3/laraeMoro MaTepiasa, OH cojep-
JKHT H3J10KeHHE HEKOTOPLIX BOMPOCOB, HAXOAALIMX TPHMeHeHHe B (PU3HKe U B
TeOpeTHYECKOH MexaHHKe (MOHATHE 0 OapHLeHTPHYECKHX KOOpAHHATAaX, Bbl-
SICHEHHE POJId yIJ10B Dijepa B Bonpocax npeofpa3oBaHus KOOPAHHAT, Ipel-
CTaBJieHHe TPOH3BOJILHOTIO NPe0odpa3oBaHH B BUE TPAHC/ISALHMH H OHOTO 110-
BOPOTA B MPOCTPAHCTBE, ONTHYECKHE CBOHCTBA KPHUBbLIX BTOPOro MOPsika U
Tell:)s

[IpencTaBisieT HHTEpeC H MPHJIOKEHHE, COjleprKalee aKCHOMaTHKY [ Halb-
Hepra, 060CHOBAHHE METO/1a KOOPJAMHAT H JIal0llee Mpe/cTaBleH e 0 HeeBKJIH-
JOBOH reoMeTpHH.

A. Tuxonos, B. Havun, A. Ceewinukos



NPENUCJOBHE

DTa KHUTa BO3HHKJIA Ha OCHOBe JIeKUHH, YMTABIIMXCS aBTOPAMH Ha (H3H-
yeckoM (akysabTete MI'Y B TeueHHe psna Jer.

OTMeTHM HeKOoTOpble 0COOeHHOCTH H3/103KeHHs. Bo-nepBelX, 0TMeTHM, 4TO
Mo BCeH KHHre MAeT napajjejbHOe pacCMOTPeHHe CIydaeB MIOCKOCTH H Mpo-
cTpaHcTBa.

BecbMa noapobHo u3naraercs BektopHasi anredpa. [1pu ee u3oxeHHH
Cpasy Ke BBOAMTCS MOHATHe JUHEHHOH 3aBHCHMOCTH BEKTOPOB, H Ha ero 0CHo-
Be YCTaHaB/HBAaeTCs BO3MOXKHOCTb OJHO3HAYHOIO Pa3/oKeHHs BeKTopa I10
adpuHHOMY Oasucy. OT/iHUYalOTCA OT OOLIENPHHATHIX 10Ka3aTe/lbCTBO pac-
NpefeHTebHOr0 CBOMCTBA BEKTOPHOTO NPOU3BEAeHHs H (POPMY/Ibl A ABOK-
HOTO BeKTOPHOTO MpPOM3Be/leHHA.

B cBsizu ¢ noTpeGHOCTAMH TeopeTHYeCKOH MeXaHHKH JeTaslbHO paccmar-
puBaetcs npeobpasoBaHHe AEKAPTOBLIX MPSAMOYTrOJbHBIX KOOpAHHAT. Buisc-
HAETCS POJb YIJI0B DiJlepa U yCTAHABIMBAETCH, UTO, KAKOBHE Obl HU OBLTH /1BA
DasHca OfHOH OPHEHTAIHH, OHH H3 HHX MOKeT ObITh Mpeodpa3oBaH B APYroH
MocpesicTBOM NapaJielbHOro nepeHoca W 0JHOTO NMOBOPOTA BOKPYT HEKOTO-
poil OCH B NpPOCTPAHCTBE.

[lpu onucauuu nHHeHHBIX 00pa30B, HApPAAY C H3J0XKeHHeM TPaJHLHOHHO-
ro TeOpeTHYeCKOro MaTepHasa, paccMOTPeHO GoJblloe YHC/I0 3a1a4 HaeHHo-
ro xapakrepa. Ham kaxertcs, uto pazdop 3THX 3aja4 NMpHHECeT MoJb3y CTY-
AEHTaM, MPHCTYNAIOWHKM K YIPaKHEHHAM.

He ocrapsieHbl 6e3 BHHMaHHS H HMeIOIHe NPHKJIAIHOH XapaKkTep BOMPOCH!
Teopuu 00Pa3oB BTOPOro nopsiuka (oNTHYECKHe CBOHCTBA, NOJSIPHLIE ypaBHe-
HHUS W T.I.).

[punoikeHue K KHUre COJIEPIKHT MaTepHall, He BXOAALMI B TPAAHLUHOHHBIE
KypChl aHa/JIHTHYeCKOH reoMeTpHH. 31ech JaeTcs NMpeicTaBJeHHe 00 akCHOMa-
tuke ['uanbepra. [Iposoautes ofocHoBaHHe MeTOAA KOOPAMHAT, JaeTcs Mpej-
CTaBJIeHHEe O CHCTEeMe Pa3BePTLIBAHHS OCHOBHLIX M€OMETPHYECKHUX MOHATHH,
00 eBKJH/I0BOH M HeeBK/JIHJ0BOH reoMeTpHAX M O J10Ka3aTeJbCTBaX MX Hempo-
THBOPEUHBOCTH.

[To nporpamme, feHicTBYIOlIEH B HACTOALLEe BPeMs, 3TOT MaTepHas He BXO-
IHT HH B OJHH MaTeMaTH4ecKHH Kypc. TeM He MeHee 3TOT MaTepHaJs akTyaJseH
He TOJIbKO C TOYKH 3PeHHSs JIOTMUYeCKHX NPHHLUHIOB NOCTPOEHHS FeOMeTpPHH,
HO W LIS TIOHHMAaHHA PANa Pasje/ioB COBPEeMeHHOH (DH3HKH,

[lpy HamMcaHHK 3TOH KHHIH Mbl LIMPOKO MOJb30BANHChL COBETAMH M JpY-
weckor kpuTukon A.H. Tuxonosa u A.T. CBelIHHKOBA, KOTOPLIM MPHHOCHM
CBOI TAyO0Kyw 0/1arofapHoCTb.

Hawm xouetcs takke nodnaromaputk H.B. Edhumora u A.®. JleonTteena 3a
NpoyYTeHHe PYKOMHCH M cleslaHHbie HMHM 3aMevyaHus.

1968 r. B. Havun, 3. [Moznak



BBEJEHHE

AHanuTHYeCKas reOMeTPHS HMeeT CBOeH 3a/ladeil H3YUeHHe CBOHCTB reo-
MeTpHYeCKHX 00beKTOB IPH MOMOILH aHaTHTHYeCKOro MeTo/a.

B ocHOBe 9TOro MeTO/1a JIEXKHT TaK HasbIBaeMbli Memod Koopduram, Brep-
Bble CHCTeMaTHUeCKH IPUMeHe HHBIH JlekapTom h.

OcHOBHbIe MTOHATHS reOMeTpHH (TO‘-!KH. NpsMble IMHHH H H.HOCKOCTH) oT-
HOCATCH K YHCJAY TAK HasblBaeMbIX HAUAAbHBLX MOHATHH. DTH NOHATHA MOXK-
HO OTIHCATh, HO BCSIKAsi MOMLITKA aTh ONpe/ie/le HHe KaXKI0T0 HX 3THX TTOHATHH
Hens0eXHO CBe/leTCH K 3aMeHe ONpPe/le/ITeMOr0 NOHATHS eMY IKBHBANEHTHBIM.
C HayuyHOH TOUKH 3peHH$ JIOrHUecKH Oe3yTpeuHbIM MeTOIOM BBeleHHs yKa-
32HHBLIX IOHATHH ABJIAETCSA AKCULOMAMUYECKUIL Memod, B PAa3BHTHH U 3aBep-
e HHH KOTOPOrO Be/THUaiIast 3acTyra npunafrexut [nisbepry 2).

AkcuomaTHUeCKHH MeTOJ u3JjaraeTcs B anJ’IO}KEHHH B KOHLE HHCTOSLLI.EI:!
KHHrH. Tam jaercd npeacraBjieHue o BCEH CHCTEME aKCHOM FreOMEeTPHH H O TaK
Ha3blBaeMOH HeesKAud080L ceomempuil, K KOTOPOH IPHBOJHT 3aMeHa OJTHOH
M3 aKCHOM (TaK Ha3blBaeMOH GKCUOMbL NAPAAACALHOCTIL) YTBEPIKACHHEM, ee
OTPHLAIOLLKM.

Tam ke BBIsicHs1e TCS1 BOIIPOC O HETIPOTHBOPEUHBOCTH KaK eBKJIHIOBOH, Tak
H HEEBKJIHROBOI:I reOMeTPHH H YCTaHaBJIHBaeTCH, HTO KOHKPETHOITI peanu3salH-
e/l COBOKYMHOCTH 0G'BEKTOB, YIOBIETBOPSIOLIHX AKCHOMAM FreOMeTPHH, ABJISeT-
cd BBeJleHHe TOYeK Kak BCeBO3MOXKHBIX YIOPAJJ0YeHHBIX TPOeK (X, Y, Z) Bellle-
CTBEHHBIX YHCEJI, TPAMBIX — KaK MHOXKeCTBa TPOEK (X, ¥, 2), YIOBAETBOPSIO-
IIHX CHCTeMe IABYX JIMHeHHBIX YPABHEHHH, H TIJIOCKOCTEH — KaK MHOXKeCTBa
TPOeK (X, ¥, 2), YIOBJIE TBOPSAIOLIHX OJHOMY JTHHEHHOMY YPaBHEHHIO.

AkcHomaTHUecKHH MeTO/l 3aKk/a/biBaeT )YHIaMeHT H /s JieXKalllero B oc-
HOBE aHaJAHTHUYECKOH reoOMeTpHUH MeTOAa KOOPAHHAT. PaﬂH [POCTOThHI paccMOT-
puM BOINPOC O BBeIEHHH KOOPAHHAT Ha HPHMOﬁ. BosmoxkHocTh BBeleHHU S KO-
OpJHHAT Ha IPSMOH OCHOBLIBAETCS Ha BO3MOKHOCTH YCMAHOBAEHUA B3AUM-
HO 0OHO3HAUHO20 COOMBEMCMBURL MeNDY MHONECMEOM BCEX MOUEK NPAMOL
U MHONECMBOM BCEX BeULCMBEHHbLX Hicen. JJoKasaTenbe TBO BOZMOKHOCTH
yCTaHOBJIEHHS TAKOTO COOTBeTCTBHS OasupyeTcs Ha aKCHOMaX reOMeTPHH H
Ha aKCHOMaX (CBOMCTBAX) MHOMKeCTBA BellleCTBeHHbIX YHCeJl °) M IPUBOLHTCS B
[Tpunoenuu Kk HacTOSALLEH KHHTE.

') Pene Jlekapt — sesukuil (ppanuysckuil matrematuk u guaocod (1596-1650).

%) Nasux I'uabbepr — BeJHKHHA HeMeUKHI maTemaTuk (1862—-1943).

%) CBoficTBa BElECTBEHHBIX YHCEN H AKCHOMATHUECKHI METO BBEIeHHS MHOKECTBa
BeleCTBEHHBIX UMcea Hanarawtes B . 2 u B [IpuioxeHun k Boinyceky | Hacrosuero

Kypca.
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Taxum o6pasom, B [IpunoxKenuu K HaCTOAIIEH KHHre UHTATE b HAlIeT 060-
CHOBAHHE KaK CHCTEMBI Pa3BepPThIBAHUS OCHOBHBIX FeOMEeTPHYECKHX OHATHH,
TaK H JIEXKALLET0 B OCHOBE aHAMHTHUECKOH TeOMETPHH MeTO/1d KOOPAHHAT.

Meton koopauHaT npeicraisieT coO0H riayOOKHH W MOLLHBIN anmapar,
[103BONAIOUIMN NPUBJIEKATh /151 HCCJEOBAHUS reOMeTPHUeCcKHX 0ObeKTOB
MeTO/Bl a/ire0pbl H MaTeMaTHIECKOro aHalu3a.



FJTABA 1

CUCTEMBbI KOOPJIUHAT. IPOCTEUIIHE 3AJIAYH
AHAJIMTUYECKOW TEOMETPHH

B 3Toli r1aBe BBOAATCA AeKaPTOBbLI KOOPAMHATHI ') HA TIPAMOI, Ha MIOCKO-
CTH H B IpocTpaHcTie. PacemarpuBaloTes npocTeHiline 3alauu aHaauTHIeC-
KOH reOMeTPHH (paccTosHHEe MeXKy ABYMS TOUKaMH, leTeHHe OTPe3Ka B 1aH-
HOM OTHOIIeHHH). [laeTes MOHSATHE O IPYrHX cHCTeMax KOOpAMHAT (MoJisip-
HBIX, IHIUHIPHYECKHX H c(ePHUeCKHX).

§ 1. lekapToBbI KOOPAMHATHI HA IPAMOM

1. Hanpasaennbie oTpe3ku Ha ocH. [Tpamyio unio °) ¢ ykasanHbIM Ha
Hel HanpaBJeHHeM OyleM Ha3biBaTh 0cbio. OTPe30K Ha OCH Ha3bIBaeTCsl Ha-
NPABACHHLIM, €CTH YKa3aHO, KaKas 13 ero rPaHUYHBIX TOUEK AB/ISETCS Haua-
JIOM U Kakas — KOHLOM. Byem 0603HauaTh HanpaBaeHHbIH OTPe30K ¢ Hava-
noM B Touke A u KoHLOM B Touke B cumsosom AB (na puc. 1.1 uso6paxens
HanpaBaenHble oTpeskn AB u CD). Mbi Gyem paccMaTpUBaTh TakxkKe H TaK
Ha3blBaeMble HYAEBbLEe HANPABACHHbLE OMPE3KUL,

Y KOTOPHIX HAYa/10 M KOHell COBNAjalT. A B D C
C KaK/bIM HallpaBJeHHBIM OTPE3KOM COIOC- Ocb
TaBJAETCS ero YHC/I0Bas XapakTepHCTHKA — TaK Puc. 1.1

HasblBaeMas BEAULUHA HANPABACHHOCO OMpPes-_

ka. Beauuuroil AB nanpaeaennoro otpeska AB nasbiBaetcs uuc/o, paBHOe
nnune otpeska AB, BaaTo# co 3HakoM ILT0C, ey Hanpabaenxe AB cosnanaet
C HarnpaB/eHHeM OCH, M CO 3HAKOM MUHYC, ec/u HanpaBienue AB mporusomno-
JIOXKHO HallpaBJeHHIO 0cH. BesHUHHBI BeceX HY/IeBbIX HallpaBJAeHHbIX OTPE3KOB
CUHTAKTCS PABHLIMH HYJIIO.

h Koopdurnamet (0T TaTHHCKUX CJIOB CO — COBMeCTHO, ordinatus — ynopaaoyeHHbIH,
onpeneneHHBIH) — YKCIa, 3alaHHeM KOTOPHIX OMpeje/sieTcs MoJA0XeHHe TOUKH Ha Tpd-
MOH, Ha MJIOCKOCTH MM B NPOCTPAHCTBE (COOTBETCTBEHHO HA JIMHMH WJIH HA MOBEPXHOCTH).
3acayra BBejeHHs memoda Koopdunam, ¢ NOMOULLIO KOTOPOTO 3alaud reOMeTPHH MOTYT
OBITh HCTOJIKOBAHBI HA f3bIKE MATEMaTHYECKOro aHajiu3a, u, 00paTHO, (aKkThl aHaaH3a MO-
ryT npHofpecTH reoMeTpH4ecKoe TOJKOBAaHHe, NPHHALNEHMHT (PPaHLYy3CKOMY YYEHOMY
P. lexapry.

B [TpuaoxKeHHH B KOHIE 3TOH KHMTM PACCMATPHBAETCH aKCHOMATHYECKOEe BBEIeHHE
OCHOBHBIX FeOMETPHUYECKUX MOHSATHH (ToYek, npamMelx, maockoctei). Kpome roro, 8 atom
e [IpuioKeHUH yCTaHABIMBAETCH CBS3b MEXIY TeOMeTPHUeCKHM TOHATHEM npamol au-
HUU W MOHATHEM HUCAQBOU OCU (CM. BBIN. 1 «OCcHOBLI MaTeMaTHUYECKOTO aHaJqausar).
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2. JluneiiHbIe ONIePALIAH HAJl HANIPABJIeHHBIMH 0Tpe3KaMu. OcHOB-
HOe TOXAeCTBO. [Ipe/1BapuTe/NbHO ONpeNe M PABEHCTBO HalpaBAeHHbIX OT-
peskoB. HanpasieHHble OTPe3KH Mbl GyJIeM NlepeMellaThb BAOJIb OCH, Ha KOTO-
POii OHH JIeJKaT, COXpaHsis PH 9TOM HX JIHHY H HanpaB/eHHe '),

[lga HeHYNeBbLX HANPABACHHBLX OMPE3KA HAZBIBAIOMCA PABHLIMU, ECAU
npuU COBMEUIEHILL HAYA IMUX OMPEe3K08 cosnadatom w ux Koxuel. JTrobole
80 HYNEBbLIX HANPABACHHbLX OMPE3KA CUUMAIMCS PABHbIMU.

OueBuiHO, HEobx00UMbIM U DOCMAMOUHBLM YCAOBUEM PABEHCMBA OBYX
HANPABACHHLIX OMPE3K08 HA OAHHOL OCU ABASEMCS PABEHCMBO BEAUUUN
IMUX OMPe3KO8.

Juneiinvimu onepayuamy Haj HarnpaBJeHHBIMH OTPe3KaMH OylieM Hasbl-
BATb ONePauyii CAONEHUA TAKUX OTPE3KOB U YMHONCEHUA HANPABACHHO2O
OMPesKa Ha BELECMBEHHOE HUCAO.

[TepeiineM K onpeeeHHIO STHX ONe paLyii.

Jlst onpeiesieHHs € Y M M bl HalpaBJeHHbIX OTPE3KOB AB 1 CD cosmec-
tiM Hayaso C otpeska CD c konuom B otpeska AB (puc. 1.2). [loayuyenusii
TIPH 3TOM HalpaB/lIeHHbIH 0Tpe3ok A HasblBaeTcs cymMMOil HANpaBIeHHBIX
orpeskoB AB u CD uo6osnauaetcs cumsosiom AB + CD .

CrnpaBejHBa CJIeyIOILAS OCHOBHAA MEOPEMA.

Teopema 1.1. Beaunwuna cymmol HANPasACHHbIX OMPE3KOE PABHA CYM-
Me BEAUHUH CAQ2ACMBLY OMPE3KOE.

Hokaszateancrtno. [lyeth xoTa Gbl OIMH H3 OTPE3KOB AB w CD
sBasieTcs Hy/leBbIM. Ecan, HanpuMep, otpe3ok CD HYJIEBOH, TO cymMMa
AB + CD cosnanaer c otpeskoMm AB, u yTBep:KieHHE TEOPEMbI CTIPABE/TH-
Bo. [TycTb Teneps o6a otpeaka AB u CD nenynesbie. CoBmecTHM Hauano C
otpeska CD ¢ kouuom B otpeska AB.Torna AB + CD = AD . Hawm HYKHO
J0Ka3aTh CpaBeIMBOCTh paeHcTBa AB + CD = AD. Paccemotpum cayuai,
koraa o6a otpeska AB u CD uanpaeJieHbl B OfHY cTopony (puc. 1.2). Batom
cayyae ainHa otpeska AD paBna cymme anus otpeskoB AB u CD u, Kpome
TOTO, HanpasJ/leHHe oTpe3ka AD coBmajaer ¢ HanpaeJeHHEM KaKI0TO U3 OT-
peskoB AB u CD . IToaToMy HHTepecyiollee Hac paBeHcTBo AB + CD =AD
crnpaBeyiuBo. PaccMOTPHM, HAKOHel, elle 0MH BO3MOXKHBIH Cyual, Korja
otpeskd AB u CD wanpas/ieHbl B MPOTHBOMOJNOMXKHBIE CTOPOHBI (puc. 1.3).

cC D D &
A B A B
Puc. 1.2 Puc. 1.3

B stom caryuae enuunnsl oTpeskoB AB u CD uMeloT pasHbie 3HaKH, H [109T0-
My nauHa otpeska AD pasua | AB + CD|. Tax kax nanpas/ienue otpeska AD
COBNajaeT ¢ HanpaBJeHHeM HanboJIbLIero 1o A1nHe 3 otpeskos AB u CD

') Bompoc 0 BO3MOXKHOCTH MepeMelenus 0TPe3KoB CBA3aH ¢ AKCHOMAMH KOHTPY-
SHTHOCTH (cM. [IpHioxeHHe B KOHLE KHHIH M, B 4YACTHOCTH, CHOCKY Ha c¢. 209).
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TO 3HaK BeqHuMHb 0Tpeska AD cosmamaet co sHakom uucaa AB + CD, T.e.
crnpapenanBo paBeHeTBo AB + CD = AD. Teopema nokasaHa.

Caedcmsue. [lpu aw0bom pacnoroxernuu movex A, B, C na wucrosoil
ocu 8eaununbl Hanpasiennolx ompeskos AB, BC u AC ydosiemsopsiom
COOMHOULEHULIO

AB + BC = AC, (1.1)

KOMopoe HA3bl8AEMC A OCHOBHbLM MONIeCMBOM.

Onepaliyst yMHOXEHHS HAMPaB/IeHHOIO 0TPe3Ka Ha BellleCTBeHHOe YHCJIO O
onpeensieTcs caeyoLmM 06pasoM.

[Tpoussedenuem HaANPpasLeHHO2O Ompe3Ka f AB na
4UCAO O HABLIBAEMC S HANPABACHHbLI OMPe3oK, obosnawaemoll o+ AB, dau-
Ha Komopozo pasra npoussedenuro uucia |o| Ha dauny ompeska AB u
Hanpasienue Komopoeo cognadaem ¢ Hanpasienuem ompeska AB npuo>0
u npomugonoaoxro nanpasienuto AB npuo < 0.

OueBuIHO, BEJIMUMHA HATIPABJIEHHOTO OTpesKa oL - AB pagHao - AB.

3. leKapTOBBI KOOPIHHATHI HA MPAMOH. [leKapTOBE KOOPAHHATEL Ha
MPSIMOH BBOAATCS CaefyiomuM o6pa3zoM. Beibepem Ha MpaMoi onpeeseHHOe
HarpasJeHHe ')  HeKOTOpYyIo TouKy O — Haua-

Jo xoopauHat (puc. 1.4). Kpome toro, ykaxem I

eIMHHLY MacmTada. PaccMoTpuM Teneps mpous- =5 i -
BOJILHYIO TOuky M Ha npamoi. ek ap m o- ey

goll KoopdunHamoi x mouxku M = 5

bydem Ha3bi8aMb BEAUULNHY HANPABACHHO20 OMPe3Ka OM .

Tot ¢akr, uto Touka M HMeeT KOOPAHHATY X, CHMBOJIHUECKH 0003HAUaK0T
Tak: M (x).

3ameuaHnH e BeereHHe 1eKapTOBLIX KOOPAWHAT HA MPSAMOH MPe/ICTaB-
JsieT coGoH OMH U3 crocoB0B, C MOMOLIbIO KoToporo 4robol mouke M nps-
MOL cmasumca 8 coomaememaue 8noine onpedeiernoe 8euyecmsenoe
yucao x. Bonpoc o ToM, HcUepnbiBaeTCs K IPH 3TOM cnocobe Bce MHOXKe-
CTBO BelLeCTBEHHBIX UHCEJ, T.€. OYIeT JI1 YKa3aHHOE COOTBETCTBHE B3aUMHO
OJHO3HAYHBIM, MOJOXKHUTEJBbHO peHJaETCH B HpHJIO?KEHHPI B KOHIE KHHIH.
(Cm. no stomy nosoay Takxke [Ipunoxenue K Boim. 1)

[Tycte M,(x,) 1 My(x,) — ABe TOUKH Ha ocH. B ciegytomem yTBepKIeHHHA
yCTaHaB/IHBaeTCs BelpaxkeHHe BeauunHbl M| M, HanpaB/eHHOro oTpe3kKa
MM, uepes KOOPAMHATHI X| H Xy — €I'0 HAuaJla i KOHIA.

Teopema 1.2. Beauuurna M\M, nanpasaernoeo ompezka MM, pasua
X9 — X, T.€.

M|M2=XQ‘-‘)C]. (12)

HoxaszatenbcTBso. Pacemorpum Ha ocu Tpu touxu O, M,, M,. Co-
rjaacHo Teopeme 1.1 cripaBeiiBO paBeHCTBO

OM1+M]M2=OM2. (13)

l) Hanomuum, uto IpsiMasi ¢ yKa3aHHbIM Ha HeH HalpasJ/jeHHeM, Ha3blBaeTCsl OCbI0.
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Tak kax OM,| = x,, OM, = x,, To u3 (1.3) BoITeKaeT HyKHOE HAM COOTHOIIIEHHE
(1.2). Teopema noxasana.

Caedcmsue. Paccmosnue p(M,, My) mendy moukamu M, (x,) u Ms(xs)
moocem Gotmo Hatideno no opmyie

pM,My)=|xy—x,]. (1.4)

§ 2. lekapTOoBBI KOOPIHUHATHI HA NIJIOCKOCTH
M B IPOCTPAHCTBE

1. lekapToBBI KOOPAMHATHI HA MJIOCKOCTH. [[Be NepreHAUKY ISpHEIe
OCH Ha MJOCKOCTH ¢ 0OLIMM HA4YaJ0M U OIMHAKOBOUW MacIUTaOHOH e IHHHUIIE H
(puc. 1.5) o6pasywT dexapmosy npaAmMoyeoLbHI 0 CLLCMeMY KOOPOUHAM Ha
naockocmu. OIHY U3 YKa3aHHBIX OCEH Ha3bIBaIOT 0cuio Ox WIH ocvio abc-
yuce, 1pyryo — ocvio Oy WK 0Cbio 0pOuHam. ITH OCH HA3BIBAIOT TAKKe
koopdurnamuoimu ocamu. O6osHaunm yepes M, u M,
COOTBETCTBEHHO MPOEKIMH MPOU3BOMBHOH TOUKH M
M M NJ10CKOCTH Ha ocH Ox u Oy.

Hekxapmosoeimu NpaAMOYy20abHbLMU
kKoopduHamamu x u y mouku M bydem Ha-

y

0 M, X 3wsamucoomeemcmsenno BeAUIUHbL HANDABACHHBLY
ompeskos OM, u OM, .
Puc. 1.5 JleKapTOBbl KOOPIAHHATH X H i TOYKH M Ha3bBaKOT-

csl COOTBETCTBEHHO ee abcyuccoi u opdunamoi. Tot
thakt, uro Touka M MMeeT KOOpPAHHATHl X H I, CAMBOJHYECKH 0003Ha4YaloT
Tak: M (x, y).

KoopnuHaTHEIe 0CH pa3dHBAIOT MJIOCKOCTh HA UeThipe K8adparma, HyMe-
palusi KOTOphIX YKa3aHa Ha puc. 1.6. Ha aTom ke pucyHKe ykasaHa paccTa-
HOBKA 3HAKOB KOODAHHAT TOYEK B 3aBUCHMOCTH OT UX PACTONOKEHUS B TOM
WJIH HHOM KBaJIpaHTe.

2. leKapTOBbI KOOPIHHATDI B MPOCTPaHCTBE. JleKaPTOBBI KOOPIHHATHI
B IIPOCTPAHCTBE BBOASITCS B [IOJHOH aHAJIOTHH C I€KaPTOBBIMH KOOPIHHATAMH
HA MJIOCKOCTH.

Tpu B3aUMHO neprieHAHKYJISpHbIE OCH B IPOCTPaHCTBE (KOOPAHHATHbIE OCH)
¢ obum Havanom O W oaMHAKOBO#H MaciuTabHol eanHuLer (puc. 1.7) obpa-
3YIOT I€KAPTOBY NPSIMOYTOJAbHYIO CHCTEMY KOOPAHHAT B ripocTpatctse. OnHy
M3 YKa3aHHbIX 0Ced Ha3bIBaloT ocuro Ox Uik ocero abeyuce, npyryio — ocero Oy
HJIH 0Cb10 0pduram, TpeTbio — ocbio 02 Wi ocero annaukam. [yecte M, M,
1 M, — TpoexIMH Pou3BoJIbHON TodKH M npocTpatcTBa Ha ocH Ox, Oy u Oz
COOTBETCTBEHHO.

Hekapmosoimu npamoyeosbvHoimu Koopodurnamamu
X, Y u 2 mouku M 6ydem Ha3visams COOMBEMCMBEHHO BEAULILHbL HANPAB-
aennvlx ompeskos OM, , OM, u OM, .
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JleKapTOBbI KOOPAUHATHI X, i/ M 2 TOUKH M Ha3bIBAIOTCS COOTBETCTBEHHO €€
abeyuccoll, opouramod v annaukamoi. Tot (akt, uTo Touka M HMeeT Ko-
OPAMHATHL X, if ¥ 2, CHMBOJIHUECKH 0603HauatoT tak: M (x, y, 2).

y

11 I
x<0, y>0 | x>0, y>0

0 x
I v
x<0, y<0 | x>0, y<0

Puc. 1.6 Puc. 1.7

[TonapHo B3siTble KOOPAHHATHLIE OCH PACIIOJNATAIOTCS B TAK HA3BIBAEMBIX
Koopdunamuerx naockocmax xOy, yOz u 20x (puc. 1.7). ITH MIOCKOCTH
pa3BHBAIOT MPOCTPAHCTBO Ha BOCEMb OKmManmos. UutaTe b 6e3 Tpy/ia Bhisic-
HHT paCcCTAHOBKY 3HAKOB KOOPJHHAT TOUEK B 3aBHCHMOCTH OT HX PacrioJioxe-
HHUSI B TOM HJIH HHOM OKTaHTe.

§ 3. [Ipocreiimue 3a1aYyu AHAJTUTHYECKOH F€OMETPHUH

1. IlonaTHE HaNIpaBJIEHHOIO OTPe3Ka B IpocTpaHcTBe. [Ipoekuus Ha-
MpaBjJeHHOr0 0TPe3Ka Ha 0cb. OTPe30K B MPOCTPAHCTBE HA3LIBACTCH HANPAB-
ACHHBIM, €CJIH YKA3aHO, KaKasl U3 ero rPaHUYHbLIX TOUEK IBJSeTCs HaualoM U
kakas — KoHuoM. Kak u B 1. | § | saTo# rnaesl cumBosiom AB Gynem o603Ha-
yaTh HalpaBJ/eHHbIH OTPE30K ¢ HAYa/l0M B TouKe A U KOHLIOM B TOuKe B.

Paccmorpum B mpocTpaHcTBe HanpabaeHHBIH oTpe3ok MM, u och Ox
(puc. 1.8). I1pu aTOM ByeM cyMTaTh, 4TO Ha 0CH OX BBEJEHbI IeKaPTOBLI KOOP-
IMHATLI TOUEK.

lpoekyuei nanpasaennoeo ompeska MM, na oce Ox (npg, MM, )
Ha3blBAETCH BeJMYHHA HanpaBaeHHoro otpeska M M, | nawanom M,, ko-
TOPOro CAYXKHT NpoeKius Hayaaa otpeska MM, , a konnom M,, — npoek-
KA KoHIA oTpeska MM, .

[Tycte Touku M, u My, umeroT Ha ocH Ox KOOPAMHATEL X| U Xy COOTBET-
creenHo. M3 onpenenenus npy, MM, u teopems 1.2 BeITeKaeT crpaBen-
BOCTb COOTHOLIEHHS

Hpox M1M2 =Xo— Xy, (15)

YcTaHOBHM ellle oHYy GOpPMYJy M5 BeIUKCAeHUS NPy, MM, . [lns 3Toro ne-
peHeceM HanpaBJaeHHBIH oTpe3ok MM, napanienbHo camomy cede Tak, 4To-
Obl ero Ha4aJ0 COBMAJO ¢ KAKOU-1HO0 Toukol ocu Ox (Ha puc. 1.8 3Tol ToU-
Kol aBsgeTcs Touka M, ). OG03Ha4MM yepes (p HAUMEHBLIHH YT/l Mex 1y Ha-
npaeaendeM ocu Ox W Hanpassaenuem otpeska M, M,, , mosydeHHoro
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YKa3aHHBIM BbIILIE MapajienbHbIM nepeHocom otpeska MM, . OTmeTnm, 4To
yroa @ 3axJ/odeH Mexkay O u . [Tpu 3TOM 0ueBHAHO, UTO Y204 ¢ OCMpbLil, ecAu
Hanpasierue ompeska M, M, cosnadaem ¢ nanpasienuem Ox, u mynol,
ecau nanpasaenue M M, npomusonoronno nanpasieruro Ox. Menoabays
3TO, JIErKo yOeIUThCS B CIIPABE//IMBOCTH CJELYIOLLIEH HYKHOH HaM (POPMYJIbL:

npo, MMy = | MM, | cos g, (1.6)

B KoTOpo¥i | MM, | oBosnauaer aauny otpeska MM, .

2. PaccrosiHMEe MeXAY ABYMSA TOUKAMH. B 3TOM NMyHKTE MBI YCTAaHOBHM
Gopmyay 0AS BHIYUCACHUS PACCMOAHUA MEHOY O8YM S MOUKAMU T10 H3BECT-
HBIM KOOPZIMHAaTaM 3THX To4eK. JTa 3ajaua yxke pellieHa sl cayyas To4eK Ha
npamod B11. 3§ 1 aroii raiasbl (cM. popmyay (1.4)). Panu onpeneneHHocTH noj-
poGHO OCTAHOBHMCS Ha CJ1y4ae, KOrja TOUKH PacrooxKeHbl B MPOCTPaHCTRE.

PaccmoTpum B mpocTpaHcTBe eKapToBY cHcTeMy kKoopauHat Oxyz H
Touku M (x, ¥y, 2;) 1 My(xs, Yo, 25) (puc. 1.9). OueBuaHo, paccTosHHe
p(M;, M) mexny Toukamu M, u M,, paBHOe 1/IMHe HaNpaBJeHHOro OTpe3Ka
MM, , paBHO TaKze JJIHHe IMArOHAJ/H NapaJjesenuneja, rpaHH KOTOPOro
napaJiie/ibHbl KOOPAHHATHEIM [IOCKOCTSM M NPOXOAAT uepesd Touku M, u M,
(nHa puc. 1.9 3701 napansienenune M306 pakeH WTPHXOBOH uHKek). JlmuHa na-
pantessHOro ocu Ox pedpa 3TOro napaJesenunesa papHa, O4eBHIHO, abco-
JIOTHOH BeJIMUMHE NPoeKInH otpe3ka MM, Haock Ox, 1.e., cornacHo Gopmy-
Je (1.5), paBHa | x, — x, | . [To aHa/IOrUYHEIM COOBparkeHUAM AIHHBL pebep, ma-
pamnensHeX ocsiM Oy 1 Oz, paBHB COOTBETCTBEHHO lys— Yy | u|25—2].

2
A7
,Aﬂ 7”5
P
My, @
My, ~ |7 ’
X
Puc. 1.8 Puc. 1.9

HMcnonbsysa teopemy Iludaropa, noayuum caenymomyw Gopmyay ans
p (M]v M?):

oMy, My) = J(xs =3, ) + (92— 4, +(22 -2 ). (.7

3ameuanue. PopMmyna paccTOSHHS MEXKIY IBYMS TOUKAMHU B CJyudae
HX PACTIOI0KEHHUS B MIOCKOCTH Oxy UMEeT CIeLYIOUHH BUA:

P(Ml,M2)=\/(x2_x1)2+(y2—Hl)zi (1.8)
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3. lenenue oTpe3Ka B JAaHHOM OTHOMEeHHH. PaccMOTPHM B 11POCT paH-
CTBe 1Be pasanuHble Touku M, u My 1 npsimyto, onpeesieMyo STHMH ToY-
kaMu. BriGepem Ha 3ToH npaMo# HeKoTopoe Hanpas/aeHue (puc. 1.10). Ha
noJiyueHHo# ock Toukd M| u M, onpeiesisiioT HanpasJ/ieHHbIH 0Tpesok MM, .

[Mycre M — mobas otauunas ot M, TouKa yKa3aHHOH Beille ocH. Yucso

A= MM
MM,

(1.9)

Ha3bIBAETCH OMHOUEHUEM, 8 Komopom mouka M deaum nanpasaenHulil om-
pesok M;M, . Takum o6pasom, nodasi, oTaddHas ot M, Touka M [enuT oTpe-
30k M, M, B HeKOTOPOM OTHOIIEHHH A, Tiie A onpenessiercs paBeHcTsoM (1.9).

Sameuanue |. [Ipyu3mMeHeHHH HANpABJIeHUA HA NIPIMOH, NPOXOS-
el yepe3 Touku M, U M;, MEHSIOT 3HAK BeJHUHHBI BCeX HANPABICHHBIX

MM

otpeskos. [loaTomy oTHOWIEHHE B npasoi yacTd Gopmyast (1.9) He

2
3aBMCHT OT BbIGOpA HANpPABJEHHS Ha 2
npsmod M, M,.

PaccmoTpum 3adany o soluucieniu [
Koopdunam mouku M, deaauei om- ot
pesox MM, 8 omnowenuuh, cantas o —15 | M4 o x
H3BEeCTHbIMH KOOPAWHATBI TOYEK Mi H - 24
M, v umcaio A, rue A He paBuo —1. i

PaceMoTpHM B pocTpaHcTBe AeKap- X
TOBY NPSMOYTOJbHYIO CHCTEMY KOOP/IH-

HaT Oxyz, H yCThb B 3TOH CHCTEME KOOp-

ouHat Touku My, My u M MMel0T COOTBETCTBEHHO KOOPAMHATEH! (x|, Y, 2}),
(x2, Yo, 29) ¥ (x, y, 2). Cnpoeuppyem Touku M|, M, u M Ha KOOpAHHATHBIE OCH
(na puc. 1.10 ykasansl aumb npoexkuun M,,, My, u M, touek M, My u M Ha
ock Ox). OueBnaHo, Touka M, nesuT Hanpas/ieHHbld 0Tpe3sok M, M,, BOTHO-
weHuu A. [Tostomy

\

Puc. 1.10

M .M
e _ ), (1.10)
MrMEI
Cornacho teopeme 1.2 M| M, =x—x;,a M My, = x, — x. OTCI01a U H3 COOTHO-
. X+ Ax;
wenus (1.10) Haiinem, 4To X paBHseTCS ]1+—7L2 CoBeplieHHO aHAJOrHUHO

BBIYHCAATCH KOOPDAHHATEHL If H 2 TOUYKH M. Takum OﬁpElBOM.

x=-"1+7\x2‘ y:yl*')"yQ‘ 2221+7\.29‘ (1.11)
1+ A 1+ A 1+ A
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Dopwmyast (1.11) HazeiBaTCS hopsyramu desenus ompeska 8 0aHHOM OM-
HOWEeHUL A.

3ameuanue 2. OueBuaHo, eciu A=1, To Touka M 1eauT OTpe3okK
MM, nmonoaam. [Tosyuatomnecs npu 3ToM u3 cootsouenu# (1.11) hopmy.et
HA3BIBAIOTCS (hopMysami OeseHi s OMPe3Ka NonoAaM.

3ameuvanue 3. Jl19 NOJMOKUTENbHBIX 3HAUeHHHA A ToOuka M JIeKHUT
Mexkay Toukamu M, u M, (B 3TOM caydae, Kak 970 BUAHO U3 (1.9), oTpesku
MM v MM, oMHAKOBO HaNpaBJeHbl), a /151 OTPULATE I bHBIX 3HAUEHU T —
BHe oTpeska M, M,.

3ameuanue 4. CoorHomenus (1.11)HMeOT CMBIC 115 JIOOBIX 3HAYE-
HUH A #—1. DTHM, B YaCTHOCTH, ¥ 0GBACHANOCH YKa3aHHOe paHee orpaHuye-
HUe JIJIsl 3HAUeHHH A,

ITpuwme p. Peluum 3agauy o goruuciesiy KOOPOUHAM 4eHmpa maxec-
MU CUCMEMbL MAMeEPUALbHbLX MOYEK.

Hcrnonbsyem cieayoline 1Ba 10MYyIIEeHHs, OTBEYaloLIHe U3BECTHbIM (hH3H-
YeCKMM IPeIochlIKaM:

1) LleHTp THKECTH cHCTeMBbl U3 ABYX Touek M, 1 M, ¢ MmaccaMu COOTBeT-
CTBEHHO M U My HAXOAUTCH Ha oTpe3Kke MM, 1 IeIMT 3TOT OTPe30K B OTHO-
HeHHH A = my/m,.

2) Lentp ts:kectn cuctemsl Touek M, M,, ..., M,_;, M, c maccamu coort-
BETCTBEHHO M|, My, ..., M,_;, M, COBIAAAET C LEHTPOM TSIKECTH CHCTEMEI U3
IBYX TOYEK, OJHA M3 KOTOPLIX fABJIseTcs ToUKoH M, ¢ Maccoil m,, a ipyrad
HAXOIHUTCS B IEHTPe TAXKECTH CHCTeMbl Todek M, M, ... ... , M, (c maccamu
my, Mo, ..., M,_) H UMEET MaCCy M, + Mo+ ... + M,_;.

W3 nepeoro ponymwenus u gopmyJ (1.11) BeTekaer, 4To KOOPAHHATHI X,
Y M 2 LleHTpa TSKeCTH CUCTeMBl U3 ABYX Todek M, (xy, yy, 21) U Ma(xa, yo, 29)

mx, + myXe MYy + Myl
¢ MaccaMmu m; ¥ M, paBHbl COOTBETCTBEHHO i =

ml + m2 ml + m2
mlzl =+ mzzz
——— . [loatomy caeryeT 0xKHIaTh, UTO KOOPAWHATH X, § W Z IeHTpa
my + my
TSKECTH cHcTeMBbl U3 n Touek M; (x;, y;, 2), i=1,2, ..., n, c MaccaMmu m; Mo-

IYT OBITb BLIYHCJAEHBL 10 QOpMYyJaaM

_ mx + ... + m,x, - my, +..+m.y,

m+..+m, m+..+m,

(1.12)

mz +..+mz2
Z= 171 nn‘

m+..+m,

B cripaeepnBocTH 3THX QOPMYJ MOXKHO yOeIUThCS M0 HHAYKILHH, €CJIH HC-
10J1b30BaTh BTOPOE fonylieHne. B camoM neJie, mycTb 3TH hopMyiibl CipaBe-
JIUBBL 1/ CHCTeMBl Touek M, ..., M,_, ¢ maccamu ot my, ... ..., m,_,. Toraa,
HanpuMmep, A5 aBCLUCCH X paccMaTpUBaeMol cucteMsl Touek My, ..., M,
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COTJIACHO BTOPOMY JIONYIIEHHWIO H (IbOpMlee JI1 aBCUUCChl X CUCTEMBI U3 JBYX
TOYeK, MMOJIYYHM BbipaKeHHe

mx +..+m _x

(m] +"'+mn—l)'$+mnxn
m+..+m_,

X = ’
(my+.c+m,_)+m,

M3 KOTOPOTO Cpasy iKe BbiTeKkaeT nepsas GopmyJa (1.12). Belpaxkenus a4 y
H 2 MOJIyUAl0TCsl AHAJTOTHYIHO.

3ameuaHnue. Ecau cicteMa Touek M; ¢ MaccaMu m;, pacrosoxeHa B
MJOCKOCTH O}Cy. TO KOOPAHHATBI X H {f LEHTPA TAMKECTH 3TOH CUCTEMBI MOLyT
ObITb Hal/IeHBl MO epBLIM ABYM opmyJaam (1.12).

4. bapuuenrpudeckne Koopauaatel. Popmyns (1.12) ncnonesyores ans Beene-
HUS TaK Ha3biBaeMbIX Sapuyenmpuueckux koopduram. PaccMoTpuM GaprileHTpHUECKHE
KOOPJMHATBI HA MJI0CKOCTH. B LensX ynpoulenus paccyxaeHuil OyieM CHUTaTh, 4TO Ha
MJIOCKOCTH BBEJIeHb M JleKapToBbl KoopauHatel Oxy. PaceMoTpum Kakue-1HG0 TPH pasiuu-
Hele Toukn M (x|, ), Mo(xs, ys), Ma(xs, y3), He Jexkauive Ha OLHOH MPIMOH, H J06YIO
nannyio Touky M(x, ). BeisicHuM, cywecmsyom A makue mpu 4ucaa m,, ms, ms, yJos-
AMBOPAIOWUE YCAOBUIO

my+ my+my =1, (1.13)

umo dannan mouka M (x, y) 6ydem yenmpom mamscecmu cucmemol mowek My, My, M5 ¢
Mmaccamu my, my, my coomgemcmeaento. Huxe mMbl yOeauMcst, 4To npd chopMyInpoBaH-
HBIX TpeBOBaHUAX YMCJIa My, My, My ONPedelfmes 00HO3Ha HO 048 Kaxdod mouku M.
Onu HasbiBalOTCs Gapuyenmpuieckumu koopdunamamu mouku M oTHOCHTeNbHO Ga3HC-
HBIX Touek M, My u M.

CcopmysipoBaHHas 3a1a4a 0 CYUECTBOBAHHH HHCE My, My, My Npd ycaosuu (1.13)
CBOJIMTCS, OUEBMHO, K HCCJE0BAHHI0 BOMpPOCca 00 OAHO3HAYHOH Pa3pelMMOCTH Celyio-
eH CHCTEMBI TPeX JIHHEHHBX YPaBHEHHH ') OTHOCHTENBHO M), My, M3

m +me+my=1,
MX)+ MoXo+ MaX3=X, (1.14)
MY+ Mol + myl3=y.

H3pecTHO, 4TO A5 OJHO3HAYHOH PA3PEIMMOCTH KBAJPaTHOH CHCTEMBl JIHHEHHBIX ypaBHe-
HHUH (CHCTEMA, ¥ KOTOPOU YUCI0 YPaBHEHHMH PABHO UMCAY HEHU3BECTHHIX) HEOOXOAUMO H
JOCTATOYHO, YTOOLI ONpeleHTe b 3TOH CHCTeMbl Obl OTIHYeH oT Hyas (cM. [lononnenne
K 3T0# raase). [lis paccMarpUBaeMOH CHCTEMbl 3TOT ONpefe/HTe]b HMeeT BUI

11 1
X X X :(xz‘M)(%‘%)‘(&a‘ﬁ](ﬁz—yl)-
Y1 Y2 U3

') Mocaennue aBa ypasHeHus 3TOi CHCTEMbl PEACTABISIOT COBOM CACACTBHS NEPBHIX
aByx cootnowennd (1.12) u cootnowenns (1.13).
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Xo—M _Y—H
X=X W4
H, 00603HaYHB Kak10€e U3 YKa3aHHBIX OTHOUeHHH depes —A (A #—1, ubo Toukn M, n M3
paz3/IMUHEL), MPULLIH Obl ¢ TOUHOCTHIO 10 0003HAUEHHH K nepBbIM ABYM paseHctBam (1.11).
210 03Hauano Obl, 4To Touka M, neant otpesok My M; B OTHOLIEHHH A, T.€. 03Ha4a/0 Obl,
4yto ToukH M|, My u My nexar na onnoi npamod. Takum oGpasom, cuctema (1.14) onno-
3HAYHO pa3pelliMa OTHOCHTEJILHO My, Ms, M;. ClenoBatesbHo, N0J0XKeHHe J060#d ToY-
KH M Ha MJOCKOCTH OJHO3HAY4YHO OI'IPEJIEJIFEE‘TCH OTHOCHTEJBbHO GHJHCHHX TOYEK M|. Mg, M3
3TOH MJOCKOCTH NMOCPeACcTBOM BaPHLEHTPHUCCKHX KOOPAHHAT M, My W M3,
bBapuueHTpHUecKHe KOOPAHHATHI B MPOCTPAHCTBE BBOAATCA COBEPIIEHHO aHanoruuo. Jlns
3TOTO HCTOAb3YIOTCH UeThipe GasHCHBIE TOUKH, He PACTIONATaloNiHecs B OJHOH MA0CKOCTH.

3toT onpeieyUuTeNb OTJHYEH OT HYJ/IA, HHaue Mbl MOJYyYHTH Obl NponopuMro

§ 4. llonapabie, UNAHHAPUYECKHE
U chepuIeCcKHe KOOPIAHHATBI

1. ITonspable KoopauHATHI. [loNfpHBIe KOOPAWHATE Ha IJIOCKOCTH BBO-
AsTCs caenylouuM oopazoM. Brifepem Ha MJIOCKOCTH HEKOTOPYIO Touky O
(TI0JTI0C) M HEKOTOPLIH BeIXOAAMHH u3 Hee ayd Ox (puc. 1.11). Kpome Toro,
yKaxeMm eiuHuly macwraba. [loaraproemu Koopdurhamamu

mouku M Hasvigaromces dsa wucaa p u @, nep-
\ BOe M3 KOTOPHIX (noasipHoll paduyc p) paBHO pac-
cTosiHUIO TOUKH M ot moaitoca O, a BTopoe (noasap-

M, M Hblil 2o §) — yroJI, Ha KOTOPbIil HY?KHO IOBEPHY Th
NMPOTUB YACOBOH CTPEJKH yd Ox /10 COBMELIEHHS C
A aydom OM ).

- Touxy M ¢ nosisipHbIMH KOOp/JIHHATaAMH P H ( 060~
" 3HauaioT cumBosiom M(p, @).
Puc. 1.11 JLnst TOro uTOOBl COOTBETCTBHE MEXKIY OTJIHUHbI-
MH OT TOJIOCA TOYKAMH TJOCKOCTH M MapaMH Io-
JSIPHBIX KOOPAMHAT (P, @) OBLIO B3aHMHO OJHO3HAUHBIM, OOBIUHO CUHTAIOT,
YTO P U @ H3MEHSIIOTCS B CJIeAYIOLIHX TPaHHLAX;

O<p<+oo, 0<@<2m. (1.15)

3aMeuanue. B HeKOTOPHIX 3a/1auaX, CBA3aHHBIX C HETPEPBIBHBIM T1e-
pemellleHHeM TOUKH IO MI0CKOCTH, TpedyeTcs HellpepbiBHOe H3MeHeHHe T10-
JSIPHBIX KOOPAHHAT 3TOM TOUKM. B Takux 3agauax ynofHee OTKasaTbCcd OT
OrpaHHYeHHH 115 P H @, VKa3aHHLIX B cooTHOLeHusX (1.15). Ecau, Hanpumep,
paccMaTpHBAETCS 8pALYEHUE MOUKLL TT0 OKPYHHOCTH MPOTHB YaCOBOH CTped-
KH (p = const), TO eCTECTBEHHO CYHTATD, YTO MOJISPHBIH YrOJ 3TOH TOYKH MO-
HKeT IPHHAMATD, TIPH BOJbLIOM YHC/Ie 060POTOB, 3HaUeHUs, 6oabre 21, Ecu
JK€ PACCMATPUBAETCS IBHKEHHE TOYKH I10 MPSIMOH, TPOXOISILIEH Yepe3 MoJioc

') Mpu stom npeanoaaraetcsi, uto Touka M oTauuna ot noawca. Jlas noaoca O
MOJNSPHBIA PaHyC P PaBeH HYJI0, a MOAAPHLIH YToJ HeonpeieeHHBIH, T.e. eMy MOXHO
MPUMHCATD J1060e 3HAUeHHE.
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(¢ = const), TO ecTeCTBEHHO CUMTATb, UTO [P Nepexojie Yepes NoJkc ee I1o-
JISIPHBLH PAIHYC MEHSIET 3HAK.

3aKOH H3MeHeHH s BeJHUMH P H ¢ BBISICHAETCS B KAXKI0M KOHKPETHOM CJIydae.

YCTaHOBUM €830 MeXHcdY NOAAPHLIMU KOOPAUHAMAMI MOYKU U ee deKkap-
mosoimu koopduramamu. [1pu aTom GyieM npeanoJiaraTe, 4To HA4aI0 I1eKapTo-
BOH TIPSIMOYTOJIBHOH CHCTEMbI KOOPAHHAT HAXOAUTCH B NOJIOCE, A MOJIOKHTE b
Has noJiyoch alCIKCC cOBMaaeT ¢ noasipHoi ockto (puc. 1.11). ITycTs Touka M
MMeeT IeKapPTOBbl KOOPAHHATHI X H ¢ M MOJISIPHBIE KOOPAMHATLL P U . OueBHIHO,

xX=pcosy, y=psine. (1.16)
[MonsipHBle KOODAHHATHL P U @ TOUYKH M ONpenensioTCs M0 €€ J1eKaPTOBBIM
KOOPIHHATAM X H f, OUeBHHO, C/Ie/YIOLIHM 00pasoM: p = y/x” + y* . Jlns toro
yTOOBI HAHTH BeJHUYHHY YIJIa @, HYXKHO, HCIIOJb3Ys 3HAKH X H Y, ONpele/HThb
KBaJIpaHT, B KOTOpoM HaxoauTes Touka M (em. . 1 § 2 s1oii raaesl 1 puc. 1.6),
H, KPOMe TOr0, BOCIO/NbL30BATLCS TEM, YTO TAHIEHE YIila (b paBeH if/x.

2. lnnuHapuyeckre KOOPpAMHATHL. L{HIHHIpHUeCKHe KOOPAHHATH B
NPOCTPAHCTBE BBOAATCS C/IeAyI0mUM 06pa3oM. Buibepem Ha GHUKCHPOBAHHON
nuiockocTH [T HekoTopyto Touky O u BeixoasAmui 13 Hee ayu Ox (puc. 1.12).
Kpowme Toro, pacemorpum ock Oz, npoxons-
uyio yepes O nepreHAUKYJsSIPHO MJIOCKO-
ctu IT. ITyets M — mobasi Touka npocTpas-
ctBa, N — rnpoekuus 9TOH TOYKH Ha mjoc- -7
kocthb [1, a M, — npoekuust M Ha ocb Oz.
Huarundpuveckumu koopduHa-
mamu mouku M Hazviearomes mpu
yucaa P, © U z, Nepeble Ba U3 KOTOPBIX (P
U () ABJSIOTCH MOJSAPHBIMA KOOPAHHATAMH 1 o \l > v
TOYKH N B TJIOCKOCTH [T OTHOCHTEMBHO MO- e B
moca O W nossipHok ock Ox, a YHCJIO 2 eCThb &
Bes1HuKHA oTpe3ka OM,. Touky M ¢ LHIHHA-
pUYEeCKMMH KOOPAHHATAMH P, @ H 2 0603Ha-
vaiotr M (p, @, 2). HaumeHoBaHHe «IMAMHAPUYECKHE KOOPAHHATEI» CBSI3AHO C
TeM, UTO KOOPOUHAMHA R NOBEPXHOCMb P = const (T.e. NOBEPXHOCTh, BCE TOY-
KH KOTOPOH HMEKT OIHY U TY 7Ke KOOPAUHATY P) ABAAETCS LHJIHHAPOM, NPs-
MoJIHHeliHEIe 00pasyIoliHe KOTOPoro napaJiensisl ocd Oz (Ha puc. 1.12 Ta-
KOH LMIMHADP H300pakeH ITPUXOBBIMH JHHHAMHK). Eciii BuIOpaTh ocH aekap-
TOBOH NPSMOYTOJLHOH cHcTeMbl KoopauHaT Oxyz Tak, Kak yKa3aHo Ha
puc. 1.12, To nexapToBbl KOOPAUHATH X, I, 2 Toukd M OyayT cBs3aHbl ¢ ee
LHAMHAPHYECKUMH KOOPAHHATAMH P, (9, 2 COOTHOLIEHHAMH

z

N
-

-

\

1 LA

PR ——

rd

Puc. 1.12

xX=pcos@, y=psing, z=z (1.17)

3amedanue. Tak Kak nepsele ABe UUJIHHAPHYECKHE KOOPAHHATLL P H @
ABJIAIOTCS NOAApHbIMU KoopOurnamamu npoekuun N toukn M Ha njoc-
KocTb [1, TO K 3TUM ABYM KOOpAMHATAM OTHOCATCS 3aMedaHHe H BbIBO/IbL, CJle-
JIAaHHBIE B TIPEJIBIIYIIEM MyHKTe.
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3. Chepuueckue KoopauHaThl. [|14 BBe1eHHS chepHUECKHX KOOPAHHAT

B [IPOCTPAHCTBE PAaCCMOTPHM TPH B3aUMHO NeprneHauKyaspHsle ocu Ox, Oy u

0Oz c obuum Havagaom O (puc. 1.13). Ilyete M — nwbas, otauunas ot O

TOYKa MpocTpaHcTBa, N — ee npoekuus Ha Ma10ckocTh Oxy, p — paccros-

uue M ot O. [1ycts, nanee, 8 — yrod, Ko-
zh TOPBLIH 00pa3yeT HanpaBJeHHBIH 0TPe30K

OM c ocblo 2, a @ — YroJi, Ha KOTOpPBIH

HY3KHO MOBEPHYTh MPOTHB YaCOBOH CTpeJ-

kH ocb Ox ') 110 coBmelenus ¢ aydom ON.

YTab1 O u @ HA3BIBAOT WUPOMOL U J0AE0-

MO COOTBETCTBEHHO.

Chepuveckumu Koopadu-

Hamamu mouku M Hazusawmes

mpu uucaa: p, ¢ u 0.

- HaumeHoBaHHe «cepuuecke KOOpau-
HATbl» CBSA3AHO C TEM, UTO KOOPOUHAMHAS
nosepxrocme p = const (T.e. MOBEPXHOCTh,

BCe TOUKH KOTOPOH UMEIOT OJIHY H TY Ke KOOPAHHATY P) ABasieTcs chepoi (Ha

puc. 1.13 Taxas cpepa H300paxKeHa LWTPHUXOBOH JHHHEH).

L1715t TOro yTOGB! COOTBETCTBHE MEXK/Y TOUKAMH NPOCTPAHCTBA H TPOHKAMH
chepuuecKHX KOOpIHHAT (P, ¢, 0) 651710 B3aUMHO 0/JTHO3HAUHBIM, 00BIUYHO CUH-

TAIOT, YTO P U Y U3MEHSIIOTCS B C/EAYIOINX Npefeiax:

~. -
~. -
L

Puc. 1.13

O0<p<+ox, 0<op<2m

Koopaunara 0 no camomy onpenesenuio 3akiiodena mexxay 0 u . OtmetHm,
4TO B 3a/1a4aX, CBA3aHHbIX C HEMPEPBIBHBIM [IePEeMEleHHEM TOUKH B POCTPAaH-
CTBE, 4aCTO OTKA3BIBAIOTCS OT YKA3aHHBIX OrPAHHYEHHUH HA H3MeHeHue chepH-
4ecKHX KOOPAHHAT (CM. 3aMeuaHue B 11. 1 aToro naparpada).

EcJin BEIGpaTh OCH 1€KapTOBOH NPSIMOYTOJIbHOMH CHCTEMbI KOOPAHHAT TaK,
KaK yKa3zaHo Ha puc. 1.13, To 1eKapTOBbI KOOPAMHATHI X, i/, 2 ToUKH M cBs3a-
HBI € ee chepHUeCKHMHU KOOPAUHATAMH P, @, O COOTHOLIEHHAMH

x=psinBcos, y=psinBsing, z=pcosb. (1.18)

JIOTOJIHEHHE K TJIABE 1
ONPEAEJHTEJH BTOPOTO U TPETBEI'O ITOPAJIKOB

1. Mousitue MaTPULbI U ONpeJeUTe s BToporo nopsaka. [psimoy-
FOMIbHYI0 TaOJHILy M3 YKce/, COdepPKalllyio TPOH3BONBHOE YHCJO0 M CTPOK H

') Ecau nipu sToM cMoTpeTh Ha Bpaliene OX CO CTOPOHBI MOJNGKHTEIBHOTO HATPaBIe-
Hus ocu Oz.

%) Ecan touka M cosnanaet ¢ toukoit O, 1o p=0. [as Touku O KOOPAMHATHL @ H O He
HMEIOT OMpejleeHHOr0 3HAYeHHS.
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MPOH3BOJNBHOE UHCI0 1 CTONOLOB, HA3LIBAIOT Mampuyel. Jlng obo3HaueHus
MAaTPHIbl HCTOAB3YIOT JTUO0 CABOEHHbIE YePTOUYKH, JTHOO KPyT/ble CKOOKH.
Hanpumep,

2 5 13,1 2 5 131
7.2 1 0 WA 72 1 0
-9 7 6 -9 7 6

Ecan yneso ¢Tpox MaTpuipl COBIAAAeT ¢ YUCJIOM ee ¢ToabLoB, TO MaTpuLa
Ha3sblBaeTcsl Kgadpamrou. Uncaa, BXOOAMHE B COCTAB MATPHIILI, OOBIYHO Ha-
3BIBAIOT €€ JAeMEHMaMUL.

PaceMoTpuM KBaipaTHY0 MAaTPHUILY, COCTOSILLYIO H3 YEeThIPEX 3/1€MeHTOB:

a b

b (1L.1)

as

Onpedeaumenrem samopoeco nopsdKa, COOMBEMCMBYIO-
wium mampuye (I11.1), naseisaemes wucao, pasroe a b, — asb, u o6ozHauvae-
MO€ CHMBOJIOM

a b
a, b,
Hraxk, no onpejeneHuio
a b
! ! xalbg—agb]. (,[“2)
4 25

DJ1eMeHTbl, COCTABJISIOLUIME MATPHUILY JAHHOTO OIpeIeNuTel1s, 0ObIYHO Ha3bl-
BAOTCH 2JIEMEHTAMH 3TOrO OTIPeIe/TATEe 5.

CripaBe/IMBO CJICYIONIEe Y TB € P XK A € H U e: 048 moeo 4mobot onpe-
deaumenv 8mopoeo nopadka boin pasen vy, Heobxodumo 1 docmamoy-
HO, umobel 31eMenmol e20 CMPOoK (UALL COOMBEMCMBEHHO e20 CMoabuo8)
OblAU NPONOPUUOHAALHBL.

Jlnsi toka3aTebCTBA ITOTO YTBEPIKAGHHSA JOCTATOUHO 3aMeTHT, YTO KakK-
Hast U3 MPONOPUHA a,/as= b, /by u a,/b, = a,/b, IKBUBAJEHTHA DABEHCTBY
a b, = ayb, , anociennee paBercTso B cuay ([11.2) sxBuBaneHTHO 06 palieHHIO
B HY.JIb ONpeIeHTe sl

2. CucteMa IBYX JUHEHHBIX YPAaBHEHHH C IBYMS HEM3BeCTHBIMH.
[MokaxeM, KaK MPUMEHSTIOTCS ONPeIeJHTeIH BTOPOro MOPsiaKa AJ1si HCC/1e10-
BaHHA U OTBICKAHMS PELIEHHS CHCTEMBI ABYX JTHHEHHBIX YPaBHEHHH ¢ ABYMS
HEH3BeCTHBIMH

alx+b]y=h], a2x+b2y:k2 (ﬂl3)
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(K03t duLHeHTEL @), b}, @y, by U CBOOOJHBIE YEHB A H Ay CHUTAIOTCS TTPH 3TOM
3ajanHbIMK). HanomuuM, 4TO napa yuces Xy, iy Ha3blBaeTCs peuleHuem CUuc-
Temel ([11.3), ecam noacTaHOBKA 3THX YHCEJ HA MecTo X 1 i B cuctemy ([11.3)
obpaiaer 06a ypaeHenus ([11.3) B ToxknecTra.

YMmHoxas nepeoe ypauenue cucremsl (J11.3) Ha by, a BTOpoe — Ha —b| U
3aTeM CKJabIBas NoJyYeHHble IPU 3TOM PaBeHCTBa, Oy1eM UMeThb

Ananornuno nyreM yMHOXKeHHS ypaBHeHUH cucTemsl ([11.3) Ha —a, 1 @, cooT-
BETCTBEHHO MOJYYHM
(a\by—ash)) y =ahs—ash,. (J11.5)

Beenem caeaylonme o603HaueHUA:

hob
. A = 1 1
hy by

X

(J11.6)

a, by

C nomolblo 9THX 0003HAYEHHH H BblpaKeHHs L1 ONpeje/uTe] s BTOPOro
nopsiaka ypasHenus (J11.4) u (J11.5) MoryT 6bITb lepenucaHbl B BHje

A-x=A, A-y=A,. (11.7)

Onpenenutesib A, COCTABAEHHBIH H3 KO3(D(HIIHEHTOB PH HEU3BECTHBIX CHC-
TeMel (J11.3), IpHHSITO HA3BIBATL Onpedesumenem 3mol cucmemol. 3aMeTHM,
YTO ONpeesuTe]d A, H A, OIyHaOTCs U3 ONpee/HTe s CHCTeMbl A nlocpe-
CTBOM 3aMeHbl [IePBOTO WM COOTBETCTBEHHO BTOPOTO CTO/6LA CBOGOAHBIMH
YJIeHaMH.

Moryt npeactaBuTbe 1B A cayuas: 1) onpeneaurens AcCHCTEMbI OT-
JIMYEH OT HYJI51; 2) ONPeAeHTENb ITOT PaBeH HYJIIO.

Pacemotpum cHauana cayuait A#0. B stom cayuae u3 ypasHenui (J11.7)
MBI Cpasy e nogaydaem GopmyJibl 1715 HEH3BECTHBIX, Ha3blBaeMble (lopmya-
mu Kpamepa:

x=A /A, y=A,/A. (111.8)

[Tonyuennsie hpopmyas Kpamepa (J11.8) nator pemenue cuctemsi ([11.7) 1 no-
TOMY JIOKa3bIBAIOT e0uHCmae HOCMb PellleHHs HeXoaHoH cucteMsl (J11.3). B
camoM nede, cucteMa ([11.7) apasetcs caredcmeuem cuctemsl (I11.3), v nosto-
My Besikoe perieHHe cucteMsl ([1.3) (B cayuae, ec/m oHO cylecTByeT!) 1o/K-
HO ABJATECA pelieHueM H cucteMsl (J11.7). Mtak, noka nokasaHo, uto ecau y
ucxodrol cucmemoi (11.3) cyujecmsyem npu A # 0 pewenue, mo amo pewie-
Hue 00Ho3HauHOo onpedeasemcs gopmyramu Kpamepa (I11.8).

Jlerko y6enuThes U B CYUCMB08aHILU PEILIEHHS, T. €. B TOM, 4To npu A # 0
[lBa 4HCJIA X H Yy, onpeneasemble gopmynamu Kpamepa (J11.8), 6ynyun nog-
CTaBJ/IeHbl HA MECTO HeH3BeCTHHIX B ypaBHeHHs (/11.3), ofpaiiat 314 ypaBHe-
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HUA B ToKAecTBa. ([IpenocTaBagemM yuTaTe o caMOMy pacnucaTh BHIPAKEHHS
pasa onpegeadtened A, A, v A, 1 yOeIHTbCA B CNIPAaBeIIMBOCTH YKA3aHHBIX
TOXKIECTB.)

[TpuxoauM K c/ienylolleMy BHIBOLY: ecau onpedeaumenv A cucmemot (I11.3)
OMAUYEH OM HYAS, MO CYULCMBYEm, U nPUMOM eOUHCMBEHHOe, pelieHue
amotil cucmemot, onpedensemoe opmyramu Kpamepa (111.8).

PaccmoTpuM Teneps cayyaid, Koria onpedeaumens A CHCTeMbl PABEH HYAT0.
MoryT npeicTaBuTbCd ABaA MO ACJYYas:a)XoTs Obl ONHH U3 OTpejieH-
Tened A, Ui A, OTJIHUEH OT HyJis; 6) o6a onpesesutesisi A, U A, paBHbI HYJIIO pi ]

B noacsyuae a) okasblBaeTcsl HEBO3MOXKHBIM XOTS OBl OHO U3 PABEHCTB
([1.7), 1. e. cuctrema ([11.7) He uMeeT pellieHHH, a TOITOMY He UmMeem petien il
u ucxodnas cucmema (J11.3) (cnenctreM KoTopol seasetcs cuctema (J11.7)).

B nopcayuae 6) ucxodnasn cucmema (I11.3) umeem becuucrenroe mHo-
aecmso pewenud. B camom nene, u3 papeHctBA=A, = A, =01 u3 yTBepxe-
HHS B KOHLE 1. 1 3aKmouaem, uto a,/as=>b,/by = h/hy, T.e. 4TO BTOpOE ypaB-
HeHMe cucTeMsl ([11.3) ABaseTcH caeACTBHEM MePBOTO H eT0 MOXKHO 0TOPO-
cuTb. Ho 0fiHO ypaBHeHHe ¢ AByMA HEH3BECTHLIMH

ax+by=~h, (A1.9)

HMeeT 0eCYHC/JAEHHO MHOTO pellleHHH (X0Ts OBl OIMH H3 KO3((PHLIHEHTOB @,
WJIH b OT/IHYEH OT HyJIs, H CTOsILIee PH HEeM HeH3BeCTHOe MOKeT OLITh orpe-
neqeHo u3 ypasHenus ([11.9) uepes npon3BobHO 3a1aHHOE 3HAUEHHE IPYTOTO
HEeU3BECTHOrO).

INpuxomM K cliefylomemMy BLIBOLY: ecau onpedeaumens Acucmemst (J11.3)
pasen nyaro, mo cucmema ([11.3) aubo sosce ne umeem peuteruti (8 cayuae,
ecau xoms 6o1 00un us onpedesumeneil A, uau A, omauien om Hyas), Aubo
umeem Gecuucaennoe MHoxecmso pewenuil (8 cayiae, koeda A, =A,=0).
B nocnennenm cayuae apa ypasHenus (J11.3) MOXKHO 3aMeHHTb OJIHUM H I1PH pe-
LLIEHHH ero 0JIHO HEU3BECTHOE 3a1aBaTh IIPOH3BOJIBHO.

3ameuaHue, Beayuae, korna cBo6oHbIE YeHbl A U Ay PABHBI HYJTIO,
nuHeiHad cuctema (J11.3) HasbiBaeTcess 0dHopodHol. OTMETHM, YTO OTHOPOI-
Hasi CHCTeMa BCerja MMeeT TaK HasbiBaeMoe mpusuaivHoe peuerue: x =0,
y =0(3TH 1Ba yKc/1a 06pallanT 06a OIHOPONHBIX yPABHEHHS B TOXKIECTBA).

Ecau onpenenntenb A CHCTeMbI OTAHYEH OT HYJIs1, TO OHOPO/IHAS CHCTEMA
HMeeT mo.ibKo TPHBHA/bHOE pelenre. Ecan ke A =0, To oiHOpoaHAs cHCTe-
Ma HMeeT HecuHCIeHHOe MHOXKECTBO pelleHHH (IOCKOMBKY A5 OAHOPOAHOH
CHCTEMBI BO3MOJKHOCTb OTCYTCTBHS pelleHHH HekmodeHa). Takum obpasom,
00HOPOOHAS CUCMEMA LMECM HEMPUBLAALHOE DEULCHILE 8 MOM U MOALKO 8
mom cayuae, ko20a onpedesiumens ee pasen HYAk.

'Y Us yTBEpKAECHHS B KOHILE 1. | BbITeKaeT, 4to ecau onpederumert A u o0un u3
onpedeaumened A, u A, pagrol nyato, mo u dpyeol us ykasannolx onpedesumenell pasen
nyawo. B camom pene, nycts, Hanpumep, A=0u A, =0, 1. e. a;/a,=by/by v hy[hy=b,/bs.
Torna 13 3THX MPOMOPUMHA MONYUHM, UTO a,/ay=h,/hy, T. €. Ay=()A
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3. Onpenenurenu TpeTbero nopsaaka. PaccMoTpHUM KBafpaTHYIO MaT-
PHILY, COCTOSIILYIO M3 IEBATH 9JIEMEHTOB!

a b ¢
@ b oo (111.10)
a; by ¢

Onpedeaumenem mpemoveeo nopadKa, cCoOOM8emcmslyio-
wium mampue (J11.10), Hasoigaemes wucio, pagroe

a]bQCB = b1C2a3 = C]azbl-‘)‘—Clbza:a—blazczi—alc‘?b;i (,ﬂl 1 1)

1 0603HAUAEMOe CUMBOAOM

a b ¢
a, b, ¢
a; by ¢

a b g
A=lay, by cy|=abycy+bicaaz + @by — cbyay — biascs — aicybs.
a; by ¢

(J11.12)

Kak 1 B ciryuae onpeeure,11 BTOPOro nopsijika, sjaemeHTs Matpuist (J11.10)
6ymeM Ha3bIBATH 31EMEHTAMH CaMOT0 onpefesuTens. KpoMe Toro, 10roBopHmM-
sl Ha3bIBATh JIHAroHa/b, 06Pa30BaHHYIO J1eMeHTaMH a,, by W 3, 2aa6Hol, a
[IMaroHalnb, 06pa3oBaHHYIO 3/J1€MEHTaMHU as, by U ¢, — No6oUHOI.

Jlisi 3anoMUHAHMS KOHCTPYKLHH CJaraeMbiX, BXOJSIIUX B BEIPAXKeHHe 151
onpeneautesns ([11.11), ykaxxkem 18a npaBua.

3aMeTHM, UTO epBele TPH cJaaraeMblx, crodmux B (J11.11) co 3nakom mioce,
TpeAcTaBasAIoT OO0 MPoH3BeeHHE 31eMEeHTOB ONpele/IuTe s, B3AThIX 110 TPH
TaK, KaK YKa3aHO PAa3JIMYHBIMH MyHKTHPAMH Ha HHXKETPHBEIeHHOH CXeMe!

a b .
X, i e
N, / ~
SN
a, /by >
<7 pd <
7 S2N
b "_T \_\

[Tocsieanue xe TpH caaraemblx, ctoswux B (J11.11) co sHakoMm MHHYC, npej-
CTABJSIIOT COOOH NMPOH3BEIeHHE 3JIEMEHTOB, B3STHIX [10 TPH TaK, KAK YKa3aHO
pa3IHYHBIMH TYHKTHPAaMH Ha CJIeAYIOMIeH cXeMe:
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[paBuiio coctabieHus WecTH caaraeMblX, BXOAALWNX B Beipazkenue (J11.11)
LIS OTPe/Ie/IMTE/Is, ONHpaloleecs HAa YKa3aHHLIe Be CXeMbl, 0ObIYHO Ha3bl-
BAIOT NPAGUAOM MPEY2SOLbHUKA.

YKaxkeMM APYTO€ T pPaBHJIO COCTABICHHS BLIPAXKEHHHA /151 OIIpe ie-
nuTens, Tpebylollee elle MeHbLIero HanpsykeHusl BHUMaHusa U namatu. [las
3TOTO K MaTpPHLLE, H3 KOTOPOM COCTABJIEH ONpe/le/IUTe b, IONHILIEM CIIpaBa nep-
BHII1, @ 3aTeM BTOpO# cTo./16e1l. B nosmyueHHOH NpH 3TOM MaTpHlle

CIJIOLIHON YePTOH COeIMHEHb! TP TPOHKH YJIEHOB, TT0Jy4aeMble TapaJieb-
HbIM NlepeHOCOM TJ1aBHOH AHAroHa/ | H OTBeYalolilie TpeM cllaraeMbiM, BXOAS-
M B Beipaxenude (J11.11) co 3HakoM nioc; nyHKTHPHOH XKe YepToH coeu-
HeHbl TPH APYTrHe TPOHKH YJeHOB, TToJMyvYaeMble napasae/bHbIM MepeHoCcoM
no004YHOH IMAroHaNu U OTBEeYalollHe TPeM cjlaraeMblM, BXOAALLKM B Bbipa-
xKenue ([11.11) co 3HakoM MHHYC.

4. CpoiicTBa onpegenuTeaei. B 9ToM nyHKTe Mbl yCTAHOBUM PSi/L CBOHCTB
onpenenHTe/ €. DTH CBOHCTBA Mbl GyieM (hOPMyIHPOBATh H YCTAHAB/IHBATh
[PUMEHHTENbHO K ONpelequTensiM TPeTbero Nopsaka, XoTs, KOHeYHo, OHU
CripaBe/lIMBbI U /IS OTIpeieJIUTe/IeH BTOPOTO MOPA/IKA M, KaK BEIICHUTCA 1103~
xe (eM. Beinyck «/IuHeliHad anre6par), 3TH xKe CBOHCTBA CrIpaBe//IMBbI U J1J15
onpefeuTe el J0O0ro nopsaaKa 7 (TaM ke cM. IOHATHE ONpeeaHTe s Mo-
psiika n).

Csoiicmso 1. Beauuuna onpedeaumens He usMeHumes, eCAu CmpoKu u
cmoabuybL 3mo2o onpedeiumens NOMeH Amy Mecmami,, m.e.

a b ¢ a, a, a
ay by cy|=|b by by (111.13)
a; by ¢ € € &3

Jlns nokasareLCTBA 3TOTO CBOHCTBA 1OCTATOYHO PACHHCATD ONpeequTe-
JIH, CTOsILLIKe B JIeBOH W B mpaBoi yactax ([11.13), no npasu/y TpeyroJbHHKa
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(MJTH 1O IPYTOMY YKa3aHHOMY B [PEIBLIYLIEM NYHKTE IPABHIY) U YO IHTLCHA B
paBeHCTBe NOJYYeHHbIX IIPH 3TOM YJIEHOB.

CBOHCTBO | yCTaHABIHBACT NOAHY 0 PABHONPABHOCML CMPOK 1L CMOAD-
yos. [ToaToMy Bee najbHellIe CBOACTBA ONpeieuTe s MOXKHO GopMyIHpo-
BATb M JUIS CTPOK, M JJIsi CTOJIGLOB, @ 10Ka3biBATb WK TOJIBLKO /sl CTPOK, Uil
TOJIBKO LIS CTOJOI0B.

Csoiicmso 2. [lepecmanoska dsyx cmpok (uru deyx cmoabyos) onpede-
AUMeNs PABHOCULLHA YMHONCEHUIO €20 Ha YucAo —1.

JlokasaTe/ibCTBO TAKKe MOJYYAeTCs U3 [PABHIIA TPEYroJibHUKA (Mbl IIpe-
MOCTABJISEM €T0 THTATEI).

Ceoiicmeo 3. Ecau onpedeaumens umeem 06e 00UHAKOBbIE CMPOKU (LA
08a 00uHAKoBbLY CMOABUA), MO OH PABEH HYIO.

B camom siedie, 1pu nepecTaHoBKe ABYX OAUHAKOBLIX CTPOK, C O/IHOH CTOPOHEI,
onpeeHTeb A He H3MEHHTCS, a C IPYTO CTOPOHbL, B CHIY CBOHCTBA 2 OH H3Me-
HUT 3HAK HA TPOTHBONOJ0KHBIH. Takum o6pasom, A=-A, 1.e. 2A =0, umn A= 0.

Csoiicmso 4. ¥Yuroxenue scex 31eMenmos HeKOmopoL cmpoKy (Uil
HeKomopozo cmoAblya) onpedesimens Ha YUcA0 A PABHOCUALHO YMHONE-
HUO Onpedesumers Ha 3mao Lucio .

M HBIMH CJIOBAMHE, 004U il MHONCUMENb BCEX INEMEHMOB HEKOMOPOLL CMpPO-
KU (uan Hekomopo2o cmoabua) onpedeiumens MOKHO BbLHOCUNb 34 3HAK
amoeo onpedeaumens. Hanpumep,

A, My A a b ¢
a, by ¢ [=Ma, b, ¢
a; by oy a; by ¢y

Jl1a nokasaTeJbCTBa ITOrO CBOMCTBA JOCTATOYHO 3aMETHTb, YTO Onpe-
deaumens soipaxcaemcs 8 sude cymmot (J11.12), kaxcdorii waren komopott co-
depocum 00UH U MOALKO 00U IAemMesm U3 KancO0ol CmPoKU 1L 00UH 1L MOAb-
KO 00uH aaemenm u3 Kaxdoeo cmoibua.

Csolicmeo 8. Ecau sce anemenmel HeKOmopol cmpoKi (Al HEKOMmopo2o
cmoAbua) onpedeiumens Pasrbl HYAIo, Mo i Cam Onpedeiumess pasen HYyaio.

IT0 CBOHCTBO BEITEKaeT U3 Mpeabaynero (npu A= 0).

Csoiicmeo 6. Ecau anemernmol 08yx cmpok (uau deyx cmoabyos) onpe-
deaumens APONOPUUOHAALHLL, MO ONPEedeiUmens PaseH HYAI0.

B camom nese, B cHIIy CBOHCTBA 4 MHOXKHTE/Ib IIPONOPIHOHAIBHOCTH MOXK-
HO BBIHECTH 3@ 3HAK OTpe/lesIUTe/Is, M0C/e Yero 0CTaeTes ONpelesuTe b ¢ IBY-
Ml OJJMHAKOBBIMH CTPOKAMH, PABHBIH HYJIIO, CONJIACHO CBOHCTBY 3.

Csoiicmso 7. Ecau kasdviil aiemenm n-i cmpoxu (uiu n-eo cmoabya)
onpedeaumensn npedcmasasem coboil cymmy 08yx cara2aemolx, mo onpede-
Aumens moxcem boime npedcmasien 8 gude cymmol dsyx onpedesumenel,
nepevlil U3 KOMopsLx meem 8 n-i cmpoke (8 n-m cmoabue) nepevie u3 Yno-
MAHYMBLY CACALACMBLX I ME HCE INEMEHMbL, YIMO U UCXOOHbLL Onpedeiumens,
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8 ocmanbHblx cmpokax (cmoabuyax), a 8Bmopoil onpedeiumens umeem 8 n-1
cmpoke (8 n-m cmoabye) Bmopuie U3 YROMAHYMbLX CAA2ACMBLY UL Me Hee INe-
MEHMbL, MO U LCXO0O0HbLIL Onpedeiumens, 8 OCMAIbHLLX cmpoKax (cmoab-
yax). Hanpumep,

’ ” ’ ” ’ ” ’ ’ ’ ” ” "
a, +a b +b ¢ +¢f a, b ¢ e b ¢
a, b, cy |=lay, by cy|t|a, by, ¢
as by C3 a; by ¢4 ag by ¢

[l noKa3aTe/bCTBa 3TOTO CBOHCTBA CHOBA 10CTATOYHO 3aMeTHTh, UTO OIlpe-
[e/NUTe/lb BhIpaXKaAeTCs B BU/e CYMMBI CJlaraeMblX, Kax/10e H3 KOTOPBIX cojep-
JKUT OMH M TOJNBKO OJHH 3/JIEMEHT U3 Kax/I0H CTPOKH H OJMH H TOJLKO OJHH
3JIEMEHT U3 KaMKI0T0 CTOI611A.

Csoiicmso 8. Ecau k aaemenmanm HeKomopoil cmpoku (Uau HeKomopoeo
cmoabya) onpedeaumers npubasumo COOMBeMcmayowLe diemermol dpy-
eoll cmpoku (Opyeoeo cmoabua), YMHOMEHHbIE HA NPOUSBOALbHbLL MHONCIL-
meanwv l, mo seAuduUHa onpedeﬂ.umeﬂﬂ He U3mMeHumcs.

B camom niese, oJy4yeHHbIH B pe3yJbTaTe yKa3aHHOro npubasjieHus onpe-
JeJTUTeJb MOKHO (B CHJY CBOHCTBA 7) pa3dMTh HA CYMMY JIBYX OMpeIe/IuTe e,
epBbIH U3 KOTOPBIX COBNANAET C HCXOAHBIM, 4 BTOPOH PaBEH HYJII0 BCJeICTBHE
MPONOPIHOHAILHOCTH 3/1EMEHTOB JABYX CTPOK (M/IH CTONOLOB) H CBOHCTBA 6.

g hopmMyaHPOBKH ellle 0AHOrO (yHAaMeHTalbHOrO CBOHCTBA Olpe-
OeJIUuTeJs HaM HOH&IIOﬁHTCH HOBBbI€ [TOHATHA.

5. Anre6panyeckue 10NoJHeHUs U MUHOPBI. CobepeM B BblpaKeHHH
(J11.12) nns onpenenuTe s YieHsl, cofepKallie KakoH-HHOYIb OHH 3/eMEeHT
ITOrO ONpeeIUTe/Is, H BEIHECeM YKA3aHHBIH 3/1eMeHT 3a CKOOKH; BEJHUHHA,
OCTAIOIIAsiCsl IPH 3TOM B CKOOKaX, Ha3bBaeTcs areebpauteckum donoime-
HueM YKa3aHHOTO 9JIeMeHTa.

Anre6panueckoe JONMOJHEHHE JAHHOTO 3JleMeHTa Mbl 6y1eM 0603HauaTh
OO0JIBIION TATHHCKOH OYKBOH TOTO e HAaUMEeHOBAHHUS, UTO U IAaHHbBIH 3/1eMeHT,
W cHabKaTh TEM 2Ke HOMePOM, KOTOPLIH HMeeT 1aHHbIH 3jeMeHT. Hanpumep,
ajre6pauveckoe JONOJHEHHe 3jaeMeHTa by Oynem oBo3HauaTh uepes By, al-
refpandecKkoe J0NOJHeHHe 31eMeHTa a; — Yepes A3 U T.1.

HemnocpencTeeHHO U3 Belpamenus aias onpenenurens ([1.12) u us toro,
4TO Kax o€ cjaraemoe B rpaBoi yactu (J11.12) cogep T 0JIMH U TOJLKO OJHH
3J1eMeHT U3 KaX10H CTPOKH H OIHH H TOJNBKO OJIMH 3/IeMeHT H3 KaK/10T0 CTOJ-
O1la, BEITEKAIOT CJIe IyIONIHe PABEHCTBA:

A=a]A]+b|Bl+C|C|, A=a2A2+bgBQ+C2CQ,

A= aIAI + GQAQ + a:;A:;, A= b]Bl + bng = b;;B;;,
AZC]C]+CQC2+C3C3. (ﬂ115)
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ITH paBeHCTBA BHIPAKAIOT CJleyI0llee CBOHCTBO ONPeNe/IHTe/Is: onpedeiu-
MeAb PABEH CYMME NPOU3IBLOCHILI INEeMEHMO8 KAKOWL-Aubo cmpoKu (Kako-
20-1ub60 cmoabya) Ha coomsemcemsyrouue areebpauyeckue JonoiHeHu s
aAemenmos amoil cmpoKu (amozo cmoadya).

Pasenctsa (/11.14) npuHsTO HA3BIBATE pasioxceruem onpedesumens no
IAEMEHMAM COOMBEMCMBEHHO NEPBOL, MOPOLL UAL MpPembell CMmPOoKU, a
pasercTBa ([11.15) — pasaosxcenuem onpedesumenrs no InemeLmam coom-
B8EMCMEEHHO Nepsoeo, 8Mopoeo Uil mpemveeo cmoibuya.

BBejeM Tenepb BaxKHOE MOHATHE MUHOPA JAHHOTO 3JIeMeHTa OTpee/uTe-
A Munopom Oannozo asemenma onpedesumens n-20 nopaoka ') wa-
suisaemcs onpedeaumens (n— 1)-eo nopadka, noayraemoli u3 0aHHO20 ON-
pedeaumens nymem 8bIHePKUBAHUL MOIL CMPOKU U mo2o cmoabua, Ha nepe-
CeUeHUIL KOMOPbLX CMOUmM OQHHbLIL IAeMEHM.

Co
Hanpumep, MHHOp 3/1eMeHTa @, paBeH , MHHOPOM 3JIEMEHTa @

¢

3 C3
b ¢

CJYXHT OMpeleHTe b b s H'T.

c
3 C3

l'[pe;maraeM HUTaTeJJ CaMOMy Y6eﬂHTbCﬂ B TOM, 4TO aﬂreépaut{ecme 10-
MOJIHEHHS M MHHODBI CBSI3aHBI MexAy COOOH M0 CJefyloleMy I aB HJly:
aaeebpauneckoe donoanenue 1106020 siemenma onpedesumens pasHiem-
CSL MUHOPY IMO20 INeMEH M, BIAMOMY CO BHAKOM NAIOC, ECAU CYMMA HOME-
pos cmpoku u cmoabua, Ha nepecederul KOMopsLx cmoum JaHHoLl ae-
MeHM, ecmo HUCA0 YeMHOE, I CO 3HAKOM MUHYC — 8 NPOMUBHOM CAyUae.

Takum o6pasom, cooTBeTCTBYIOUIME alredpaudeckoe JIONOJHEHHe H MH-
HOP MOTYT OTJIHYATBLCSH TOJNBKO 3HAKOM.

Caenyouas TabaHla faeT HarasAHOe MpeiCcTaBJIeHHe O TOM, KAKHM 3Ha-
KOM CBf13aHbl COOTBETCTBYIOLIHE anredpanuecKoe I0MOJHeHHEe H MHHOP:

YcTaHOBNAeHHOE TPaBH/I0 Mo3BoJseT B hopmyaax (J11.14) u (11.15) pasnoxke-
HHSl ONpeIe/IUTE s 110 3JIeMeHTaM CTPOK H CTOJNGIOB BCIOLY BMECTO anredpa-
MYECKHX JIONOJHEHHH MUCATh COOTBETCTBYIOLIME MUHOPBI (C HYKHBIM 3HAKOM).

Tak, Hanpumep, nocaenuss us gopmya ([11.14), raouias pasaoxkeHue on-
peeUTE/Is 10 SMeMeHTaM TPeTheH CTPOKH, TPHHUMAEeT BUI

a b og

b ¢ a b
A= a, bg Cy | = a3 _b:3 +63 . (ﬂ.llﬁ)

a G
a

h Gy 2 Co a; by

as by ¢

') B paccmatpusaemom caydae 7= 3.
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B 3ak/i0ueHHe yCTAHOBUM Caeyloliee (pyHIaMeHTaJIbHOe CBOHCTBO OMpe-
JeTHTes,

Csoiicmso 9. Cymma npouzsedeniil 31emenmos KaKo2o-11u60 cmoibya
onpedeiumens Ha coomsemcemayoujue alreedpaudeckue JoNoAHEeHIL A Ie-
MeHmos amoeo (Jpy2020) cmoabya pasgHa BEAULUUHE IMO20 ONpedesumens
(pasHa HYya10).

KoHeuHo, aHa/10rM4Hoe CBOHCTBO ClPaBelIHBO H IPHMEHHTENbHO K CHpo-
Kan onpefenntens. Ciayuai, korja aaredpanieckye I0TONHEHHS H 3J1€MEHTHI
OTBe4alT odHOMY U momy Ke cToablly, yxKe paceMoTped Boile. Ocraerces
[0Ka3aTh, 4TO CYMMa NPOH3BeleHHH 3IeMeHTOB KaKoro-a1oo cTosdua Ha co-
OTBETCTBYIOIIHE anrefpanyecKue I0MOMHEHHS 3JIeMEeHTOB dpy2eo2o cTofbua
paBHa HYJIIO.

JlokaxeM, HANPUMED, UTO CyMMa TIPOU3BE/IEHHH 9J€MEHTOB [1EPBOTO UJIH
BTOPOTO cT0/1011a Ha COOTBETCTRYIOLLHE airedpanyeckHe A0NOJHEHHS TeMeH-
TOB TPETLEro CTOOA PaBHA HYJIIO.

Bynem ucxoauthb u3 Tpethel dopmyasl (J11.15), nawomei pasnoxenue on-
peleIHTe s M0 3JeMeHTaM TPeThero CTo/oua:

g b ¢
a, by ¢y | =00 + oGy +c3C5. (J11.17)

a; by ¢

Tak kax anre6panueckue gononHenus C;, Cy ¥ Cy 3/1eMeHTOB TPeTBEro cTo0-
1A He 3a8UCAM OT CAMHMX 3JE€MEHTOB C|, €y H C3 3TOTO ¢TO/01A, TO B paBeH-
crBe ([I1.17) 4ucaa ¢y, co ¥ C3 MOKHHO 3AMEH UMb NPOUIBONLOHOIMU HUCAAMU
hy, By u hy, coxpansa npu 3ToM B eBoH yacTH ([11.17) nepeeie gBa cToadua
omnpefeauTe s, a B npaBoil yacT BequunHbl C|, Cy; 0 C; anredpanieckux
JIOMOJIHEHUH,

Takum obpasom, npu atobelx fy, by 1 b5 CTIpABETHBO PABEHCTBO

a b A
ay by hy|= WG+ hyCy + hyCy. (J11.18)
a; by Iy

Beps teneps B paBeHcTee ([11.18) B kauecTse A}, hy ¥ hi3 CHaYaNA 3/1€MEHTEL @,
@, U a; MepBoro cros1dna, a 3aTeM 3JieMeHTHl by, b, U by Broporo cToabia u
YUHTBIBAS, UTO ONPeIeIHTe/b C ABYMS COBNAJAIOIIMMH CTONOLAMH B CHITY CBOH-
CTBa 3 paBeH HYJIIO, MBI PHEM K CJIeLYIOIIHM PaBeHCTBaM:

a1C1+a2C2+a363=0, b'Cl‘f’bﬂCQ“‘f‘bSC‘g:O.

TeM cambiM 10Ka3aHO, HTO CYMMa POH3BEIeHHI 31eMEHTOB MepBOro H/H BTO-
poro cTo/1611a Ha COOTBETCTBYIOMIHE a/re6panueckKiX JOMOJHEHHS 31eMEHTOB
TpeTbero cTo./161a paBHa HyJ110.
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AHanordyHo 10Ka3LIBAKOTCSH PABEHCTRA
a|B)+asBy+a383=0, ¢ B+ coBy+c38;=0,
A+ byAs+ b3A3=0, ;A +CoAs+c3A3=0
H COOTBETCTBYIOLIME PABEHCTRBA, OTHOCAIIHECH He K cToa01aM, a K CTPoKaM:
a 1Az +b,B3+¢,C3=0, ayAz+byBs+¢cyCy=0,
@, Ag+ 0By +¢,Cy=0, a3Ay+ 038y +¢3Cy =0,
ayA| +byB +¢,C, =0, a3A,+b38,+c3C, =0.
6. CuctemMa TpexX JHHEHHBIX YPABHEHHH € TPEMsl HEH3BECTHBIMH C
oTipeaeJUTENEM, OTANYHBIM OT HyJ . B KauecTBe NpHI0KEHHA H3I0KEH-

HOH BbllIE TEOPHH PpaCCMOTPHUM CHCTEMY Tpex JHHEHHBIX ypaBHeHHﬁ C TpeMd
HeH3BeCTHbIMH

ax+by+ciz=h,
Q9X + b2y+ Co2 = h2, (ﬂllg)
asx + byy + c32 = hy

(ko3 duumeHTs a,, as, as, by, by, by, ¢y, €y, €3 ¥ CBOOOAHEIE UNEHbL A}, hy, hy
CUHTAIOTCA 3a1aHHEIMH). TPOIKa UHCeN Xy, g, 2o HA3LIBAETCA PeilleHilem CUCTe-
mbl (J11.19), eciu mofcTAHOBKA 3THX YHCEJ] HA MECTO X, 4, 2 B cuctemy (J11.19)
obpataet Bce Tpu ypasHenus (J11.19) B ToxxaecTsa.

PyHraMeHTaNBHYIO POJIb B AabHEHIIeM Oy T HIpaThb CeIYIOLIHe YeThipe
OTpPeIeTHTES:

a b ¢ b b g
A=lay, by |, A, =|h b o],
ag by ¢ hy by ¢y
aq hog a b n
A, =lay hy ¢, Ay=|ay b h
a; hy cy a; by hy

Onpenenutens A TpUHATO Ha3blBaTh onpedesumenem cucmenot (J11.19) (on
cocTaBJieH, H3 KO3((pUUHeHTOB NpH HenspecTHbIX). Onpenenutenu A,, A,
U A, NOJy4alOTCA M3 ONpefe/ uTe s CUCTeMbl A NOCPefCTBOM 3aMeHbl CBO-
GOI[HI)IMPI YJeHaMH 3JIeMEHTOB COOTBETCTBEHHO NIE€PBOro, BTOPOro v TpeThbe-
ro cTOJNOIOB.

s uexntoueHus U3 cucTeMsl ([11.19) HeH3BeCTHEIX Y U 2 yMHOKHM ypaB-
Henus (/11.19) cooTBeTcTBeHHO Ha anrebpandeckue nonosHeHns A, A, u A
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3JIEMEHTOB NEPBOro ctosbua onpeaeaHTe s A CHUCTEMEI M TIOCJIE 3TOrO CJ0-
2KHM 3TH YPABHEHHS. B pe3yabTaTe [oJay4HM

(aIAl + a2A2 =+ CIBAS)X + (b|A| + b2A2 + bSAS)y + (C]AI + CQAQ 4 CSA3)Z =

=h Ay + hoAy +hyAs. (J11.20)

YUHTBIBas, UTO CYMMa [IPOM3BeIeHHH 3J1eMeHTOB JAHHOTO CTo101A orpe-
JIeJIMTeJd Ha COOTBETCTBYIOLLHE anreﬁpa HYeCKHe 10MOJHEeHHUA 2JIEMEHTOB 3TO-
To (JIpyroro) cTo/01a paBHa ONpeAeJHTeI0 (HYJ/10) (CM. CBOHCTRO 9), mosyuuM

a|A| +a2A2+a3A3=A, blAl +b2A2+b3A3=O,
CIAI +C2A2+C3A3=O. (,[1121)

Kpome Toro, nocpeAcTBOM Pa3joKeHH ONpPeIeTHTeII A, TI0 371eMeHTaM Mep-
BOro cTon01a nojyvaeTcs Gpopmy.aa

Ax=hlA1 +h2A2+h3A3 (}1122)

C nowmoutbio opmya (J11.21) u ([11.22) pasenctso ([11.20) nepenuumercs B
cJIeIyI0LEeM (He COepKalleM HeH3BECTHBIX i/ U 2) BHIE:

A-x=A,.

CoBeplileHHO aHaI0rHUHO BhiBoAATCS U3 cHeTeMbl (J11.19) paBenctBaA- iy = A,
HA-z=A").
Taxkum 06pa3omM, Mbl YCTAHOBHIIH, YTO CHCTEMa YPaBHEHHH

A-x=A, A-y=A, A-z=A, (111.23)

ABJAETCS CIACTBHEM HeXoAHOU crceTeMsl ([11.19).
B nanbHe1eM Mbl OTIe/BHO PACCMOTPHM 1B A CJ1Y Y a f:

1) Korza onpenenuTeib A CHCTEMbl OMAUYCH OM HYAS;

2) KOrzia 3TOT OTIPeeHTENb PABEH HYAIO.

31ech MBI PACCMOTPHM JIHILb e PBBIH CIydai (paCCMOTPEHHE BTOPOTO CJIY-
yag OTJI0XKHM J10 11, 9).

Hrak, nycte A#0. Torna uz cucrems (J11.23) Mbi cpasy nosnyuaem Gopmy-
JIbl 1151 HEU3BeCTHBIX, Ha3blBaeMble ghopmyramu Kpamepa:

x=A. /A, y=A, /A z=A, /A (111.24)

[Monyuennsle nHamu opmy.iel Kpamepa aaior pemenue cuctemsl (J11.23) u
MOTOMY JIOKA3LIBAIOT e0UHCMBEHHOCMb PellleHHst HeXoaHoH cucteMsl (J11.19),
ubo cucrema ([11.23) apnsercs cnepcteueM cuctemsl ([11.19), 1 Besikoe pewe-
HHe cucTeMsbl ([11.19) 06a3aH0 GbITh peleHreM U cHeTeMsl ([11.23).

') Jlas noayuenns sTHX paBeHCTB CieiyeT cHawasa yMHOKHTL ypashenus (J11.19)
COOTBETCTBEHHO HA anrefpandeckue A0MNOJHEHHS 3/1eMEeHTOB BTOPOrO H TPETLero CroJb-
LLOB, @ 3aTEM CJAO0XKHTb [10JYUEHHbIE PABEHCTBA.
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Hrak, mbl nokasanu, uto ecau y ucxodnol cucmemot (J11.19) cywecm-
syem npu A # 0 pewerue, mo a3mo pewierue 00H03HAYHO onpedeisemcs op-
myramu Kpamepa (111.24).

YrtoObl 10Ka3aTh, YTO pellleHHe B CaMOM [eJjie CYLIeCTBYeT, Mbl J0JKHBI
MOACTABHTE B HeXonHYIO cuctemy (J11.19) Ha MecTo X, iy W 2 UX 3HAUEHHS,
onpeneasiemsle Gopmynamu Kpamepa ([11.24), u y6eauTbes B TOM, UTO BCe
Tpu ypaBHeHud ([11.19) o6paltaioTes npu 3TOM B TOKAeCTBA. ¥ Oe1MMcs, Ha-
npuMep, 4to nepsoe ypasHenue (J11.19) obpaiaetcs B TOXKAECTBO NPH M0
CTAHOBKE 3HAUeHUH x, iy U 2, onpeaensiemblx popmynamu Kpamepa (J11.24).
Yuutsipas, 4t0o A,=h A +hAy+h3A;, A,=h B +hyBy+ h3B;,
A, =h,C, +hyCy + hyC,, Gynem UMeTb, OJCTABHB B JIeBYI0 YaCTh [1EPBOTO U3
ypaBHenu# (J11.19) sHaueHus x, y u 2, onpeneasemsie popmyaamMu Kpamepa:

A A,, A
a\x+by+cz=a,—~+b—L+c ==
1 1Y+ I 5 172

- i{al(h A by Ay + iy Ay)+b,(h B+ hyBy +hyBy) +
+¢y(~\C, + hyCy + h3Cs)}.

[pynnupys BHyTpu HUrypHOH CKOOKH UjieHbl OTHOCHTENBLHO A, Ao W Ay, Byniem
HMeTb

ax+by+cz= i{h (a1 A+b,B+¢C)+hy[a Ay + 6By +6,Cy |+
+h3 [a1A3 +b133 +C1C3 ]}

B cuay csoiicTa 9 B nociesHeM paBeHCTBe 00e KBaapaTHble CKOOKH PaBHBI
HYJ10, a Kpyraasi cko6ka pasHa onpejenntenio A. Takum o6pasom, Mbl nosty-
YMM @, X + by + ¢,;2 = hy, ¥ oBpallleHHe B TOXKIECTBO IEPBOro YPaBHEHHS CHC-
Tembl (J11.19) yeranoBseHo. AHAIOHUHO YCTaHABIMBAETCS 00PALLEHHE B TOXK-
JIeCTBO BTOPOTO U TPeThero ypaBHeHHH cuctemsl (J11.19).

Mzl npuxonum K caenyoLeMy BLIBOLY: ecAu onpedeiumens A cucmemol
(J11.19) omaunen om Hyas, mo cyuwecmsyem, u npumom eourCcmeerHoe,
peuterue amoul cucmemot, onpedessemoe gpopmysranu Kpanepa (J11.24).

7. OnHOopoaHas cUcTeMa ABYX JHUHEHUHBIX YPABHEHHH C TpeMd
HEHN3BECTHBIMH. B 5TOM H B C/IeIYIOLIEM TYHKTAX MBI PA30BbEM allNapar, He-
0OXOMMBIH /15 pacCMOTPeHHs HeogHopoaHOH cueTeMsl ([11.19) ¢ onpenent-
TeJieM, pagHuim HYAto. CHAUa1a paCCMOTPHM OJHOPOAHYIO CHCTEMY 08X JH-
HeFHbIX YPABHEHHH C mpemsi HEH3BeCTHBIMH

ax+by+cz=0,
aox + boy + co2 =0, ([11.25)
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Ecnn sce mpu onpederumens 8mopozo nopaoka, KOMopsvle MONCHO COCMa-
BUMb U3 MAMPUIYbL

b, , (111.26)

a, cy
PABHbL HI/AKO, TO B CHY YTBEPKAEHUS U3 1. | K03(dHIMEHTHI TePBOTO H3 YpaB-
HeHui ([11.25) nponopuroHa/ibHbI COOTBETCTBYIOUIHM KO3((HLIHEHTAM BTOPO-
ro U3 3THX ypaBHeHHH. CTano GbITh, B 3TOM c/iydae BTopoe ypaBHeHue ([11.25)
SIBJISIETCS CJI€ICTBHEM NEPBOro, H ero MoxHO oTdpocuTh. Ho oiHo ypaBHeHue ¢
TpeMs HEH3BECTHBIMH a X + b,y + ¢,2 = 0, ecTeCTBEHHO, UMeeT GecuHc/IeHHoe
MHOECTBO pelleHHH (1BYM HeH3BECTHLIM MOXHO MPeANIHCHIBATh TPOU3BOJIb-
Hble 3HAYEHHS, & TPEThe HEM3BECTHOE OTPEe/IATh H3 YPABHEHHS).

PaccmoTpum Teneps cuctemy (J11.25) nas cayuast, Korna xoms 6ot 00uH 43
onpedeiumeneti 8mopo2o nopadxa, cocmasaennolx usz mamputot (J11.26),
oma uuel:-t om Hyaa. He orpaHuuuBas o61IHOCTH, Oy1eM CUHTATE, YTO ONpee-
JIUTEJb )

#0. (111.27)

a, by
Torna mbt MokeM nepenucath cucremy (/11.25) B Bune
ax+by=—cz,
QX + oy =—Cy2,

U YTBEPKIATh, UTO /15 KAX/IOT0 2 CYLIEeCTBYET eIHHCTBEHHOE PelleHHe ITOH
cHcTeMsl, onpeneasieMoe hopmynamu Kpamepa (em. 11. 2, dopmyast ([11.8)):

G | 4 4
&; b a, ¢
x=-2| 22|, y=-2 22 (J11.28)
a b a, b
a, b a, by

Jlns nanbHeiero yno6Ho BBECTH B PacCMOTpeHHe alredpanyeckue J10-
nonxenus A;, By u C; 3/1eMeHTOB TpeTheH CTPOKH OIpe/IeTHTe s

a b ¢
a, by ¢
as by o

'} 310 npeanonokeHHe He CHHXAET OGHOCTH, HOO NOPSAOK CAEJOBAHHS HEH3BECT-
HBIX X, i H 2 HAXOIHTCA B HALIEM PacropsKeHHH.
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B cuny pe3ysnbTaToB n. 5 0 CBA3M aarebpanuecKkux AONMOJHEHHH W MHHOPOB
MOZKHO 3aMucaTh

a b
A:;= , By=- v G = l l

b, ¢, a, ¢, a, b,

(J11.29)

OcHoBeBasck Ha (J[1.29), mbl MokeM nepenucath popmyast ([11.28) B Buge

x:iz, y:&z. (J11.30)
c, C,
L1151 Toro 4To6bl NOJMYYHTD PELLEeHHE B BUIE, CUMMEMPULHOM OMHOCUMENbHO
BCEX HEUBBECMHULLX X, Y U 2, TOJOKHM { = 2/C; (oT™MeTHM, uT0 B cuay ([11.27)
onpegeauteab Cy oTaudeH ot Hy4). [lockonbKy 2 MOKeT NpHHHMATD J100bIe
3Ha4eHHs], TO H HOBas TepeMeHHast { Moxcem npuHumamo A106ovle 3HAUeHUSL.
Mgl mpuxoauM K BHIBOLY, 4TO 8 cAy4ae, ko2da onpedeaumens ([11.27)
omauder om Hyas, odnopoduas cucmema (J11.25) umeem Gecuucirennoe
MHOHECMBO petierull, onpedeisemolx opmyaiamu

X= A:St. y = BS!, 2= Cgt, (ﬂ,l.Bl)

8 KOMopolx t npuxHuMmaem Kaxkue yeooHo anaderus, a arzebpauteckue do-
noanenus As, Byu Cyonpedeasitomes gpopmyramu (J11.29).

8. OxHopoaHAasA cHCTeMa TpPeX JUHEHHbIX YPaBHEHHUH C Tpems
HeM3BeCTHBIMH. PaccMOTPHM Tenepsb OJIHOPOHYIO CHCTEMY TPeX JTHHEeHHbBIX
YPaBHEHHUH ¢ TPEMH HEH3BEC THHIMH

ax+byy+cz=0,
Aox + byl + co2 =0, (11.32)
asx + byy + 32 =0,

OueBH/IHO, UTO TA CHCTEMA BCET/Ia UMEET TaK HA3BIBAEMOE MPUBUAALHOE De-
wenue:x=0,y=0,2=0.

B cayuae, korna onpenenurenb cHeTeMbl A# 0, 3T0 TpUBHAMBHOE PellieHHe
ABJSIETCSH eJMHCTBEHHBIM (B CHJIY 11. 6).

Jokaxewm, uto 8 cayuae, koeda onpedeaumeiv A pagen HyAt0, 00HOPOO-
Has cucmenma (J11.32) umeem becuucaennoe mHoMecmso pewieruil.

Ec.u Bce onpeneHTeH BTOPOTO NOPSAKA, KOTOPLIE MOXKHO COCTABUTL U3
MATPHLBI

a b ¢
a by o, (J11.33)
ay by ¢y

paBHBI HYJIIO, TO B CHJTY yTBep2KAeHHA H3 1. | cooTBeTcTBYIOMME KO3 DHIHEH-
Thl BceX Tpex ypasHeHH# ([[1.32) nponopunonansHel. Ho torpa sropoe u
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TpeThe ypaBHeHus ([11.32) apasgioTcsd cIeICTBHSMH MEPBOTO W MOTYT ObITh
oTOpOLLeHbl, a OIHO ypaBHeHHe a,x + by + ¢,z =0, KaK yxKe 0TMeuanoch B
MpeablLylLeM TYHKTe, HMeeT 6ecyHcJeHHOe MHOXKeCTBO PelleHHH.

OcTaeTtcsa paccMOTpeTh cayudail, Koraa xoms 0ot 00uH MAHOD MaTPHLBI
(J11.33) orainuen ot Hyad. Tak Kak NopsiioK c/ieJoBaHUS YPAaBHEHUH H HeU3-
BeCTHHIX HAXOJUTCS B HAllleM PaclopsiKeHUH, TO, He OTPaHUYMBAg 00LIHOC-
TH, Mbl MOJKEM CUHTATh, UTO OTJHYEH OT HyJas onpeneautens ([1.27). Ho
TOTJIa, KaK YCTAHOBJIEHO B MPeJIbIAYILEM TYHKTe, CHCTeMa Me PB bl X I BY X
ypaBHeHuH (J11.32) umeet GecunceHHOe MHOKECTBO pellleHHH, onpeae/sie-
MbIX opmyaamu (JI1.31) (npu ao6om f).

OctaeTcs 10KasaTh, UT0 X, § ¥ 2, onpejeasemsie hopmyaamu (J11.31) (mpu
n0060M £), 06paIaioT B TOxKAECTBO U TpeThe ypaBHeHue ([11.32). [loncraBass B
JIEBYIO 4aCTh TpeTbero ypasHenus ([11.32) x, y u 2, onpeneasemsle popMy.ia-
mi ([11.31), 6ynem nmeThb

a3x + b;;y + CBZ — (a-&AS -+ b383 ot C(;C;?;) t=A-1.

MBI BOCTIONB30BATHCH TEM, UTO B CHJY CBOHCTBA 9 BhIpaXKeHHe B KPYTJIBIX
ckoOKax paBHo onpegeautenio A cucremsl (J/11.32). Ho onpepenurtens A no
YCJIOBHIO PaBeH Hy.JII0, U [T03TOMY NPH JIDOOM f MBI IOJIYUUM a3x + by + c32 = 0.

Hrak, nokasano, uto odnopoduas cucmema (J11.32) c onpedeaumenenm A,
PAaBHbLM HYAIO, Umeem DeCHUCIeHHOe MHOMEeCmE0 pewenui. Ecau oTanden
ot HyJast MuHOp ([11.27), To 9TH petuenus onpepedsiorces gopmynamu (J1.31)
NPH MPOM3BOJLHO B3ATOM [,

[TosyueHHBIH pe3yJbTaT MOXKHO ¢(DOPMYJIUPOBATH ellle U TaK: 0dHOpoO-
Has cucmema ([11.32) umeem nempusuarvroe pewierue 8 MoMm U MOALKO 8
mom cayuae, Koeda onpedeiumens ee paseHr Hyilo.

9. HeomHopoaHasd cHcTeMa TpeX JHHEeHHBIX ypaBHEHHI ¢ TpeM4 He-
M3BECTHBIMH C ONpPeieJIUTEeJIEM, PABHBIM HYJII0. Tenepb Mbl pacronaraem
annaparom JJis paccMOTpeHHst HeofHopoaHOoH cuctemsl ([11.19) ¢ onpegenu-
TeseM A, paBHBIM HY/110. MOryT npeacTaBHTLCA ABa CJ Yy 4a f:a) XoTs Obl
OJIMH W3 OTpeiesiuTenen A,, A.u WK A, OTJIMYEH OT HYJ151; 0) BCe TPH OIpeIesH-
Teas A, A, ¥ A, paBHbI HYJTIO.

B c/yuae a) 0Ka3biBaeTCs HeBO3MOKHBIM XOTS Obl 01HO M3 paBeHcTs (J11.23),
T.e. cucrema (J11.23) He umeer pelieHuUil, a NOITOMY He umeem peueru u
ucxoonas cucmema (I11.19) (cnenctBHeM KoTopo# siBasercs cuctema (111.23)).

[MepexoauM K paccMOTpeHHI0 caryuas 0), T. e. cayuas, Ko2ia 6ce wemoipe
onpedeaumers A, A, A, uA,, pasrol Hyato. Haunem ¢ mpumepa, nokassliBaio-
LLIETO, YTO B 3TOM CJYYAE CUCMEMA MONEM He UMemMb HiL 00HO20 PetleHis.
Pacemortpum cucremy

x+y+z=1,
2x+2y+22=3,
3x+3y+3z=4.
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flcno, uto aTa cHcTeMa He HMeeT peleHHid. B camoMm aene, ecau Obl perieHne
Xg» Yo 20 CYLIECTBOBAJO, TO M3 NMEPBLIX ABYX YPABHEHWH MBI MOJYYHIH Ol
Xo+ Yo+ 2=1, 2x5+ 2yo+ 22,=3, a 0TCIONA, YMHOXKASA MEPBOE PABEHCTBO
Ha 2, noayuuau 6er, 4to 2 = 3. Ilanee, 04eBHIHO, YTO BCE HETHIPE ONpPEeIHTE-
A A, A, A, 1 A, paBuBl HYJI0. B camoM nieie, onpeneutessb

1
A=|2
3

W N =

1
2
3

umeem mpu 00UHAKOBLLY cMOAOYa, OTIpefeIHTeNH A,, A, ¥ A, TTOTyYaI0TCS
IyTeM 3aMeHbl OJIHOTO M3 3THX CTOJNOLOB CBOOOAHBIMH YJI€HAMH H, CTAaJ0 OLITh,
umerom no dea oduraxosslx cmoabya. B cuny cBoiicTBa 3 Bee 3TH onpeiesiu-
TeJ/IH PABHLI HYJIIO.

JlokaxeM Teneps, uto ecau cucmema (J11.19) c onpedeaumerem A, pas-
HblM HYA10, umeem xoms Ovl 00HO peulerue, mo oHa umeem OectucieHHoe
MHOMECMBO PASAULHBLY PeUleHIL.

[Tpennono:um, 4To yKazaHHasi CHCTeMa HMEET peleHue Xg, Y, 2p. 10T
CTIpaBe/l/IHBLI TOXKIECTBA

ale+b|y0+C|20= h],
asXo + botjg + €29 = hy, (111.34)
ang + b3y0 + 6320 = hs

Briuutas nounenHo us ypasHenuit (J11.19) roxnectsa (J11.34), nosny4um cuc-
TeMY ypaBHEHHH:

a](x_xt]) "|" b|(y‘y0) + Cl(z"zo) =O’
ag(x —Xo) + ba(y — o) + ca(2 —29) =0, (I11.35)
az(x —xp) + bs(y —yo) + c3(2—2¢) =0,

axsusarenmnyto cucteme ([11.19). Ho cucrema (I11.35) apasercs odropod-
HOL CACTEeMOH TpeX JUHEHHBIX YpaBHEHHH OTHOCHTEILHO TPeX HeH3BeCTHBIX
(x = xq), (y — yxp) ¥ (2 — 2p) C onpenesuTeIeM A, paBHEIM HyJ110. CoryiacHo 1. 8
nocJeaHss cuctema (a ¢tano O6biTh, H cuctema (J11.19)) umeer GecuncaeHHoe
MHOecTBO pelieHuid. Hanpumep, B ciyyae, Korjga OTJHYEH OT HYJS MHHOP
(J11.27), mui ¢ nomoutsio (opmya ([11.31) noayuum caenyomiee 6eckoHeUHOe
MHOKeCTBO pereHn# cuetemb (J11.19):

x=x0+A3t, y:yD+B3f. 2=20+C3t

({ npuHMMaeT M00ble 3HAUEHHS).
PaCCManHBaeMoe YTBer(HeHHe HJOKa3aHO, U Mbl MO2KEM CAEJ/I1AaTh CJEAYI0-
uiee sakjouenue: ecau A=A, =A,=A,=0, mo neodnopodnas cucmema
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(I1.19) aubo coscem He umeem pevienuil, aubo umeem ux GecKoHeurHoe
MHONMEeCmao.

B xauecTBe npuMepoB npejaraeM UHTATE/II0 PACCMOTPETh CJIeYIOLIHe TPH
CHCTEMBI:

x+2y+z2=4, X+y+z=2 X+y+z=1

3x-5y+3z=], 3x+2y+22=1], 2x+y+z2=2,
2x+Ty—2=8| 4x+3y+3z=4,] 3x+2y+2z=3,

U yOeUThCd B TOM, YTO I e pBad CHCTeMa UMeeT eJMHCTBEHHOe pelleHHe
x=1y=1,z=1(auHee A=A, =A,=A,=33), BTOpas CHCTeMa He
uMeert pemeHHi (a5 Hee A=0, A, =1), aTpeThbsl CHCTeMa HMeeT Decumc-
JIEHHOE MHOXKECTBO pelieHu# (115 Hee A=A, = A, = A, =0), onpejessieMbIx
TIPH TIPOH3BOJBHOM ¢ (hopmynamu: x =1, y =1, 2 =—1.



[JTABA 2
BEKTOPHAS AJITEBPA

B 3T0# raaBe H3yuarTCs BeKTOPHLIE BEMHUHHE (HIH MPOCTO BEKTOPLI),
T.e. TaKHe BeJHYHHbI, KOTOPble, KPOME CBOET0 YHC/JAEHHOr0 3HaueHHs, Xa-
PakTepH3yIoTCa elle HanpasieHHocmoro, PU3MYeCcKUMH NpUMepamMH Bek-
TOPHBIX BEJHYHH MOTYT CJIYKHTb CMellleHHe MaTepHalbHOH TOUKH, ABHTrak0-
ecs B MPOCTPAHCTBE, CKOPOCTh H YCKOPEHHE 9TOH TOUKH, 4 TakKkKe aeH-
CTBYIOLLAsl HA Hee CHJa.

B raaee uayuyalTcs NpocTeHINe ONepalti Hajl BEeKTOPAMH (C0KeHHne
BEKTOPOB, YMHOXK@HHE BEKTOPOB Ha UMCJIO), BBOAUTCS TTOHATHE JHHEHHOH
3aBUCHMOCTH BEKTOPOB H paccMaTpUBAIOTCH OCHOBHBIE MPHJOMKEHHUS ITOr0
TIOHATHS, H3Y4alOTCs pa3iHYHble THUILI POH3BELIeHHH BEeKTOPOB, aKTyaJb-
Hble 15 (PU3MYECKHX MPHJIOXKEHHH (CKa/JspHOE M BEKTOPHOE MPOoH3Beje-
HHe JIBYX BEKTOPOB, CMelaHHOE H IBOHHOE BEKTOPHOE MPOHU3BeIeHHe TPeX
BEKTOPOB).

§ 1. [TonsiTHe BeKTOpa U JMHEHHbIE ONepaLuKl
Haj BEKTOPaMH

1. ITonsiTe BekTOpa. AGCTpParupysch OT KOHKPETHBIX CBOHCTB BCTpeya-
IOIMXCS B IPHpPoJie (PH3HYeCKHMX BEKTOPHBIX BeJHYHH, MBI TPUXOIHM K MOHS-
THIO 2eOMEMPUHECKOS0 BeKMOpPa, WK NIPOCTO BEKMopa.

Feomempuuweckum exmopom (uiunpocmo gexmopom) oy-
dem Hasvleamv HANPABAEHHbLL OMPE3oK.

Mzl 6yaem 0603Ha4aTh BEKTOP JMO0 KaK HalpaBJleHHbIH 0TPe30K CHMBO-
aoMm AB, rae Toukd A ¥ B 0603Ha4al0T COOTBETCTBEHHO HAYal0 H KOHELl

JIAHHOTO HamnpaBJeHHOrO oTpe3ka (BeKTopa), JHO0 Of-
a  HOH KUPHOH JIaTHHCKOH OYKBOH, Hanpumep a Hiu b. Ha
yepre:xe OyaeM H300paKaTb BEKTOP CTPEJAKOH, IpHUeM
JIATHHCKYI0 OYKBY, 0003HAYAIOLLYI0 STOT BEKTOP, Oyaem
Puc. 2.1 nHcaTh y ero koHua (puc. 2.1).

Hauasio BeKTOpaA HA3LIBAIOT MOUKOL €20 npuloNce-
Hus. Ecnu Touka A siBAsieTcs HayajsoM BEKTOpa &, TO Mbl OYIeM FOBOPHTE,
YTO BEKTOpP a npujoxeH B Touke A. [lns obo3HaueHHs JIHHBEL BeKTOpa Oy-
JleM M0J1b30BaTbCSl CHMBOJIOM MOAYJs (MM a0COMIOTHOH BeHuHHb). Tak,

| AB | u |a| oBosHaualoT 1MHBl BeKTOPoB AB H @ COOTBETCTBEHHO.
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Bexmop nasvieaemcsa H Y 4 e 8 bl M, eCAU HAYAL0 U KOHEl, e20 cosna-
darom. Hynesol BeKTOp He MMeeT ONpe/e/eHHOro HalnpaBleHHs U HUMeeT
IJIMHY, PABHYIO HYJO. DTO MO3BOJSIET MPH 3ATHCH OTOXKIECTBASATE HYJIEBOH
BEKTOP C BellleCTBEHHBIM YHCJIOM HY/b.

BBejieM BaxHOe MOHATHE KOMJIMHEAPHOCTH BEKTOPOB. Bexmopul Ha3vl-
BAOMCA KOAAUHEAPHblLMU, eCAU OHU Aexcam Aubo Ha 0dHol nps-
moll, Aubo HA NAPALNeAbHBIX NPAMBLY.

Teneps MoxkHO chOpMYTHPOBATEL MOHATHE paBeHCTBA ABYX
BeKTODpOB: 08a 8KMOPA HA3bLBAIOMCA PABHLIMU, €CAU OHU KOAAU-
HeapHsl, M. . umMeom 00UHAKOoBY 0 OAURY U 00UHA- a
Kogoe Hanpasierue. Bee Hyiegoie BeKmopol cuuma-

HOMmcs pasHbLMU. b %
a

Ha puc. 2.2 n3obpaeHsl clieBa HepaBHbIE, a Cnpa- /
Ba paBHbIE BEKTOPHI a U b. /

M3 onpenenenuss paBeHCTBA BEKTOPOB Herocpes-
CTBEHHO BBITEKAeT CJeylollee YTBePKICHHE: KAKOBbL
6vL Hu GoLau 8eKmop a u mouka P, cyuecmsyem, u npumom eduncmeen-
wolil, sekmop PQ ¢ nawarom 6 mouke P, pagroui eexmopy a '),

HMHeMM c/l0BaMH, TOUKA NPHI0KEHHS TaHHOTO BEKTOPA a Moxem Obimb
BbIOPAHA NPOU3BOALHO (MBI HE PA3JHUYaeM JBYX PABHBEIX BEKTOPOB, HMEIO-
LMX Pa3Hble TOUKH IPUIOKEHHS W NOMYUAIOWMXCS OMMH U3 APYroro napal-
JieJIbHBIM NepeHocoM). B cooTBeTCTBUM ¢ 9THM BEKTODBI, U3yuaeMble B reo-
MeTpHH, Ha3blBalOT c80000HbIMIL (OHU OTIpefieieHbl ¢ TOUHOCTBIO 10 TOYKH
NPUAOKEHHH) °).

2. JIuHeilHbIe ONepPALlHH HAJL BEKTOPAMH. JIuHelHoiMu onepayus-
MU TIDHHSITO Ha3bIBATh OTEPAIHI C0KEHHS BEKTOPOB H OMEpAIH0 YMHO-
JKeHHS BEKTOPOB Ha BellleCTBEeHHBIe UHC/IA.

CHauasa onpenesuM onepayiio CAOMerUs IByX BEKTOPOB.

Onpedenenue I. Cymmoi a+b dsyx sekmopos a u b nasvisaem-
cA 8eKkmop, udyuuil u3 HaLala 6eKmopa a 8 Koxey, sekmopa b npu ycao-
sul, umo sexmop b npuroicen Kk Konyy sexmopa a.

Puc. 2.2

') B camom nese, cylmecTByeT qiMib 0Ha psAMast, TPOXOAIIAS Yepes TouKy P u mapan-
JIeJIbHAS TOH NPAMOI, HA KOTOPOH JexHuT BekTop a. Ha ykazaHHol npsiMoi cyllecTByeT euH-
CTBeHHas TouKa ( Takas, uto oTpesok PQ HMeeT AJIUHY, PaBHYIO IJHHE BEKTOPa a, H Hanpas-
JIeH B Ty e CTOPOHY, YTO H BEKTOp a.

%) B mexauuKe u (Hanke, KPOMe CBOGOIHBLY BEKTOPOB, HHOTIA PACCMATPHBAKT CKOAbA A~
wiue ¥ cea3anubie BeKTopbl. CKOAbIAUUMU HAZBIBAIOT TAKHE BEKTOPH, KOTOPbIE CUHTAIOTCA
IKBHBAJEHTHLIMH, €CJIM OHH HE TOJILKO PABHBI, HO M JIeXAT Ha 0AHOH npsamoi. [Ipumepom ckob-
351LLET0 BEKTOPA MOXKET CJYXKHTh CHJIA, NPHJIOKEeHHas K a0COo/I0THO TBeploMY Tedy (H3BecT-
HO, YTO JB€ CHJIbI, PABHbIE H PAcrioJ0KeHHbIe Ha OAHOH TPSMON, 0Ka3blBaloT Ha abCOJIOTHO
TBEpOe TeNO OIMHAKOBOE MeXaHWueckoe BosneHcTeHe). C8A3AHHLIMU HA3BIBAIOTCA TakHe
BEKTOPbI, KOTOPLIE CUUTAIOTCH IKBHBANEHTHBIMH, eC/IH OHH He TOJIbKO PAaBHBI, HO H HMEIT 06-
uee Hauaqo. [1pUMepoM CBA32HHOTO BEKTOPA MOMKET CJYMKHThL CHJIA, NPUJIOKEHHAA K HEKOTO-
PO TOYKe HeTBEPAOro (HanpuMep, yrpyroro) Teqa.
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[TpaBu/o C/I0KEHHS IBYX BEKTOPOB, COlep:Kalleecss B 3TOM Orpejede-
HUH, 0OBIYHO HA3LIBAIOT NPABUAOM MPey2OLbHUKA.

D10 Ha3BaHHE OODBACHAETCH TEM, UTO B COOTBETCTBHH C YKA3aHHLIM Ipa-
BMJIOM CJlaraembie BeKTOpbl @ U b (B cayuae, eciu OHH He KOJJIMHEApHbI) H
UX cymMma a + b o6pasyior TpeyrosbHUK (puc. 2.3).

[TpaBuio cioxkeHHsS BEKTOPOB 00JianaeT TeMH e CaMbIMH YeTbIpbMS
CBD[ECTBHMH, 4yTO U HpaBH.HO CJOXKEHHUT BELIeCTBEHHBIX (H.HH paL[HOHa.Hh-
HBIX) ukces '):

1°a+b=b+a (nepenecmumenrvroe ceoilcmso);

2°(a+b)y+c=a+ (b+c) (couemamenrvrHoe CBOUCTBO);

3° cywecmsyem nyaesoii sekmop 0 maxoi, umo a+ 0 = a daa aioboeo
sexmopa a (ocobas poJb HYJEBOr0 BEKTOpPa);

4° 0 a kamdo2o sexkmopa a cyujecmsyem npomusonoAONCHbLIL MY BEK-
mop a" maxoii, umo a+a"=0.

Y6enumcst B cripaBeliiiBOCTH 3TUX cBOHCTB. CBOHCTBO 3° HENoCpeaCTBEH-
HO BHITeKaeT W3 onpepenenud 1. Jl1sa noxkasatenscTBa cBOHCTBA 4° omnpene-
JUM BEKTOp &, NPOMuUBONOA0NCHbLI 8eKmOopy a, KaK BEeKTOp, KOJJIHHeap-
HbIH BEKTOPY &, HMEIOLIHH OMHAKOBYIO C BEKTOPOM a JUIMHY U IPOTHBOIO-
JIOXKHOE HanparJeHne %). OueBHIHO, YTO B3ATAS!, COTIACHO onpeneneHuio 1,
CyMMa BEKTOpa a C TAKHM BEKTOPOM a” IaeT HY/JIeBOH BEKTOP.

b

a"‘é

Puc. 2.3 Puc. 2.4

Jlnst nokasatesibeTBa CBOMCTBA 1° MPUIIOKHMM JBA NPOU3BOJBHBIX BEKTOpA a
1 b x obwemy Havany O (puc. 2.4). O6osnauum Oyksamu A U B KOHIIBI BEKTO-
poB a i b cooTBeTCTBEHHO H paceMoTpuM napastenorpamMm OBCA. Us onpenese-
HHUS paBeHCTBA BeKTOpoB caenyet, uto BC = 0A =a, AC=0B =b.

W3 onpegenenns | u u3 paccmorpenus tpeyroasiuka OAC caenyet, 4To
nuaroHanb OC yKaszaHHOro napaJjJjesorpaMma TpeacTaBiaser cofoH cyMMy
BEKTOPOE a + b, a u3 pacemorpenus tpeyronsHuka OBC cienyer, uTo Ta xe
camas auaroHanb OC npeacraeaseT coboii cymmy BekTopos b+ a. Tem ca-
MBIM CBOMCTBO | yCTaHOBJIEHO.

OcraeTcd 10Ka3aTb cBOMCTBO 2°. JIj1 3TOT0 MPHJIOKHM BEKTOP a K Mpo-
M3BOJIbHOH Touke (J, BeKTop b K KOHILy BEKTOpa a U BEKTOP € K KOHILY BEKTO-

Y Cwm. Bbim. 1, . 2.
2
%) Jlns nosyuenns A’ 10CTaTOYHO NOMEHSITL MeCTaMH Haya/lo H KoHell BekTopa A.
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pa b (puc. 2.5). O603naunm 6ykeamMu A, B u C KOHILI BEKTOPOB a, b 1 ¢
cooTBeTcTBeHHO. Torna

(a+b)+c=(0A+AB)+BC=0B+BC=0C,
a+(b+c)=0A+(AB+BC)=0A+AC=0C,

T.e. CBOHCTBO 2° 10KAa3aHO.

3ameuanue |l.Ilpu nokasarenscTBe cRoiicTBa 1° 060CHOBAHO ele
OJIHO TIPABHJIO CJ0XKEHHS BEKTOPOB, HA3bIBAEMOE NPABUAOM NAPAALEAD-
epamma; ecau eexmopol a w b npunoscenvl Kk obujemy Ha4wary U Ha HUX
nocmpoen napairiero2pamm, mo cymma a+b
(uau b+ a) amux sexmopos npedcmasasem cobotl
duaeoHalb YKA3aHHO20 Napaslelospamma, uoy-
wyto u3 obugeeo navana sexmopos au b '),

JlokasaHHble cBoHCTBA | °—4° M03BOJISIOT ONEPH-
poBaTh C CYMMOH BEKTOPOB TaK Ke, KaK ¢ CyMMOH
BeleCTBEHHBIX UHCe/. B 4acTHOCTH, NPH CI0KeHHH
Tpex BEeKTOPOB a, b 1 ¢ HeT HeOBXOAUMOCTH YKA3bI-
BATh, KAK Mbl MOHUMaeM cymMmy a+ b+ ¢ (kak
a+(b+c) uau kak (a+b)+c). Croiera 1°—4° N03BOJAIOT HAM pacpo-
CTPaHHTb MPABHJO CJ0XKEHHS Ha CyMMY JIOGOro KOHeUHOTO YHCJ/a BEKTO-
poe. I1pu 3ToM HeT HEOOXOAUMOCTH IPOH3BOIUTE CJAOXKe-
HHe T0CJAef0BaTebHO, (PMKCHPYS KaxKIBIH MPOMexyToU-
HBIH pe3yJbTaT; cyMMa JI0OOro YHc/aa BEKTOPOB MOXKET
OLITH TTOCTPOEHA C MOMOIILBIO CIEIYIONero MpaBu.Jaa:
ECAl NPUAOINCUMb BEKMOP Ay K KOHUY 8eKmopa a,, 6eK-
mop ag K KOHUY BEKMOPA As,..., BEKMOP &, K KOHUY BEK-
mopaa,_,, mo cymma a; + a, + ag+...+ a, 6ydem npedcmas-
aamo coboil sekmop, udyuuil U3 HA4aAQ BeKMopa a, 8
KOHetl, BeKmopa a,.

CdopMyIHpOBaHHOE MPABUIO CJA0MKEHHS, IPOHJIIOCT-
pHpOBaHHOEe Ha PHC. 2.6, eCTECTBEHHO HA3BaTb NPaABUAOM 3AMbIKAHUAL A0-
maroi 0o mrozoyeoavruka (Ha puc. 2.6 nomanas OA AyA; ... A, 3aMbKaeT-
ol 0 MHOTOYTOJIbHHKA NyTeM fno0as/ienus 3seHa OA, ).

Hakoner, cBoiicTBa 1 °—4° m03BOJIAI0T HCYE PIIBIBAKOIIHM 00Pa30M PEIIHTh
BOMPOC O BEIYHTAHHH BEKTOPOB.

Onpedesenue 2. Pasznocmoiwo a—bsekmopa a u sekmopa b na-
3blgaemca maxoi 8eKmop ¢, KOmopolil 8 cymme ¢ sekmopom b daem eex-
mop a.

h Cunenyet oco6o 0roBOpHTb C1ydai, Korjia BeKTopsl a U b koasnuHeaphsl, B stom ciyuae
napanJenorpaMM, MoCTPOEHHBIH Ha BeKTopax a U b, BepoxaaeTcss B 0TPe30K, MOHATHE €ro
JMATOHATH TEPFET CMBIC, 8 CYMMa BEKTOPOB a ¥ b Moxer 6uiTh monyiena us onpeaenenus 1.
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C nomomibio ¢BoHCTB 1°—4° 3MeMeHTapHO A0KA3bIBAETCA, UTO CYHUieCm-
8yem, U npumom edUHCMBEeH bl 8BeKMOop ¢, npedcmasasoujull coboil pas-
Hocmb a — b, npuuem amom sekmop pasen ¢ =a+b’, ede b’ — sexmop,
npomusonosoNHHoll b.

B camowm jiede, ecsiv ¢ = a + b’, 7o Ha ocHOBaHHMM cBOHCTB 1°—4°

c+b=(a+b)+b=a+(b+b)=a+0=a,

T.e. BEKTOp € npejcrtas/seT co60H pa3HocTb a — b.

Y6enumcs Tenepb B 0IHO3HAUHOCTH pa3HocTH a — b. [pexnoaoxum, uto,
KpoMe BeKTopa ¢ =a+ b’, cymecTeyer eme oauH BeKTOp d TakoH, 4T0
d+b=a. Toraa, ¢ ouHo# cTopossl, (d +b)+b"=a+b"=c, ¢ apyroi cro-
porbl, (d+b)+b' =d+(b+b)=d+0=d, 1.e. c=d.

HenocpencTBeHHO U3 onpene/eHus 2 W U3 NPaBUJIA TPEYTOJbHUKA CJI0-
JKeHHS BEKTOPOB BHITEKAET C/eiylollee MpaBHJIO NOCTPOeHHSHA
pasHocTH a—b:pasnocme a—b npusedennolx Kk 0buiemy Havary sex-
mopos a 1 b npedcmasasem coboil sekmop, udyuiiLil U3 KOHYA 8blyumae-
Moeo sekmopa b 8 KoHey ymerbulaemoeo 6eKkmopa a.

IT0 NpaBHJIO HIIOCTPUPYeTes Ha puc. 2.7.

[Tepeiinem, HaKOHell, K PACCMOTPEHHIO ONEPAUUL YMHONEHUS BEKMOPQ
HQ BEULECMBEHHOE YUCAO.

Onpedesenued. lIpouzsedenuen a(uanac) sexmopa a
Ha BeuecmsenHoOe 4uUCAO O Hazveaemcs sekmop b, Kosau-
HeapHoLil 8eKmopy a, umerwuil diuny, pasnyo |of - |al|, u umeowui
a-b Hanpasienue, coenadarouiee ¢ Hanpasieriem 8eKmo-

pa a s caydae o> 0 u nPOMUBONOAOHHOE HANPABACHUID
sexmopa a & cayuae o< 0.

3ameuanue 2. B cayuae, korna =0 uau a=0,
MPOU3BeleHHe 0@ MpeicTaBaseT cOO0H HYJeBOH BEKTOp,
HAallpaB/eHHe KOTOPOro HeolpeeeHHO.

FeOMempuqec.'cuﬁ CMbICA OHepHLLHH yMHO)KEHI/IH Bemopa Ha 4YHCJI0 MOXK-
HO BBIPA3HTb TAK: NPU YMHONEHUL BEKMOPA A HA YUCAO OL BEKMOP A «pac-
mseusaemcs» 8 o «Pas».

KoHeuHo, Hafo TYT e OFOBOPHTb YCJOBHOCTb TEDMHHA «PACTATHBAET-
csi», HOO JeHCTBUTENbHOE PACTSKEHHE NPOHCXOAHT JHIIb TPH O > 1; npH
0 <o < | NpoOMCXOLUT He pacTsKeHHe, a CxKaTHe, a NIPH OTPHLIATEJLHOM O,
kpome pacTskenus (npu | oo | > 1) uan cxarus (npu | o | < 1), npoucxo-
IHT elle H3MeHeHHe HalpaBJeHHsT BEKTOPA Ha TPOTHBOIOJI0XKHOE.

Onepalys yMHOXKEHHs BEKTOPa Ha YHC/I0 00J1a/1aeT CJelyIolUMH TpemMs
CBOHCTBAMHU:

5°afa + b) = 0a + ab (pacnpedeaumesrvroe CBOUCTBO YUHCJIOBOTO COMHO-
JKHTEJIST OTHOCHTENBHO CYMMBI BEKTOPOB);

6° (0.+ B)a=0a + Pa (pacnpedesumenvroe CBONCTBO BEKTOPHOIO CO-
MHOKHMTEJIS OTHOCHTE/IbHO CYMMBI UHCE/);

Puc. 2.7
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7° ofBa) = (uf)a (couemamenvroe CBONCTBO YUCTOBEIX COMHOKHTENEH).

Jlns nokasaTenbCTBa CBOHCTBA 5° NMPHUJIOKHM BEKTOPH a U b K obliemy
Hauasy O H NOCTPOUM HA HHX MapaJjie/orpaMM, THAroHa b KOToporo Oynet
MpeCTaBIsATh co6oii cymmy a + b (puc. 2.8). TIpu «pacTsKeHHH» ') CTOPOH
3TOro napaJjjienorpaMma B O, pas B CHJY CBOHCTB
nofo6Us IHATOHAJ/b TAKXKe «PacTATUBAeTCHA» B
0. pa3, HO 3TO W 03HayaeT, UTO cymMMma ca+ ob
paBHa o(a + b).

CaoiicTa 6° u 7° MouTH oueBMAHL U3 Harssar- O b ab
HBIX reoMeTpHuecKHX coobpaxenui. C yueToM Puc. 2.8
OTOBOPEHHOH BHILIE YCJIOBHOCTH TEPMHHA «PACTSKEeHHe» CBOHCTBO 6° 03Ha-
UaeT, UTOo [IPH «PACTSIKEHUH» BEKTOPa a B (0L + [§) pas nojyuaercs Takoi xe
BEKTOP, KaK I[IPH CJIOKEHHH BEKTOPA &, «PACTSHYTOr0» B O Pa3, ¢ BEKTOPOM a,
«PacTSIHYThbIM» B B pas.

CBOHCTBO 7° B TeX JKe TepPMHHAX 03HA4aeT, YTo MPH «PacTSKeHHH» BeK-
TOpa a cHayvaJja B 3 pa3, a MOTOM ellle B 0! pa3 1oJy4aeTcs TAaKOH ke BEKTop,
KaK M MIPH «pacTaKeHHH» BEKTOpa a cpasy B Of3 pa3. Mrax, Mbl yCTaHOBHJIH,
uTO AuHelinble onepayuu nad sekmopamu obaadarom ceodcmeamu 1°=7°.

ITH cBOHCTBA MMET PyHIAMeHTaNbHOe 3HaueHHe, MO0 OHM NO3BOJISIIOT
NPOM3BOJHTb BHIKIAJKH B BEKTOPHOH airefpe 1Mo TeM MpaBH/aM, MO KOTO-
PBIM NPOM3BOASITCH AHAJOIMUHBIE BBIKNAAKK B OObIUHON ajredpe.

B 3akaioueHue 10KaxKeM cielylollee YTBepHIeHHE.

Teopema 2.1. Ecau sexmop b Koaiuneapen HeHyie8OMY 8eKmopy a,
MO cywecmsyem eeujecmeerroe Lucio h maxoe, 4mo b = Aa.

lokaszaTedabcTso. [Ipuroxkum BexTopsl a v b K o6iemy Havany O.
Torna 3TH BeKTOPH Pacmo/oKaTcs Ha 0JHOH TPAMOH, HAa KOTOPOH MBI BhI-
fepeM Hauaso OTCUeTa, MACIITAGHBIH OTPE30K H MOJ0KHTENbHOE HAMpPAaB-
nenue. BoamoxHbl 1Ba cayuas: 1) BeKTOpLL @ U b HanpasJeHbl B O1HY CTOpO-
HY; 2) yKa3aHHble BEKTOPbl HANDABJEHbl B IPOTHBONOJIONKHEIE CTOPOHEL ).
Ha puc. 2.9 nzo6paxken nepsblii H3 YKa3aHHBIX CJ1y4aes.

O603HaunuM OykBaMud A U B KOHLbI BEKTOPOB @ M b COOTBETCTBEHHO U
3aMeTHM, UTO, MOCKOJbKY BEKTOP a HeHyneBoH, mouka A omaudna om O.
Ho Tora, HCK/II0YHB TPHBHAJBHBI C/1y4ail copnagenus Touek A u B ), mbi
(B cuay 1. 3 § 3 ra1. 1) MoskeM yTBepKaaTh, uto mouka O deaum Hanpas-
AerHbli ompe3ok BA 8 Hekomopom omHouleru, KOTopoe Mbl 0603HaYUM
yepes —A, T.e.

oa

BO

=~ = g
0A % @0

') Tepmuu «pacTsxeHes cilefyeT NOHUMATL B YKAZAHHOM BHILIE YCJIOBHOM cMbicie, Pu-
CYHOK 2.8 orBeuaer cayvawo o > 1.

*) TpHBHABHEIA CITyUai, KOra BeKTOp b HYJIEBOi H HANPABIeHHe ero HEONPEIeNeHHO, MOKHO
HCKJIHUMTL M3 PACCMOT PeHHUsl, HOO B 3TOM cayuae paseHeTBo b =Aa peanusyeres npu A =0.

%) B 31oM caiyuae BekTopH @ M b copnanaioT H paseHcTBo b = Aa peannayercs mpu A= 1.
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HJIH, UTO TO e camoe '),

OB=2X\- OA. (2.2)

B cayuae, Korma BeKTOpH a W b HampaBjaeHbl B OMHY CTOPOHY (KaK Ha
puc. 2.9), mouxka O aexmcum sre ompessa BA, n notomy otHoweHue (2.1)
i T oTpHuaTenbHo, a A > 0, Ecaii e BeKTOph! @ U b HanpagJe-
—+———=—= Hil B [IPOTHBOIIOJ0XHbIE CTOPOHBI, TO mouka O aexum
& A B srympu ompeska BA, n notoMmy otHowenue (2.1) noJo-
Puc. 2.9 JKHTEJbHO, a A <0.

Jlokaxkem, uto B ofoux cayuasix b=2Aia. /loctatouHo 1okasate, uTO JBa
BekTopa b u Aa 1) KonHHeapHbI; 2) UMEIOT OIMHAKOBYIO AJIHHY, 3) HMEIOT
O[MHAKOBOE HalpaBJeHHe.

KosinueapHocTh BeKTOPOE b 1 Aa BhITEKAeT W3 KOJIHHEAPHOCTH BEKTO-
poB a u b u onpeze/seHUA NPOH3BeICHHSA BEKTOPA HA YHCJ/10. PaBeHCTBO AIHH
BEKTOPOB b ¥ Aa HerocpeiCTBEHHO C/elyeT U3 oNpe/e/eHus NPoH3BeleHHd
BEKTOpPa Ha YHCJI0 U cooTHolenus (2.2). Hakonell, Tot ¢akT, uto BeKTOpsl b
H Aa UMeIOT OIHHAKOBOE HANpABJIEHHE, CAeAyeT U3 ONpeaeIeHNs MPOH3Be/e-
HHUsI BEKTOPA Ha YHCJI0 H U3 TOro, uto A > 0, Koraa a u b oMHaKkoBo HanpasJe-
Hel, U A <0, korza a 1 b npoTHBONMO/IOKHO HanpasaeHsl. TeopeMa 10Ka3aHa.

3. IlonsaiTe NMHEHHOH 3aBUCUMOCTU BeKTOPOB. JIuHelHOU
KombuHayuet neexkmoposay, as, ..., a, bydem Hasvigams cCYmmy npo-
U3BE0eHUL IMUX BEKMOPOB HA NPOUIBOLLHbLE BEULCCMBEHHbIE HUCAA, T €.
BbIpa)KeHHe BHIa

oa; +0bay + ...+ 0,4, (2.3)

rjae oy, oy, ..., O, — KakKHe YroHO BeleCTBEeHHbIe YHCJIA.

Onpedeaenue 1. Bekmoper a,, ay, ..., A, HA36I8AI0MCA L UHE L HO
3ABUCUMB MU, ECAL HAUOYMCA MAKUE BEULECMBEHHbLLE HUCAAQ
oy, Oy, ..., O, U3 KOMOPBLLX XO0Ms Obl 00HO OMAUYHO OM HYAS, YMO AUHEL-
Haa KoMOUHAyUS BEKMOpPOs a,, &y, ..., &, C YKASAHHLIMU Yuciani o6pa-
waemcs 8 HYyAb, T.e. HMEET MeCTO PaBeHCTBO

oa; + 0bay + ... +0,a,=0.

BekTopsl a;, a,, ..., a,, He SBISKOIIHECH JHHEHHO 3aBHCHMBIMH, Gy1eM
Ha3bIBATh AUHEHUHO HE3ABUCUMbIMU.

JHlanum npyroe onpejeneHue THHEHHO HE3aBUCHMBIX BEKTOPOB, OCHOBAH-
HOE Ha JIOTHYeCKOM OTPHLAHHMH CONEp:KaHHs OnpeneaeHus 1.

Onpedenenue 2. Bexmopsol a,, a,, ..., a, HA36I8AHMEL A UH el HO
He3aB8UCUMbLMU, eCAL PABCHCMBO HYAIO UX AUHEUHOU KOMOUHAy LY
(2.3) 803MONCHO AUWb 8 CAYHAE, K020 BCE HILCAA Oy, Oly, ..., OL, PABHLL HYAIO.

Hmeior mecTo ciemyrolite ABa yTBepAKIEHHUS.

Teopema 2.2. Ecau xoms 6ot 00U 13 8eKMOPOS a,, @y, ..., &, ABAAELM-
CSl HYAEBLIM, MO MU BEKMOPbL ABASLIOMEA AUHEUHO BABUCUMbLMUL.

') 3nech non OA u OB cienyer NOHAMATD BeIHYHHE! HATPABICHHLIX 0TPE3KOB.
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lokaszaTtenbcTBo. [IyeTs, paau onpeeleHHOCTH, BEKTOP a; fIB-
JISIeTCS HYJIEBLIM '), @ OCTA/IbHBIe BEKTOPHI @y, ..., 4, NPOH3BO/BHLL. Toraa
ofpanlaercs B HyJb JUHeHHAd KoMOuHAUMS (2.3) YKa3aHHBIX BEKTOPOB C
uyHeaaMu oy =1, oy =03 = ... =0, =0, 0IHO M3 KOTOPbIX OTIHUHO OT HY.JSl.
Teopema nokasaHa.

Teopema 2.3. Ecau cpedu n sexmopos xaxue-aubo n —1 sexmopos
AUHEUHO 3A8UCUMbL, MO U BCE 1 BEKMOPOB AUHCUHO 3QBUCUMDL.

lokazateanbcTBo. [lycTs 115 onpeseneHHOCTH BEKTOPBI ), Ay, ..., &,
JMHEIHO 3aBHCHMBI, @ BEKTOp a, npou3BojieH ~). [To onpenesennio anHek-
HOW 3aBHCUMOCTH HaHIyTCsI TaKHe BellleCTBEHHBIE YHCIA O, Uy, ..., O,,_, U3
Komopolx xoms 6ot 00HO OMAUYHO OM HYAS, UTO UMEET MECTO PaBEHCTBO

PagencTBo (24) COXPAHHUTCH, €CJIH MBI no6aBUM B JIEBYIO HdCTb 3TOr0 pdBeH-
CTBa paBHOE HYJIIO CJaraeMmoe 0- a,, T.e. ClipaBeJl/IMBO paBeHCTBO

Ot]al+0(.2a2 +...+0tn_|an_1 '+‘O an=0. (25)

Tak kak cpeau uucen o, O, ..., ¢,_, 0 XoTs1 6B OAHO OTJIMYHO OT HYJH, TO
paBeHCTEO (2.5) 10KA3LIBAET JIHHEHHYIO 33aBUCHMOCTb BEKTOPOB &, Ay, ..., a,,.
Teopema nokasaHa.

3ameuanue. Koneuno, yreepxnerue Teopems! 2.3 0 JTUHEHHOH 3aBH-
CUMOCTH f BEKTOPOB OCTaHeTCH B CUJIE, €CJIH CPellt 3TUX BEKTOPOB JHHEHHO
3aBUCHMBIMH SIBJISIOTCS He 1 — |, a 4r000e MeHbllee 1 YUC/I0 BEKTOPOB.

4. JIuHeliHble KOMOMHAIIMH JBYX BEKTOPOB.

Teopema 2.4. Heobxodumoim 1 0oCmamouroiM YCAOBUEM AUHEHHOL
3a8uUcUMOCmU OBYX BEKMOPOB ABAAEMCA UX KOAAUHEAPHOCMb.

HoxazateascTtBo. l)Heob6xonumoc s [IycTs 1Ba BekTO-
pa a u b nuHeiHO 3aBUCHMBL. JlOKaXKeM KOJIHHEaPHOCTh ITHX BEKTOPOB.

[lo onpeneneHuio MMHEHHOH 3aBHCUMOCTH HAaHOYTCH TAKHE BELeCTBEH-
Hble yHesa o H B, XoTs Obl OHO M3 KOTOPBIX OTJIMYHO OT HYJISI, YTO ClpaBe-
JIMBO PaBEHCTBO

oa+pBb=0. (2.6)
nyCTb IJid onpenesieHHOCTH OTJHYHO OT HYJA YHCJIO B TOFI[a H3 paBEHCTBa

(2.6) (mocpeacTBOM Je/IeHHs STOTO paBeHCTBa Ha [3 M nepeGpPOCKH 0HOTO YJ/leHa
B NIPABYIO HaCTbh) MOJY4HM CJIeIYIOlIee PaBeHCTBO:

b=-"a

B

I) Mui Bceria MoXeM NOMeHsITh NMOPANOK CNelOBAHUA BEKTOPOB TaK, 4To0kI HYJleBbIM OKa-
3ancs ﬂCthii“I H3 BEKTOPOB.

2) [Tomense NOpsA0K CJNEN0BAHHA BEKTOPOB, Mbl BCET/ld MOKEM NOGHTLCS TOTO, 4TOOBI JIH-
HEHHO 3aBHCHMBIMH OKa3aJIMCh [epsble 11 — 1 BEKTOpOB.
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Beons o6osnauenue A =—ot/f, noayunum, uto b =2Aia. Takum o6paszom, Bek-
Top b paBeH NpoH3BeIeHHIO BEKTOPA a Ha BellecTBeHHoe uncao A. [To onpe-
[leJIeHHI0 TIPOU3BeleHHs BeKTOpPa HA YMCJIO0 BEKTOPhl @ U b KoJlnHHeapHHL.
HeobxoanmMocTh 10Ka3aHa.

2) loctatouHocTsb. [Iycts BekTOpsl a U b KosnHeapHsl. Jloka-
JKEM, UTO 3TH BeKTOPLI IMHEHHO 3aBHCHMEL. Ec/iH X0Ts Obl OIMH U3 BEKTOPOB
a u b HyJeBOH, TO 3TH BEKTOPHI IHHEHHO 3aBHCHMBl B CHJY TeopeMbl 2.2,

Takum o6pazom, HYKHO PacCMOTpETh JIMIIb C/1y4ai, Koraa BeKTopel a U b
HeHyseBble. Ho ecsii BeKTOp a HeHYJIeBOH, TO H3 KOJIJIMHEAPHOCTH BEKTOPOB
a u b B cuay Teopemsl 2.1 BHITEKaeT CyILIECTBOBAHHE TAKOTO BELIECTBEHHOTO
yucaa A, uto b =\a, Wik, u4To TO XKe caMoe,

Aa+(—1)b=0. (2.7)

Tax kax u3 AByx unces A, —1 0JHO 3aBEIOMO OTJIMYHO OT HY/JIA, TO PABEHCTBO
(2.7) noxkasbiBaeT JMHEHHYIO 3aBUCHUMOCTb BeKTOpoB a U b. [locTaToyHocTb
Jl0KasaHa.

Caedcmsue 1. Ecau sekmopb: a u b He KoiauHeapHol, mo oHu AuHel-
HO He3ABUCUMbL.

Caredcmsue 2. Cpedu 08yx HEKOAAUHEAPHLLX BEKMOPOS HEe MOXcem
Ouimo HYyaesoeo sexmopa (MHade Obl ITH BEKTOPBI 0Ka3aquCh JHHEHHO 3a-
BHCHMBIMH).

5. JIuHeiiHble KOMOMHALMH TPEX BEKTOPOB.

Onpedenenue. Bekmopol HA3LIBAIOMCAKOMN A QK AP H bl M U, ECAU
oHu nexcam Aubo 8 00HOl nAOCKOCMU, AUGO 8 NAPAALEALHBLY NAOCKOCTAX.

Teopema 2.5. Heobxodumoim w docmamounsim Yyciosuem AuHeiHol
3asucumocmiu mpex 8eKmopos ABAACHCA UX KOMNAAHAPHOCMD.

HlokaszateabctBo.l)Heo6xoaumocTs. [lycTs TpH BekTOpa
a, b ¥ ¢ AMHelHO 3aBUCHMBL. JIoKaeM KOMMJIaHAPHOCTb 3THX BEKTOPOB.

[To onpeneneHnIo THHeHHONH 3aBUCHMOCTH HAHLYTCH TaKHe BellecTBeH-
HbI€ YHCIA O, B 1 7Y, XOTs1 Obl OIHO U3 KOTOPBIX OTJIHYHO OT HYJISI, UTO CIpa-
BEVIMBO PABEHCTBO

oa+fb+ye=0. (2.8)

[TycTh a1 onpeeeHHOCTH OTAHYHO OT HyJ/18 YKeao Y. Torna 13 papeHcTsa (2.8)
(nocpeacTBOM Jle/ieHHs] 3TOrO paBeHCTBA Ha Y U nepedpOCKH IBYX Y4JIEHOB B rpa-
BYIO 4acThb) MOJYUHM CJlelylollee paBeHCTBO:

c=—ga—ﬁh

Y Y

Bons ofosnauenust A =—ot/y, L =—P/y, nepemnuineM noc/jeiHee paBeHCTBO
B BHIE

c=2Aa+ ub. (2.9
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Ecau Bce Tpu BexkTopa a, b u ¢ npusiokeHs! K obiemy Hauanay O, To U3
paBeHcTBa (2.9) cieyeT '), uTO BEKTOp € PaBeH IMATOHAMM MAPA/LIEIOrPaM-
Ma, TOCTPOEHHOTO HA IBYX BEKTOPAX: HA BEKTOPE &, «PACTAHYTOM» B A pas, u
BeKTOpe b, «pacTanyTomM» ) B [ pas (puc. 2.10).

Ho 310 03Hauaer, 4to BeKTOpH! &, b W € JIesKaT B OHOH MJIOCKOCTH, T.€.
KoMmnaHapuel, HeobxoaumocTs 1oKasaHa.

2)loctaTtouyHocTh. [lycTs BekTOph! @, b U ¢ komnaaHapHe. Jloka-
JKeM, UTO ITH BEKTOPHI JIHHEHHO 3aBHCHMBI.

[Mpexxne Bcero, MCKIOUUM Cayual, Korna kakaa-aubo napa w3 ykxasau-
HblX mpex 8eKkmopos Koaiuneapua. Torna B cuiy teopeMsl 2.4 ykasaHHast
napa BeKTOPOB JIMHEeHHO 3aBUCHMA, a cTaJ/lo GblThb
(B cuay TeopeMbl 2.3), M BCe TPH BeKTopa a, b u ¢ uf <
JIMHEHHO 3aBHCHMBL.

OcTaeTcs paccMOTPeTh CaIyuai, Koraa B Tpoiike P

BEKTOPOB a, b, ¢ HH 0/1HA apa BEKTOPOB He KOJIH-

HeapHa (M, BYACTHOCTH, OTCYTCTBYIOT HYJIeBble BEK-

Top *)). 0 a i
[lepenecem Tpu KOMNIaHapHBIX BeKTOpa a, b 1 ¢ Puc. 2.10

Ha OJHY IJIOCKOCTb W TIPUBEAEM MX K obliemy Haua-

ay O (puc. 2.10). Ilpoeenem uepes Korel C BeKTOpa € TNpsIMBIE, NapPaLIeb-
Hble BeKTOpam a ¥ b. O603HaunM GykBoH A TOUKy mepecedyeHus MPsIMOH, mMa-
pansiesibHOH BeKTOpy b, ¢ NpsiMOiH, HAa KOTOPOH JIeKHUT BeKTOp a, a OYKBoi B
TOYKY TepeceyeH|s NPAMOi, napaJJie/bHOH BEKTOPY a, ¢ NPSIMOH, Ha KOTOPOi
JekuT BekTop b. (CyllecTBOBaHHE YKA3aHHBIX TOUEK IepeceueHys BhITeKaeT
3 TOTO, YTO BEKTOPEI @ U b He KosumMHeapHsl.) B cuiy npaBuaa napassesorpam-
Ma CJIOYKEeHHs1 BEeKTOPOB BEKTOP € paBeH cymMe Bektopos OA u OB, T.e.

¢=0A+O0B. (2.10)

Tak kax BekTop OA KOJMJIMHEapeH HeHYJeBOMY BEKTOPY a (¢ KOTOPBIM
OH JIeJKHT Ha OJIHOH IPSIMOE), TO B CHJY TeopeMsl 2.1 HaliIeTcs BelllecTBeH-
HOe YHCJIO A TaKoe, 4To

0A = )a. 2.11)

M3 ananoruyHbix cooﬁpameﬂui«i BBITEKAET CYUIECTBOBAHHE BELIECTBEH-
HOTO 4YHcJa 1L TaKoro, 4To

OB = yb. (2.12)

') B cuaty npaBHia napannesorpaMma cAoKeHHs BEKTOPOB H OTIPEeeH s POH3BeeHHS
BeKTOpa Ha uucao (cM. 1. 2). [1pn 3TOM MBI MCK/TIOYAeM TPHBHAJBHBIA CAy4al, KOTAA BEKTO-
pbl @ ¥ b kosLtiHeapHsl. B 3ToM CJiyuae KOMIIAHAPHOCTL BEKTOPOB &, b 1 ¢ BbITEKAET U3 TOTO,
uTO 3TH TPH BeKTopa, OyLyuH NpuBeleHsl K oOllemy Hauaay O, jnexxar Ha JBYX NPOXOASLIHX
uepes TouKy O npAMbIX: Ha OIHOM JIEHKHT BEKTOP €, Ha APpyroit — oba sektopa a i b.

") TEPMHH OdeTﬂHyThIH» cjejlyet NOHUMAThL B YKa3aHHOM B I1. 2 YCJIOBHOM CMBbICJIE,

%) B ey caencteus 2 u3 TeopeMbi 2.4 B ape HEKOLTHHEaPHBIX BEKTOPOB He MOTYT COMlep-
HATHCS HYJIEBBIE BEKTOPEI.
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Berasasisi (2.11) 1 (2.12) B (2.10), Gynem uMeThb
c=Aa+ub. (2.13)
PagenctBo (2.13) MOXHO nmepenucaTe B BUIE
Aa+ub+(-1)c=0.

Tax Kak 13 Tpex qHceJs A, U, —1 0IHO 32aBEIOMO OTJIHYHO OT HYJISI, TO MOC/Ie]-
Hee PaBEHCTBO J0KA3bIBAET JHHEHHYIO 3aBHCHMOCTE BEKTOPOB a, b u c. [lo-
CTaTOYHOCTh JOKA3aHa.

[TonyTHO 0Ka3aHbl CJAEAYIOLIHe Y TB € P 3K /1 € H H 5I:

Caedcmsue 1. Kaxosot 6ot Hu Golau HeKoAAUHeapHble 8Bekmopsl a it b
045 2106020 BeKMOPa ¢, Aexaue20 8 00HOIL NAOCKOCMI € BEKMOPaMU a
u b, Haddymes makue Beujecmeentisle Hucaa A | WL, 4mo cnpasediuso pa-
BEHCMBO

c=Aa+ ub. (2.13)

Caedcmaue 2. Ecau sekmopol a, b u ¢ He Komnianapuel, mo oHu Au-
HellHO He3asucuUmbl.

Caedcmasue 3. Cpedu mpex HeKOMNAGHAPHLLY BEKMOPOB He MOXcem
Outme 08YX KOAAUHEAPHLLX BEKMOPOS U He Modcem Dbimb HiL 00H020 HYAe-
oo sexmopa ).

6. JIuneiinas 3aBUCUMOCTD Y€ThIPEX BEKTOPOB.

Teopema 2.6. Jlwobole wemoipe sexmopa AUHEILHO 3a8UCUMbL.

HokasaTedabcTso. [Ipexie Bcero HCK/IOUUM CIyyaH, Korna Kakas-
Hubyds mpoilka U3 YyKazawHolx temolpex 6exmopos komnaanapua. Torga B
CHJIy TeopeMbl 2.5 yKazaHHas TPOiiKa BeKTOPOB JHHEHHO 3aBHCHMa, a CTajo
ObITb (B CHJY TeopeMbl 2.3), U BCe 4eThblpe BeKTOpa

2 JIUHEHHO 332BHCHMEL.
d Ocraercst paccMOTpeTh Caydai, Koraa cpeu
c e yeThipex BeKTOpoB a, b, ¢ ud wHukakas mpoika
s E  sexmopos ne komnaianapua (M, cTano ObiTb, HET
cyb 7 HH OIHOH Mapbl KOJIHHEapHbIX BEKTOPOB H HH O[-
0 T HOTO HYJIeBOro BeKTopa °)).

[Tpueenem Bce yeThIpe BeKTOpa &, b, ¢ 1 d x 06-
ueMy Hadaay O u mpoBeaeM uepe3 KoHel D
BekTopa d MJIOCKOCTH, NapaJjje/bHble TJI0CKOCTIM, OMpeeasieMbM napamu
BekTOpoB be, ac u ab ?) (puc. 2.11). Touku nmepeceueHUst YKa3aHHBIX M10C-
KOCTeH C NpSMBIMH, Ha KOTOPBIX JIeXKaT BEKTOpPH a, b 1 ¢, 0603Ha4uM cooT-
BeTcTBeHHO OykBami A, B u C. (CyliecTBOBaHHE yKa3aHHBIX TOUEK nepece-
UeHHs BBITEKAeT M3 TOTO, YTO BEKTOPE! a, b 1 ¢ HeKoMI/IaHaPHBI.)

Puc. 2.11

') Minaue 5T BeKTOPH 0KA3AIMCh GBl JIMHEIHO 33BUCHMBIMH,

%) Coraiaco ciencTBIIO 3 H3 TeopeMbl 2.5 B TPOiiKe HEKOMILIAHAPHEIX BEKTOPOB HE MOMKET
conepXKaTLC Hi ONIHOH Naphbl KOMNIHHEAPHBIX BEKTOPOB H HH OJHOTO HYJIEBOTO BEKTOPA.

*) BekTopsl, BXOASILME B KAXK/YI0 M3 YKA3AHHBIX TPeX Nap, He KOJJIMHeapHk!, a 03TOMY
Kaxas M3 yKazaHHBIX TpeX nap onpejeseT HeKOTOPYIO MI0CKOCTD.
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___Ybeaumcs B TOM, uT0 BeKTOp d = OD pasen cymme Tpex BekTopos OA ,

OB u OC, T1.e.
d=0A4 + OB + OC. (2.14)

B camom pene, u3 npaBuia napaaiesorpaMma CJ0XKeHHS BeKTOPOB H U3 Na-
pannenorpamma OCDE (puc. 2.11) Britekaer, uto d = OC + OE, a u3 na-
pasiesorpamma OBEA Boitekaer, uto OF = OA + OB . TeM cambim paBes-
cTBO (2.14) ycTaHOB/IEHO.

Tak Kak BekTop OA KoJIHMHeapeH HEeHYJTeBOMY BEKTOPY a (C KOTOPHIM
OH JIeXKHT Ha OJHOH MPAMOH), TO B CHJIY TeopeMbl 2.1 HalzeTcs BellecTBeH-
HOEe UHCJIO A TaKoe, 4To

0OA =)a. (2.15)

M3 anajornunsix COOﬁpaH{EHHﬁ BbITEKAeT CYLIeCTBOBAHHE BelleCTBEHHBIX
HuceJ W WV TAKHX, HTO

OB =ub, OC =ve. (2.16)
Berapasas (2.15) u (2.16) B (2.14), 6ynem umetb
d=2la+ub+ve. (2.17)

PagenctBo (2.17) MoKHO Tepenucarh B BHje
Aa+ub+ve+(-1)d=0. (2.18)

Tak Kak u3 HeThIpex 4Hces A, W, V, —| OIHO 3aBefOMO OTJIHYHO OT HY.Js, TO
paBeHCTBO (2.18) noKa3biBaeT JHHEHHYI0 3aBUCMMOCTb BEKTOpPOB a, b, c u d.
Teopema noxkasaHa.

[TonyTHO D0Ka3aHO caeLylollee Y TBEe P XK e HH e

Caedcmsue 1. Kaxoso: 6ut Hu Gulaw neKomnianaprble sekmopol a, b
u ¢, 0rs aroboeo sekmopa d kaudymes maxue seujecmsennvle yucia A, U
UV, 4mo cnpasediuso paseHcmeso

d=%a+ub+ve. (2.17)

7. Ilonarue 6asuca. Ag¢uHHBIE KOOPAHHATHL.

Onpedeasenue 1. l'osopam, umo mpu AUHEUHO HE3ABUCUMbLY BEKMO-
pa a, b u ¢ obpasyrom 8 npocmparcmee 6 a 3 u c, ecau A0bol sekmop d
Mmoxcem Goumo npedcmasien 8 gude HEKOMOPOIl AUHELUHOLU KOMOUHAY LY
sexmopos a, b 1 ¢, T.e. ecau aas moboro BekTopa d HalLyTCs TakHe Bellle-
CTBEHHbIE YHCaa A, L H V, UTO ClpaBe/lIMBO paBeHcTBO (2.17).

AHasoruuto onpenessiercst 6a3uc Ha HEKOTOPOH MLJIOCKOCTH T.

Onpedenenue 2. ['ogopsam, umo 08a AHAUUX 8 NAOCKOCHIL TL AUHEILHO
Hesasucumelx sexkmopa a u b obpasyiom na samoil naockocmu 6a3uc,
ecau 110004 Aeiauiuil 8 NAOCKOCMU T 8eKmop ¢ moxem Gotms npedcmas-
aet 8 gude Hekomopol AurelHold Kombunayuu eexmopos a u b, T.e. ecan



54 BEKTOPHAS AJITEBPA [TJ.2

A5 II000TO JIEXKAIIETr0 B IJIOCKOCTH T BEKTOPA € HAHIYTCH TAKHE BEIIEeCTBEH-
HbIe YHCaa A U W, 4TO CrpaBeIuBo paBeHCTBO (2.13).

CrnpaeeiuBL caenyiolie G yHIaMeHTAaJbHEE YTBEPp K-
LeHHs:

1) a06as mpoiika Hekomnianaprelx sexkmopos a, b u ¢ o6paszyem 6a-
3uC 8 NPOCMpPaHcmee;

2) ar0bas napa rexrcawiux 8 daHHOL NAOCKOCMU HEKOALUHEADHbLX BEK-
mopos a u b obpasyem 6asuc Ha MO NAOCKOCMU.

st 1oKa3aTesbeTBa NEPBOrO H3 3THX YTBEPXKAEHHH N0CTATOYHO 3aMe-
THTh, UTO, KAKOBBI OB HH OBITH TPH HEKOMILTAHAPHEIX BEKTOPa a, b 1 ¢, oHK
JIMHEHHO He3aBHCHMEI (B CHJY CJIeACTBHSA 2 U3 TeopeMbl 2.5), H 1uid Jio6oro
peKTopa d HalayTCH BelleCTBeHHbIe YHCa A, |1 H V TAKHe, YTO CrIpaBeHBO
paBeHcTBO (2.17) (B cHay caiecTBUSA U3 Teopembl 2.6). Y TBepxaeHue 2) 1o-
Ka3bIBAETCHA aHAJIOTMYHO (C MOMOLIBIO CaeACTBUS 1 U3 TeopeMmsl 2.4 U ciel-
crBus | U3 Teopemsl 2.5).

B nanbHeliem 118 onpeaeseHHOCTH OyleM paccMaTpHBaTh 6a3uc B Mpo-
ctpaHcTBe. MTak, mycTe a, b, ¢ — npon3BoJ/IbHBIH 6a3HC B MPOCTPAHCTRE, T.€.
MPOM3BOJIbHAST TPOHKA HEKOMILIaHAPHBIX BeKTOpoB. Toraa (no onpeneneHHio
fasuca) ans Jaodoro ektopa d HaHAYTCS TaKue BELIeCTBEHHBIE YMCIA A, WL
UV, 4TO OYIeT ClpaBeiiuBO PABEHCTBO

d=Aa+pb+vc. (2.17)

[Tpunsito HazbiBaTh pageHcTBO (2.17) pasroxcenuen sexmopa d no basucy
a, b, ¢, a uncaa A, L u v — koopdurnamamu sexmopa d omrocumenvro
basuca a, b, c.

JlokaxeM, yto xkaocdoi sexmop d moxcem boime e 0 u Hem8 e HH bl M
cnocobom pasroxer no basucy a, b, ¢, uau (4To TO Ke camoe) KOOp-
durnamul kKaxcdozo sexkmopa d omHocumeavro 6asuca a, b, conpeade-
Afromca 00HO3HAUHO.

JlomycTiM, 4To V15 HeKOTOporo BeKkTopa d, Hapsany ¢ pasaoxenueM (2.17),
CIpaBeIHBO ellle H IPYroe pasJiolKeHHe 1o TOMY e caMoMy fasucy

d=Na+ub+vVve. (2.19)
[TouneHHoe BblyMTaHHe paBeHCTB (2.17) 1 (2.19) IpUBOAMUT K COOTHOLLIEHHIO D
(A=Xa+u-wWb+(v-v)c=0. (2.20)

B cuny nuHeliHOM He3aBucHMOCTH 0a3UCHBIX BEKTOPOB a, b, € cooTHOWEHHe
(2.20) MpHBOAMT K paBeHCTBaM

A-XN=0, p—-p=0 v-v'=0,

i A=A, W=, v=V". ETHHCTBEHHOCTb PA3/I0KEeHHS 110 0a3UCY JOKA3aHa.

1) BoaMOKHOCTb NOUIEHHOMO BHUHTAHNS paBeHCTE (2.17) 1 (2.19) # npoHaBOIUMO# rpyn-
MHPOBKH YJIEHOB BBITEKAIOT H3 CBOHCTB JHHEHHBIX OTIepalMil Hal BeKTOpaMH (cM., 1. 2).
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OcHoBHOe 3HaUeHHe HA3KCa COCTOUT B TOM, UTO JHHEHHbIE ONepaliy Hajl
BeKTOPaMH NPH 3alaHHH 0a3Huca CTAaHOBATCH OOLIYHBIMH JMHEHHBIMH OTepa-
LMSAMH Hajl YUCJIaMH — KOOpAMHATaMH 3THX BeKTopoB. MiMeHHO cnipaBeniu-
BO CJe/lylollee yTBepKIeHKe.

Teopema 2.7. I1pu croxmenuu dsyx sexmopos d, u ds ux koopduramet
(omHocumenvHo aoboeo basuca a, b, ¢) ckradusaromcea. [pu ymuoxce-
nuu sexkmopa d, Ha 11060e 4ucA0 O BCe €20 KOOpOUHamel YMHONAIOMCS
Ha 3MO 4UCA0.

HokasarteabcTBoO. [lyects di=Aja+Wwb+vc, dy=ha+
+ Wb + vyc. Torna B cusry cBoUCTB |°—7° MUHEHHBIX onepanyid (cM. m. 2)

di+do=(A+A) a+ (U, + ) b+ (v +Vvy)c,
od, = (oA;) a+ (o) b + (o)) c.

B cuny enMHCTBEHHOCTH pa3joxeHUs no 6a3ucy TeopeMa I0Ka3aHa.
[lepeiinem Tenepsb K onpese/eHHI0 TaK Ha3bIBaeMBIX agdurHoix ') Koop-
dunam TOUKH.
Apipurnsle Koopdunamol 8 NPOCMPAHCMBe OTIPEICNTIOTCS 3alaHueM 6a3u-
ca a, b, ¢ 1 HekoTopo# ToukH O, HA3LIBAEMOH HAYALOM KOOPOUHAM.
Appunnovmuy xoopdunamanu roboi
mouku M Hasseisaromes koopduramot sexmopa OM
(orHocuTe IbHO Gasuca a, b, c).

Tax xak kaxapi# Bektop OM MOKeT ObITh, U TPHTOM \wg

elIMHCTBEHHBIM CTIOCOOOM, pasJioxKeH 1o Hasucy a, b, ¢, h
TO KazK/I0H TOUKe 1pocTpaHcTBa M 0JIHO3HAYHO COOTBET- ’~
CTBYeT TPoiika aQUHHBIX KOOPAHHAT A, LL, V. M ﬁ

Pasymeercs, 1eKapToBbl PAMOYTOJbHbIE KOODAH- Tﬁ:

HaTbl ABIAIOTCS YACTHBIM CJlydaeM appUHHBIX KOOPAH- Puc. 2.12
HAaT, COOTBETCTBYIOLUIHM TPOHKe B3aHMHO OpPTOrOHA/b-

HBIX ¥ e[JMHHYHLIX 0a3UCHBIX BeKTOpoB. boJlee Moapo6GHO 3TOT BaXKHBIH YacT-
HBII CJIy4ail paccMaTpuBaeTcs B M. 9 HacToslero naparpaga.

B zakmoueHHe 3aMeTHM, 4TO CBOHCTBA 6a3Hca v MoHATHe adPHUHHBIX KOOPIH-
HaT Ha MJI0CKOCTH BIIOJIHE aHAJIOTHYHBI C/IY4alo POCTPaHCTBA.

8. Ilpoeknus BeKTOpa HA OCh U ee CBOMCTRA. [Ipex/e Bcero onpese-
JIMM TPOeKIHIO BeKTopa a = AB Ha npou3eosbHY10 och u. O603HauMM OYK-
BamMu A" 1 B’ OCHOBAHHS NePreHIHKYJ/ISIPOB, ONYLIEHHbIX HA OCb & H3 TOYEK
AW B cooTBeTcTBEHHO (pHC, 2.12). -

llpoekuyueii sexmopa a=AB Ha ocCv u Ha3viBaemcs ge-
auduna A'B’ nanpasaenrnoco ompeaka A'B’ ocu u.

JloroBopumcest 0603HAYATE TPOEKLIMIO BEKTOPA @ HA OCh & CUMBOJIOM TP, a.
[TocTpoenne npoexunu Bextopa a= AB Ha 0Cb ¥ WIMIOCTPUPYETCHA HA
pHe. 2.12, rae cuMBosioM o B B 0603HAUEHbBI BE NPOLLHPYIOLIHE MIOCKOCTH

v
i

) TepmuH «adpUHHBIA» MPOUCXOAUT OT JATHHCKOrO caoBa ailinis, 4To 03HauYaeT cMex-
HBIA, WIH COCEIHHA.
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(T.e. TUIOCKOCTH, MEPTEHANKYISPHBIE OCH 4 W TMPOXOJANIME uepe3 KoHIb A
u B Bektopa a= AB).

s nanbHeillero HaM NOHALOOUTCS MOHATHE yeAa HAKAOHA
sekmopa a= AB Kocu u. DTOT yrosn MoxKeT ObITh OIIpeiesieH KaK y2oa ¢
mexncdy 08yma 8oLx00 AU UMU U3 NPOUIBOALHOL mouku M ayuamu, 00uH u3
KOMOpbLX_uMeem HanpasieHue, cosnadarujee ¢ HanpasieHuem 6exmo-
pa a= AB, a dpyeoii — nanpasienue, cosnadarowee ¢ HanpasieHiem
ocu u (puc. 2.12).

OueBH/IHO, HA BeJUUHMHY YIJ/Ia HAK/IOHA BEKTOPA & K OCH U He BJIMSIIOT Bbl-
6op ToukK M BEIX0O[A YKa3aHHBIX BBIILE JIy4eH M 3aMeHa OCcH u J100H ApyroH
0CbIO U, HMEIOLLEH TO 2Ke HalpaBJeHue, UTO U OChb U.

JlokaxeM cjenyiolllee YTBepKIeHHE.

Teopema 2.8. [lpoekiyus sekmopa a Ha OCb i pagHa OAUNe BEKMO-
pa a, YMHOMEHHOU HQ KOCURYC © YeAa HAKAOHA BEKMOopa a K OCu U.

lokasateabcTso. O603HAUUM yepes v OChb, TTPOXOASLLYIO Yepes
Havaso A BeKTOpa a M HMeIOIYI0 TO JKe HalpaBJ/IeHHe, UTo M oCb & (puc. 2.12),
1 nyetb C — npoekuus B Ha ock v. Torga ZBAC paBeH yriy ¢ Hak/aoHA
BekTopa a = AB K /m0oG60H u3 ocel 4 MK v, IpuueM Touyka C 3aBeioMo Je-
KUT B YKa3aHHOH Ha pHc. 2.12 npoeunpyole miockocTH B (T.e. B mI0CKo-
CTH, MEPTIEHIMKYASPHOH OCH 1 W TPOXOASNIEH Yepe3 ToUKy B).

Ianee, MoxHO yTBepxkIaTh, uto A'B" = AC "), w60 ocH u u v napaJeJib-
Hbl ¥ OIMHAKOBO HAlpaBJeHbl U OTPE3KH ITHX OCeH, 3aK/AUeHHble Mex1y
napaJ/ae bHBEIMH MIOCKOCTAMH O ¥ [, paBHBl. Tak Kak no onpeje/eHH0
np, a=A’B’, To MBI MPHXOAHM K PaBEeHCTBY

np, a=AC. (2.21)

Ho Besnunna AC npejcrasisier co60i NpoeKUHI0 HANPaBIEHHOTO OTpes-
ka AB Ha ock v, KoTopasi (B cuay . 1 § 3 ra. 1) paBHa

AC=|AB | cos ¢=|a] cos o. (2.00)
M3 conocrasnenust papeHcts (2.21) u (2.22) BoiTeKaeT paBeHCTBO

np, a=|a| cos ¢. (2.23)

Teopema nokasana.

OcHOBHBE CBOHCTBA IMPOEKLUHH BEKTOPA HA OChb 3aK/1104AIOTCH
B TOM, YTO JHHEHHbIe ONepaly Hajl BEKTOPAMH NPUBOJIAT K COOTBETCTBYIO-
LIMM JHHEeHHBIM ONepalusaM Hajl POeKIHAMH STHX BEKTOPOB (Ha NPOH3BOJb-
HYIO OCh).

MMeHHO crnpaBe[sIMBO Cleyiollee Y TB e PIK 1€ HH e:

Ilpu caomenuu dsyx sexmopos d; u dy ux npoexyuu Ha npoussons-
HYyto ocb w ckaadwsatomea. [pu ymnosxcenuu sexmopa d, na awboe

') 3neck moa A’B’ cnefyeT MOHMMATh BETHUHHY HANpaBAeHHOro oTpeska A'B’ och u, a
noj AC — BeJMuHHY HanpasieHHoro otpeska AC ocu v,
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HUCAO OL APOEKUS IMO20 BEKMOPA HA NPOUSBOLLHYIO OCb U MAKMCe YM-
HONCACMCA HA YUCAO O

Jloka3aTesbCTBO 3TOr0 yTBEp:KAeHUS OTJA0XKUM J0 1. 9. OnucaHHbIe CBOMH-
CTBA TPOEKIMH BEKTOPA HA OCh €CTECTBEHHO HA3BATh AUHEUHbIMIL CBOLCMBAMU.

9. [lekapToBa NPSMOYroJibHAsl CHCTEMA KOOPJIHUHAT KaK YACTHBIH
cayyaid ap(puHHOM cucTeMbl KoopauHaT. Kak yixe oTMeyasoch Bbille,
[eKapToBa NPAMOYToJbHAA CHCTEMa KOOPAMHAT ABJAAETCH YACTHBIM CaydaeM
a(pGUHHON CcHCTeMbl, OTBeUalollell TPOHKe B3aHMHO OPTOTOHAJbHBIX H €/H-
HUYHBIX Ga3HCHBIX BEKTOPOB.

B caryuae 1eKapToOBOH MPAMOYTOMBHOH CHCTEMBl Ha3UCHEIE BEKTOPHI TTPH-
HATO 0603HauaTh He 6ykBamu a, b, ¢, a 6ykBamu i, j, k. Mrak, kaxasiii ua
BEKTOpOB i, j, k UMeeT QJHHY, PAaBHYIO eIHHHULIE, IPHUEM 3TH TPH BEKTOpa
B3aHMHO OPTOTOHaJIbHEI (OOBIYHO HANpaBJeHUs BeKTOpOR i, j, k GepyT co-
BIAJAUUMK ¢ HanpaBieHUIMH JekapToeblx ocedt Ox, Oy u Oz cooTBeT-
CTBEHHO).

B cHJ/1y OCHOBHBIX pe3ynbTaToB . 7 kasxcdoil sexmop d mosxcem Goimo, u
npumom eduHcmeenHuiM CnocoboM, pa3A0ter no 0exapmosy npamo-
yeoavromy basucy i, j, K, m.e. daa kaxdoeo sekmopa d natidemcsa, u npu-
mom eduncmeenHan, mpotika wucea X, Y u Z Y maxas, umo cnpasediuso
pageHcmso

d=Xi+VYj+Zk (2.24)

Uucaa X, Y, Z HasbBaloTCa Jekapmosoimu NPamoyeoibHbimL KOOPOu-
namanu gekmopa d. Ecin M — mobast Touka MpocTpaHcTBa, TO OMnpeje-
JIeHHbIe B TJ1. | J1eKapToBLI MPSIMOYTOJ/ILHBIE KOOPAHHATB 3TOH TOYKH COBMa-
JAI0T C JIeKaPTOBBIMH MPAMOYTOJLHBIMH KOOpJAUHATAMK BekTopa OM .

Ecan BekTop d MMeeT JeKapTOBEI PSMOYTO/bHBIE KOOpaHHATH X, Y, Z,
TO Mbl OY/IeM HCI0Jb30BATh CJEYIOLYI0 CUMBOJIHMKY:

d={X. Y, Z}.

['eomeTpudecKHE CMBIC/ IEKAPTOBLIX MPAMOYTOJbHLIX KOOPIHHAT BEKTO-
pa Mo3BoJIsIeT CAe/aTh CAeyiolee YTBepKIEHHE.

Teopema 2.9. lexapmossl npamoyeoavusie koopdunamot X, Y u Z
sekmopa d pasrol npoexkyuam amoeo sekmopa na ocu Ox, Oy u Oz coom-
BEMCMBEHHO,

JdokasartedabcTso. B noaHoi anasoruu ¢ paccyxieHUsIMH, MpoBe-
JIeHHBIMH TPH I0Ka3aTeJbCTBe Teopemsl 2.6 (. 6), npuaoxum Bektop d K
Havasy O feKapToBOH CHCTeMBl M MpOBeieM 4yepe3 KoHell [) 3Toro BekTopa
TPH MJIOCKOCTH, NapaJliefbHble KOOpAHHATHBIM IockoctaM Oyz, Oxz u Oxy
(puc. 2.13). Touku mepeceyeHHs YKa3aHHLIX ocKocTel ¢ ocamu Ox, Oy u
Oz cootBeTcTBeHHO 0bo3Hauum Oyksamu A, B u C.

') B caryuae nexapToBoi IpAMOYTOBHOR CHCTEMbI 15 KOOPIHHAT BekTopa d BMecTo A, |, ¥
Mbl OyZeM HcIoJib3oBaTh ofosHadenus X, Y, Z.
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Kak u npu nokasatenbcTBe Teopemsl 2.6, oJyuuM, uto
d=0A+0B+0C.
JanbHelie paccyKIeHHs YIOMSHYTOH TeOpeMbl (C yIeTOM H3MEHHBIIHX-
cs1 06003HaUEHNH) PUBOAAT HAC K PABEHCTBAM
OA =Xi, OB=Yj, OC = Zk. (2.25)
B paccmartpuBaemoM ciydae JeKapTOBOH NMpPSMOYTOMbHOH CHCTEMEI Ia-
pajJe/ienunes, NoCTpoeHHbIH Ha 6a3MCHBIX BEKTOpaXx i, j, k M HMelolui Bek-

Top d cBOel AMaroHanbio, SBJASETCs MpAMOyrogbHeIM. [losTomy npoexunu
p Bextopa d Ha ocu Ox, Oy u Oz cOOTBETCTBEHHO PaB-

Hbl BesquuuHaMm OA, OB u OC. [lns joKas3aTe/bCTBa

c d TeopeMbl HaM ocTaeTcs y6eauThes B ToM, uto OA4 = X,
//‘ OB=Y,0C=2Z.

Yo6enumes, Hanpumep, B paseHctee OA =X. B

k ; B cuay (2.25) OA =X i. Otciopa ¥ U3 TOro, 4To i —

03 1 eIHHHYHBIH BEKTOD, BEITEKAET, UTO |oA| = | X|. Ho

¥ 3HakH yncesa OA u X coBnaznaioT, ubo B c/1yuae, KOT-
na Bektopbl OA W i HanpaB/eHbl B 0JHY CTOPOHY, 062
udcsa OA 1 X moJIoKUTeNBHB, a B Cayuae, Korja Bektopsl OA W i Hanpas-
JIeHbI B TPOTHBOTION0XHEIE CTOPOHBL, 06a uncaa OA u X oTpunatenshsl. Mtak,
OA = X. AHanoruuHo jokasbiBaiorces pagedcrsa OB =Y u OC = Z. Teope-
Ma Jl0Ka3aHa.

O6o3naunm 6yKBamu o, f 1 Y yeasr Hakiona Bektopa d k ocam Ox, Oy 1
0z COOTBETCTBEHHO.

Tpu 4ucaa cos o, cos B U COS Y MPUHATO HA3bIBATH HANPABARIOUUMU
Kocunycami Bektopa d.

M3 teopem 2.9 u 2.8 (cm. dopmyay (2.23)) BeITEKaOT caenytomue Gop-
MyJibl s Koopaunat X, ¥ u Z Bexropa d:

X=|d| cosa, Y= |d|cosPB, Z= |d]| cos¥. (2.26)

Puc. 2.13

Tax KaK KBajzipat [HaroHa/ i MpsiMOyTroJIbHOTO Napaslie/IeNiie/ia paBeH cyM-
Me KBaJIpaToB ero cTopoH, 1o u3 paseHcTB OA =X, OB =Y u OC = Z Mbl noy-
YHM CJleflylolilee BblpazkeHHe /s IJHHbL BeKTopa d 4epe3 ero KOOpJIHHAaTHI:

|d|=vX2+Y2 422, (227)

M3 dopmyas (2.26) u (2.27) BbITEKaOT CJAeNYIOLUIHE BbipaKeHUs 15 Ha-
NpaBAAoIIUX KOCHHYCOB BeKTopa d Yepe3 KOOpPAHHATHI 3TOTO BeKTOpa:

X 4

—_— 05 —7—7-vxvo,
NXE Y4 Z2 NX Y2+ 22
7
COSY = .

S

cosa =

(2.28)
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Bo3Boas B KBaapar M ckaaabiBas paBeHcTBa (2.28), mosyuum, uTo
cos® o+ cos® B+ cos?® y=1,

T.e. Cymma K8adpamos HanpasALOULLX KOCUHYCO8 106020 sekmopa pas-
Ha eduHuue.

Tak kak Bextop d 0fHO3HAYHO ONpefieNseTCs 3aJaHHeM Tpex ero Koop-
IHHAT, TO U3 Gopmya (2.26) sacHo, uto sexkmop d 0dHo3HauHO onpedeasem-
cA 3adanuem e2o JAUHbL L MPex HANPABASIOUUX KOCUHYCO8.

B 3akmiouenue nokaxem copMy/HpPOBaHHbIE B KOHLE IpPe/blIyLIero
NYHKTA AUHEUHble CBOILCMBA NPOCKUUL BEKMOPA HA OCb, M.€. TOKAKeM,
4To npu caoxenuu dsyx sexmopos d, u d, ux npoexyuu Ha NPoOuU3BONL-
HYI0 OCb U CKAQOBIBAOMCA, a NPU YmHomeruu sexmopa d, Ha aoboe dic-
A0 OL €20 NPOCKUU S HA NPOUSBOALHYIO OCb I YMHONAEMCA HA YUCAO O.

[TycTb naHa mpousBoJbHAS OCh i M JI06ble BekTopsl d| 1 dy. BBenem aekap-
TOBBI MPSIMOYTOJIbHBIE KOOPAUHATH! TaK, 4ToObl 0cb u cosnara ¢ ocvto Ox.
[TyeTs

d=Xi+Y,j+Z|k, dy=Xoi+Vyj+2Zsk
Torna B cuny Teopemsr 2.7

di+do =X+ Xp)i+ (Y, + Vo) j+(Z,+ Zy) Kk,

od, =(oX)) i+ (aY)j+(oZ)) k.
Ho B cuay teopemsl 2.9 ¥ TOro, 4To 0Cb « CoBNajgaer ¢ ocbio Ox, MOXKHO
yTBEPKAATh, YTO
Xy=np,d;, Xo=mp, dy, X;+Xy=mp, (d; +dy),
oX, =mnp, (od ).

Takum o6pasom, np,, (d, +dy) =np, d, +np, dy, np,, (aed,) = rip,, d,, 1 chop-
MYJHPOBAHHOE YTBEPIK/IEHHE I0Ka3aHo.

§ 2. CkansapHoe npou3BejeHHe IBYX BEKTOPOB

1. OnpeneneHne CKansipHOTO MPOH3BEIEHUS.

Onpedesenue . Cxkaaaprnoim npoussedenuem 08yx sex-
MOPO8 HA3LIBACMCS YUCAO, PABHOE NPOUZBEOEHUIO OAUN IMUX BEKMOPOS
HQ KOCUKYC Yena Mex0y HUMU.

CxaJssipHoe 1pou3BejieHHe BeKTopos a U b Gyiem o6o3HAYaTh CHMBO-
qgom ab. Ecau yron mexay BekTopamd a W b paBeH @, To 1o onpejeseHHI0
CKaJIfipHOE IIPOH3BEJEHHE ITHX IBYX BEKTOPOB BbIPAzKa€TCH (pOpMy.}IOI';I

ab=|al|b]| cos 0. (2.29)

CopmyapyeM f1pyroe onpejeJeHHe CKAIsPHOro NpoH3Bee-
HHST IBYX BEKTOPOB, SKBHBaNEeHTHOe onpeneeruio 1. [Las 3Toro Bocmob3yeMcst
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MOHSITHEM MPOEKIHH BekTopa b Ha ock, onpejenseMyio BeKTopoM a. B coot-
BEeTCTBHH ¢ 0603HaueHHaMu 1. 8 § 1 Gyjem 0603Ha4YaTh POEKIHIO BeKTOpa b
Ha 0Ch, OMpele/IsieMylo BEKTOPOM a, CHMBOJIOM np, b. Ha ocHoBaHu# Teope-
MBI 2.8 ToTy4uM

np, b= |b| cos ¢. (2.30)

ConocraBJ/ieHne paBeHeTs (2.29) u (2.30) NpUBOIMT HAC K ClelyIOleMy Bbl-
paxKeHHIo JJI51 CKaJsPHOTO NPOU3BEeHH:

ab=|al np, b. 23D

KoHeuHo, B IpoBe/IeHHBIX pacCyIeHHAX MOAKHO ObII0 Obl MOMEHSATh MecTa-
MH BeKTOphl @ U b. [1pu 3TOM MBI MpHLIK OBl K CJ€IYIONIEMY BbIpaXKeHHIO
I/l CKa/ISIPHOTO TIPOH3Be1eHHS:

ab=[b| np, a. (2.32)

Bripamenust (2.31) u (2.32) npuBoAsT HAc K CJeAyIOLLeMY Olpe/ie/eHHI0
CKaJIIPHOTO TPOM3BENEHHS (SKBHBAJIEHTHOMY OMpeleseHHIo 1).

Onpedesenue 2. CxaarapHoem npoussederuem 08Yx 8ek-
MOPO8 HA3bIBALMCR HUCAO0, PABHOE NPOU3BEOCHUI0 DAUHBL OOHO20 U3 IMUX
8EKMOPO8 HA NPoexyuro 0py2o20 BEKMOPa Ha OCb, ONPEOeASeMyo nep-
BbIM U3 YKAZAHHLLX BEKMOPOS.

[TonsiTHe cKaisipHOrO NpPOMU3BELEHUS BEKTOPOB POAMJIOCH B MeXaHHKe.
Ecnu BekTOp a u3ofpaxaeT cuay, TOUKa NMPHJIOKEHHS KOTOPOH TepeMera-
eTcs M3 HavaJsa B KOHell BeKTopa b, To paboTa w yKa3aHHOH CHJIBI OTIpeeisi-
eTCH PaBEHCTBOM

w=|al|b]| cos O,

T.e. paBHa CKaJsPHOMY MPOH3BeeHHIO BEKTOPOB a U b.

2. l'eomeTpuYecKHe CBOMCTBA CKAaJSPHOrO NPOU3BeJEHU.

Teopema 2.10. Heobxodumoim u docmamounoim YCAOBUEM OPMO20-
HAAbHOCMU 0B8YX BEKMOPOE ABAACMCHL PABEHCMBO HYAK UX CKAAAPHORO
npousgedenis.

HokaszarteabcTBo. 1) HeoG6xoaumocTsb. [TycTe BekTOpHl a
1 b opToroHanbHsl, @ — yroa Mexkny HUMH. Torza cos ¢ = 0 1 B cuay hopmy-
bl (2.29) ckansipHoe npoussesende ab pasHo HyJIO.

2) loctatouyHocTb. [lycTs ckansipHoe npousBeeHde ab paBHO
HYI10. ﬂOKa}KEM, qTO BEKTODbl &4 H b OpTOI‘OHaJIth[. Hpe}Kﬂe BCETO HCKJIKO-
YUM TPHBHAJLHBIH C/y4ai, KOria XoTs Obl OIMH M3 BeKTOPOB a WK b aBis-
eTCsl HyJIeBbIM (HYJIEBOH BEKTOp HMEEeT Heollpe/eleHHOe HalpaBjieHKe, H
€ro MOXKHO CUHTATb OPTOTOHAJBHBIM J1I060MY BekTopy). Ecau :xe o6a Bek-
Topa a v b Henysesbie, To |a| >0wu |b| >0, unosTomy u3 pasencTsa ab =0
1 13 popmyasl (2.29) BeiTexaet, uto cos ¢ =0, T.e. BexkTOpnl @ U b opToro-
HaJbHbI.

Teopema nokasana.
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[Mpexae uem chopmyIHPOBATDL CleyIOlee YTBEPKAEHHe, YTOUHHM TO-
HATHE yIJa @ Mexay BekTopaMmu a u b. [IpuBeseM npou3BobHEIE BEKTOPEI
a u b x obwemy Hayany O (puc. 2.14). Torza B KauecTBe yria @ Mexuiy
BEKTOpaMH a ¥ b MOXHO B34Tb J1I000H W3 ABYX YKa3aHHbIX Ha puc.2.14
YIJIOB @) U ¢. B camom feJsie, cymMma yrioB ¢ H (9, paBHa 27, U MO3TOMY
COS () = COS @y, 4 B OIPeeJIeHHe CKAJISPHOIO POH3Be-
IeHUs] BXOJAUT TONBKO KOCHHYC YIJa Mex1y BeKTOpaMH.
Hs dsyx yenros ¢ u ¢, 0dun 3a6eJo0M0 He NPEsOCXo-
dum m (Ha puc. 2.14 He npeBocXogUT T yroa @;). Horo-
BOpPUMCS B TaNbHeHIIeM nod yearom mexdy 0syms sek-
mopamu nodpasymesams Mom yeor, KOMopPuLil He npe- 0
gocxodum T.

Torna cnpaBefuBO ClenyIOLIee YTBEPKAEHHE.

Teopema 2.11. /lsa nenyresvix sexmopa a u b cocmasasiiom ocmputil
(mynotl) yeoa moeda u moavko moeda, Koeda ux CKaAApHoe npoussede-
Hue NoA0HUMELbHO (OMPULAMENbHO).

lokaszaTtenbcTBo. Tak kak BeKTOpsl a U b HeHy1eBble, TO B CUJTY
dopmyJibl (2.29) 3HaK CKaJsIPHOTO NPOM3BeJeHHS COBMNAfaeT CO 3HAKOM
cos @. Ho ecaiu yroJ @ He IpeBOCXOAMT T, TO COS @ TOJOKHTE/IEH TOr/la U
TOJIBKO TOTAA, KOTAA () — OCTPBIH YTOJ, H OTPHIATENEH TOTAA H TOJBKO
TOrAa, Korjaa ¢ — Tyno# yroJ. Teopema nokasaHa.

3. Anre6panyecKue CBOMCTBA CKaJsIPHOTO npousBegenmns. Ckajsp-
HOe NpoH3Be/leHHe BeKTOPOB 00J/ajaeT C/edyOLUHMH YeThPbMS € B O H-
CTBaMH:

1° ab =ba (nepemecmumenvroe CBOHCTBO);

2° (0a)b = a(ab) (couemamenrvHoe OTHOCHTEBHO YHCI0BOIO MHOXKHUTE-
Jisl CBOHCTBO);

3° (a+ b)c=ac + bc (pacnpedeaumerbrnoe OTHOCHTELHO CYMMBI BEK-
TOPOB CBOHCTEO);

4° aa > 0, ecau a — Hewnyresoil sexmop, u aa =0, ecau a — Hy1esoll
gexmop ).

a

(65} 1

3

Puc. 2.14

1) Ormernn, uTo B Kypce JIHHEIHOM ATeBPEl BMECTO MHOKECTBA BEKTOPOB PACCMaTPHBA-
10T MHOKeCTBO 3/71eMeHToB a, b, ... awboi npupodsr. Eciu 118 3.1eMeHTOB 3TOTO MHOXKeCTBa
ornpee/ieHsl ONepalds CA0KEHHH H oNlepaliid YMHOXKEHHA Ha BelllecTBeHHOe YHCI0 H LTS 3THX
OfepalHi CrpaBe/l/IHBbI T€ XKe caMble CBOHCTBA 1°—=7°, KoTopble YCTAHOBJEHbI HAMH JLIS1 JIH-
HEHHBIX OMepalui Haj BekTopamu (cu. 1. 2 § 1), To yKasaHHOe MHOXKECTBO 3JEMEHTOB Ha3bl-
BACTCH AUHEUHBIM NPOCMPAHCIBOM.

[Tpouspo/ibHOE JIHHEHHOE NPOCTPAHCTBO HA3BIBACTCS EBKAUAOGLIM NIPOCTPAHCTBOM, €CIIH:
1) H3BeCTHO MpaBU/I0, MOCPEACTBOM KOTOPOTO JIIOOLIM JIBYM 3J1eMeHTam a H b 3Toro npoctpat-
CTB& CTABHTCS B COOTBETCTBHE UHC/IO0, HA3bIBAEMO® CKAAAPHBIM NpPOU3Ee0eHuem ITHX e
MEHTOB H 0603HauyaeMoe cMMBOJIOM ab; 2) yKazaHHoe MpaBu/I0 TAKOBO, HTO JUIsl CKANsPHOTO
NMPOU3BeICHUA CIPaBeIHBLI TONLKO 4TO choPMYJIHpOBaHHLE cBOHCTRa |°—4°,

Taxum ofpasom, NpocTpaHCTBO BCEX reOMeTPHUECKHX BEKTOPOB ¢ ONpPele]eHHbIMH HAMH
JHUHEHHBIMH ONepalMsiMU H CKa/Is PHLIM [POH3BEeHHEM NpeCTaBisaeT coO0H OJIMH U3 NIPUMe-
POB JIHHEHHOTO eBKJAHI0BA NPOCTPAHCTRA.
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Y6enumesa B crnpaBedJUBOCTH 3THX cBoHcTB. CBolicTBO |° Hemo-
CPeACTBEHHO BbiTeKaeT U3 hopmybl (2.29).

Jlasi nokazatesbCTBa CBOUCTBA 2° BOCMOJB3yeMCs ONpefiesieHHeM 2 cKa-
JISPHOTO NpPOH3BeAeHHUs, T.e. popMyaoH (2.32). YuuThBasd, YTO NpoeKLHUd
BEKTOpa HA OCb 00/1a1aeT JIMHEHHBIM CBOHCTBOM NP, (0a) = = oL np, a (M.
KOHell M. 8 ¥ KoHel 1. 9 § 1), moayuum

(ca) b= |b| - np, (ca)=0 |b| - np, a=0 - (ab).

Tem cambIM CBOHCTBO 2° 10Ka3aHO.

Jl1st noxasatesnbeTBa CBOHCTBA 3° CHOBA BOCIIOMb3yeMcst (popMyJioH (2.32)
H THHEHHBIM CBOHCTBOM MPOEKIIHH BeKTOpa Ha ocbTip. (a+b)=np,a+np,. b
(cm. . 8 § 1). Iosyuum

(a+b)c=|c| -np.(a+b)= le| - (mp,a+mp,.b)=
=|c| np,a+|c| - np,b=ac+bec.

Hawm ocraercd nokasaTe ¢BoHcTBO 4°. JInd 3TOro 3aMeTHM, 4TO Hemoc-
peacTBeHHO U3 Gopmyas (2.29) BuiTeKaeT, uTo aa = la|?, T.e. CKAASpHbUL
keadpam sekmopa pasgen ksadpamy 0iuxbl 3mozo sekmopa. OTciona, B
YaCcTHOCTH, BEITEKAET, YTO CKaJiPHBIH KBaJApaT aa NoJoKHUTe/IeH, KOrjia BeK-
TOp a HeHYJ/IEBOH, ¥ PaBeH HYJIO, KOTJla BeKTOp a HYJeBOH.

JlokasaHnHble CBOHCTBa MMeIOT (yHAaMeHTa/abHOe 3HaueHHe. OHu no3so-
ARI0M NPU CKAAAPHOM NEePemMHONCEHUU BEKMOPHLLX MHO20HACHO8 BbINOL-
HAMb QelicmBiLs NOUAEHHO, He 3a60MACy NPU 3MOM O HOPAJKe 8eKMOPHBLY
MHONMCUMENLL U COMemas YuCA0Bble MHOMCUMeAL. YKa3aHHAS BO3MOKHOCTh
GyaeT CylUecTBeHHO HCIOMb30BaHA B CAEAYIOIEM MYHKTE.

4. BplpaxeHue CKaJAPHOrO NPOU3BeJeHUs B 1eKapTOBbIX KOOpP-
JAHHaATaX.

Teopema 2.12. Ecau dsa sexmopa a u b onpedeserst ceoumu dekap-
MoBbIMIL NPAMOY20AbHOIMU KOOPAUHAMAMU

a={X, Y, Z}, b={Xy Y, Z5},

Mo CKAAAPHOE NPoussedenie IMux 6eKmopos PaBHO CYMME NONAPHBLX
Npou3Be0eHiLl ux COOMBEMCMBYOWLX KOOPOURAM, M.€.

okaszaTteasbcTso. CocTaBUM M3 TPOHKH OA3UCHHIX BEKTOPOB i, j
1 Kk Bce BO3MOXKHBI@ APhl M I KayKJI0H M3 1ap Onpejie/uM cKaasipHoe Npo-
M3BeJeHHe. YUHTHIBAs, 4TO 0a3MCHBIE BEKTOPLI ABJAAIOTCSH MOMNAPHO OPTO-
FOHAJbHBIMH W HMEIOT eIMHHUHYI0 IJIUHY, T10JYYHM
ij=1, ji=0, ki=0,
ii=0, jj=1, kj=0, (2.34)
ik=0, jk=0, kk=1.
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Hanee, yuutsiBag, utoa=X,i + ¥, j+Z k,b=X,i + YV, j+ Z, k, uonupasch
Ha YCTAHOBJEHHYIO B MPe/IblAyLeM TYHKTe BO3MOKHOCTb MOUJIEHHOTO CKaNsip-
HOTO NMepeMHOXKeHHS BeKTOprIX MHOI'O4/1€HOB, TIOJYYHM

ab=XXoii+X,Yoij+ X, Zoik+Y Xoji+Y,Yoji+Y,Zyjk+
+Z, Xoki+Z,Y,kj+Z,Z,kk.

H3 nocsennero paBeHcTBa U cooTHoleHnH (2.34) BeiTekaeT opmyia (2.33).
Teopema noxasaHa.

Credcmsue 1. Heobxodumoeim 1 0ocmamounsim ycAOBUEM OpMOEO-
HAADHOCHL BEKMOPOB

a={X,Y.,Z,} u b={X,Y, Zy)
ABAACMCA PABEHCMB0
X|X2+ Y]YQ"‘Z]ZQ:O

ITO cjleICTBHE HeNoCpeACTBEeHHO BeITeKaeT U3 Teopemsl 2.10 u dopmy-
Jbl (2.34).
Caedcmsue 2. Yeon ¢ mexcdy sexmopamu

a={X,, Y. Z;} ub={X,, Yy, Zo}
onpedessiemcs no gopmyre
XX, + VY, + Z,Z,

. (2.35)
X +YE 4 Z2 X2 v + 22

cosQ =

ab
B camom gnene, cos@ = ———, U HaM 0CTaeTcs BOCIO/b30BATLCS (op-

EILY
MyJ10# (2.33) 114 cKansapHOro npousseneHus 1 dbopmynoi (2.27) aas 1iuHbl
BEKTOpa.

§ 3. BekTOopHOE M CMeIIAaHHOE IPOM3BeIeHHA BEKTOPOB

1. IIpaBbie 1 eBbie TPOMKH BEKTOPOB U CHCTEMbI KOOPIAMHAT.

Onpedesenue 1. Tpu sexkmopa Hasviaomcs ynop adoweH Holl
mpoikod (uau npocmo mp ol K 0 i), ecal YKkadauo, KaKol u3 amux
BEKMOPO8 ABASCMCS NEPBLIM, KAKOLI — BMOPLIM U KAKOL — Mpembvum.

[Tpu 3anucH TpolKH BEKTOPOB Mbl Bcerjia OyjaeM pacrnoJjaraTb 3TH Bek-
TOpHL B MOpsKe HX caefoBaHus. Tak, 3anuch bac o3Hauaer, 4TO MepPBBIM
3/IeMeHTOM TPOHKH ABJAsSETCH BeKTOP b, BTOPLIM — BEKTOp a U TPeTbUM —
BEKTOp C.

Onpedenenue 2. Tpoiika HexomnaanapHoix sexmopos abe nasvisaemcs
npasgoi (4easo i), ecau BolNOAHEHO OOHO U3 CACOYHOUUX MPexX YCAOBULL:
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19 ecau amu sexmopel, 6ydyuu npusedenst K obujemy Hawary, pacno-
Aaearnmes mak, Kak moeym Golme PAcnoioNersl COOMBEMEmMEen o
60AbLIOL, HecOHYMbLL YKazamervHoll U cpedHiil naisysl npasoil (1e-
8oll) pyKu;

2° ecau nocae npusederus Kk obuiemy Ha4aLy 8eKmop ¢ pacnoiaeaem-
CSL N0 MY CMOPOHY OM NAOCKOCML, Onpedeisemol sexmopamy a u b, om-
kyda kpamualwui nosopom om a k b Kaxcemca coseputarouiumcs npo-
mus wacosoil cmpeaku (no wacosoll cmpeike),

3° ecau, HaxX00ACH BHYMPU MeLeCHO20 yYeaa, 06paso8anHo2o npuse-
denHbimu K obujemy Havary sexmopamu a, b, ¢, Mol 8udum nosopom om a
K buom reeo Kk ¢ cosepuLarOuUMCA NPOMUB Yaco8ol cmpeaky (no 4aco-
8ol cmpeaKe).

Jlerko npoBeputh, uTO yeaoBus 19, 2° u 3° IKBUBAJEHTHBl MEXY CO-
6oi. [lpepocTaBasieM yHTATENIO ¢ TOMOLIBIO Kax/I0ro W3 ycaouid 1°, 2°
1 3° ybenuTbes B TOM, 4TO TpoHKa abc, uszobpaxenHas Ha puc. 2.15, aB-

JseTCs MpaBoH, a TpoHKa abce, n3obpaxeHHas
¥ c Ha puc. 2.16, ABaseTcs JeBOH.
3ameuanue. [lonarue npasoii U nesol

b 5 TPOHKH TepsieT CMbIC/ /151 KOMIIJIaHAPHbIX BeK-
TOPOB.

a b Ecau nse Tpoilku BekTopoB aHO0 0be fAB-

Pue. 2.15 Puc.2.16  JAIOTCA NPABBIMH, KO0 00€ ABAAITCS JIEBhIMH,

TO TOBOPAT, YTO 3TH TPOHKH 00HOIU opuexrma-
yuu. B IPOTHBHOM caiyyae roBOPAT, YTO paccMaTpHBaeMEble [1Be TPOHKH npo-
MUBONONONCHOL OPUCHMALLLU.

Bcero u3 Tpex BEKTOpPOB a, b ¥ ¢ MOXKHO COCTaBHTH CAeyriHne mecTb
TPOEK:
abc, bca, cab, (2.36)

bac, acb, cba. (2.37)

C nomouibio ycaoBus 3° onpeaeneHus 2 Jerko NPOBEPHTb, UTO 8Ce mMpu
mpotixku (2.36) moi xce opuenmayuu, umo u mpoiika abe, a ace mpu mpoti-
ku (2.37) umerom opuenmayuto, npomusonoioxcHy0 abe.

Onpedesenue 3. Appurinas uru dekapmosa cucmema KOOPOUHAM Hil-
sviBaemcs npasoi (1eeoi), ecau mpu bazucHolx sekmopa obpasy-
om npasyo (1esyro) mpouxy.

Panu onpeneseHHOCTH JOFOBOPHMCH B JA/bHEHIIEM paAcCMampusams
MOALKO Npasgvie cucmemol KOOPOUHAM.

2. OnpeneneHye BEKTOPHOTO NPOU3BEIeHUS IBYX BEKTOPOB.

Onpedesenue. BexkmoprHum npouszsedenuem 8eKmopa a
Ha sexkmop b Hazvisaemcs sexmop ¢, ob6o3nauaemsli cumsoiom ¢ = [ab)
u ydosaemsoparowull ciedyowum mpem mpebosanuam:
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1) dauna sBexmopa ¢ pasua npoussedexiro AU BeKmopos a u b Ha
cunyc yera ¢ mexdy Humu '), m.e.

|c|:|[ab]|:|a||b|sin(p; (2.38)

2) BeKmop ¢ OpmMOcOHALeH K KaicdoMy U3 86eKxmopos a u b;

3) BeKmop € HANPasieH Mak, 4mo mpoiKka sexmopos abe asasemcs
npasoii -

[TonsaTHe BEKTOPHOTO NMPOM3BEAECHHA TAKXKe POAM/IOCH B MexaHHke. Ecin
BexTOp b H3o6parkaeT npuIoKeHHYIO B HeKOTOPOH Touke M cuiy, a BeKTOp a
ujaet U3 HekoTopoH Toukd O B Touky M, To BekTop ¢ =[ab] npencrasaser
coBoi MOMEHT CHJIEL b oTHOCHTeIBHO ToukH O.

3. TeoMeTpHUYeCKHE CBOMCTBA BEKTOPHOT'O NPOMU3BeIeHHUS.

Teopema 2.18. Heobxodumoim i 0OCMAMOUHbIM YCAOBUEM KOAAU-
HeapHocmu 08YxX 8eKMOPO6 ABAACMCA PABCHCMBO HYAIO UX BEKMOPHOZ0
npoussedeniLs.

HoxkxasarteabcTBo. 1) Heo6xonMmocTs BhITEKaeT M3 CAMOro Ompe-
JeJleHHs BeKTOPHOTO NPOH3BeleHHs: MIs1 KOJJIHHeAPHHX BeKTOPOB a U b
BeKTOPHO® NIPOH3Be/IeHHE 10 ONpe/ie/IeHHI0 PaBHO HY.J1i0 (cM. hopmy.ty (2.38)
H CHOCKY °)).

2y loctatouHocTs. [lyeTs BekTOpHOE npouseeneHue [ab] pasno
Hyi0. Jlokaxewm, 4To BEeKTOPLI @ U b Ko/uiHHeapHsL.

[Tpekze Bcero HCK/IOUNAM TPHBHAJBHBIH C/1yyai, KOraa XoTd Obl OIMH H3
BEKTOPOB a Wi b fiBJAseTCs HYJeBLIM (HY/J1eBOH BEKTOP MMEeT Heolpeje-
JIeHHOe HalpaBJeHHe, H er0 MOXHO CUHTATh KOJMTHHEAPHBIM JI060MY BeKTO-
py). Ecaiu e o6a Bektopa a u b Henyasessie, To |a| >0wu |b| >0, 1 nosto-
My U3 paBeHcTBa [ab] =0 u u3 gopmy.sl (2.38) BoiTekaet, uto sin @ =0, T.e.
BEKTOpPH & H b KOJIMHeapHHL.

Teopema nokasaHa.

Teopema 2.14. Jauna (uiu modyav) sekmopro2o npousgederus [ab)
pasHiemcs niowadu S napaiiesospamMma, NOCMpPoOeHHO20 i NPUBEOeH-
Holx K obujemy Hauaay eexmopax a u b.

JlokaszaTeJabcTso. TakKak njouans napaiienorpaMmma pagHa rpo-
U3BEIeHHI0 CMEeHbIX CTOPOH TOr0 NapaljieorpaMmMa Ha CHHYC YIJa Mex-
Iy HHMH, TO TeopeMa HelmocpeACTBEHHO BHTeKaeT U3 (popMmyJbl (2.38).

') B coorpercTamn ¢ AOTOBOPEHHOCTBIO, TIPHHATOH B 1. 2 § 2, 8 Kauecmse yeara memdy
sexmopamu Gepem mom yeoa @, komopslii ne npesocxodum w. [1pu stom Beernasin g2 0u
BeJIHuKHa (2.38) HeoTpHuaTesnbHa. M3 qopmyinl (2.38) caenyer rakke, 4T0 8 cayuae Koa-
AUHEAPHBLY 6EKMOPOS A& U b onpedeasenniii sexmop ¢ = [ab] agasemca nyiesoim.

) Tpe6opauus 1) u 2) onpenessioT BEKTOP € ¢ TOYHOCTBIO 10 IBYX B3AHMHO NPOTHBONO-
J0HbIX Hanpasaenui. Tpebopatne 3) orBupaeT 01HO H3 3THX ABYX HanpasjeHui. B cayuae,
Korjaa a ¥ b KonnuHeapHsl, Tpolka abe sBifeTCs KOMMIAHAPHOH, HO B 3TOM Clyyae yie U3
Tpebobanus 1) BbiTekaer, yro ¢ =0.

%) Ecaut pekTopbl @ 1 b KoJiMHeapHbl (M, B 4aCTHOCTH, @AM XOTs1 Obl O1MH H3 BEKTOPOB &
W b HysieBo#t), popmyna (2.39) ocraercd cnpaBesTHBOM, MO0 B 3TOM CJyuae PAaBHBI HYJI0 Kak
BEKTOPHOE 11poH3BeleHHe [ab], Tak v niowans S noCTPOEHHOro Ha BekTopax a v b napae-
JOTpaMma.
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UToO6kl MONYUYHTh CAEACTBHE M3 TeopeMnl 2.14, BBefieM NMOHATHe opTa.

Onpedeaenue. O p m oM NPOUIBOLLHOCO HEHYAEBOE0 BEKMOPA C HA-
308em eJUHUYHbLI 8eKMOP, KOAAUHLAPHDBLE € U UMErowul 001HAKOB0E C €
Hanpasiexue.

Caedcmsue u3 meopemo. 2.14. Ecau e — opm 8eKmopHo2o npousse-
denus [ab], a S — naowade napairesocpanma, NOCMPOEHHOEO HA NPU-
sedenHublx K obujemy Havary eexmopax a u b, mo dasa sekmopnozo npo-
ussedenus [ab] cnpasedausa caedyowan gopmuyia:

[ab] = Se. (2.39)

3ameyanue. M3 onpenenenuii opta i BEKTOPHOTO NPOH3BENEHUS Bbl-
TekaeT, uto mpoika abe seisemcs npasoi (ubo Tpoika ablab] aeasercs
npaBou).

Curenyioliiee CBOMCTBO YCTAHABIMBAET BAXKHYIO /I JATbHEHIIET0 (GOpPMYJTy.

Teopema 2.15. Ecau ¢ — Kaxoii-nubyds sexmop, m — A0bas codepica-
was eco NAOCKOCHy, € — eQUHUYHbLI BEKMOP, ACHAUULL 8 NAOCKOCMU T U
OPMOSOHAALHLLIL K €, § — e0UHUYHbLE BEKMOp, OPMO20HANbHBLYL K NAOCKO-
CMU T 1 HANPABACHHBLIL MAK, 4MO MPOUKQ ecg A8AAemca npasotl, mo dis
2106020 Aexcaujeco 8 NAOCKOCMU T 8eKMOpa a cnpasediusa Gopmyia

lac]=np,a- |c| g (2.40)

JlokazaTteancTso. JloctaTouHO 10KA3aTh, YTO BEKTOPbI, CTOSLIHE
B JIeBOH W mpaBo# vacTsx (2.40): 1) uMeoT 0LMHAKOBYIO AJHHY, 2) KOJJIH-
HeapHbl, 3) UMeIOT OJIHHAKOBOE HalpaBJeHHe.

B cuay teopembl 2.14 | [ac] | =S, e S — nuiomans nocTpoeHHOro Ha
NPHBeleHHbIX K 00lleMy Hauaqy BeKTopax a u ¢ napaJsenorpamma. JliuHa
BeKTOpa, CTOsIIIEero B npasoii yactu (2.40), pasua | c| |np, a|, 1.e. Toxe paBua
S, ubo ecsiv 3a OCHOBaHHe yKa3aHHOIO napad-
JieslorpaMMa MpUHSThL BEKTOP €, TO BHICOTA €ro
h 6yner paeHa |mp, a|, (puc. 2.17).

Koanuneaprocmos BEKTOPOB, CTOSILIHX B
JIeBoH U npaBol 4actax (2.40), BuITEKaeT M3
TOro, 4T0 004 3Mu BEKMOPa OPMOCOHANLLHbL
K naockocmu T (BekTOp [ac] B cusy onpene-
JleHHsl BEKTOPHOTO NMPOU3BeJeHHs, a BEKTOp Mp, a -+ [¢| g B CHJY TOrO, 4TO
BEKTOp g M0 YCJOBHIO OPTOrOHAJEH K MJIOCKOCTH TU).

OcTaeTcst NPOBEPUTh, UTO BEKTOPHI, CTOSALLME B J1eBOH U NMPaBOH YacTAX
(2.40), oduraxoso HanpasaeHol.

JL7st 3TOTO 10CTATOYHO 3aMEeTHTh, YTO BEeKTOpH [ac] ¥ g OAHHAKOBO Ha-
npaBJaeHbl (MPOTHBOMOJNOKHO HanpaBJ/eHbl), KOrla TpoHKa acg sBJjseTcs
NpaBo# (JeBOH), T.e. KOT/a BEKTOPHI @ H € JIexkaT 110 0fHY CTOPOHY OT ¢ (110
pasHble CTOPOHBI OT € ')) M MPOEKIHMS TP, @ AB/ISETCS MOJ0KHTETbHOH (0T-

Puc. 2.17

D) Ipit 570M MBI HCKTIOUaEM TPHBHAILHEIH CTyuail, KOTAA BeKTOP a KOMIHHEAapeH BeKTo-
py ¢. B 3Tom TpuBHanetom cayuae [ac] =0 u np, a =0, Tak uto pasexcTso (2.40) ovesuaHo.
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pHIATEeLHOI), HO 9TO M 03HAUYaeT, yTo BeKTopsl [ac] u np, a - |c| g scezda
00UHAKOBO HANPABAEHBL.

Teopema nokasaua.

4. CMemaHHOe NIPoH3BeJeHNEe TPeX BeKTOpoB. [1ycTh AaHbl TPH Mpo-
M3BOJILHBIX BeKTOpa a, b U ¢. Ecau sexmop a 8eKmMopHO YMHONAEMC HA
sexmop b, a samem noayuuewiuics npu amom eexmop [ab] ckarapro ym-
HOMCaemcs Ha 8eKmop ¢, mo 8 pesyiomame noayvaemca 4ucao [ab] ¢, Ha-
svieaemoe cmewanHolm npoudeedenuem eexmopos a,buc.

[eomeTpuueCKHH CMbIC CMELIAHHOTO NPOM3BeIeHHS NOSICHSIeT CJeyo-
1asi Teopema.

Teopema 2.16. Cmewannoe npouszeedenue [ab] ¢ pasno obvemy na-
paaseaenuneda, ROCMPOEHHO2O HA NPUBEOeHHbIX K 0bulemy Havaliy sek-
mopax a, b u ¢, 83amoMy ¢O 3HAKOM nAioC, ecal mpolika abe npasas, u
CO 3HAKOM MUHYC, ecau mpoika abe aesan. Ecau we sexmopo. a, b u ¢
Komnaanaprst, mo [ab] ¢ pasno Hyito.

HokasarteabcTso. [lpexie Bcero, MCK/IIOUMM TPUBHAJBHBIH CJ1Y-
yal, Korja BeKTopsl a U b KosnHeapHbl. B aToM ciy4ae BexTopsl a, b 1 ¢
KOMIJIaHAPHEL ), H HaM TpebyeTcs 10Kas3aTh, UTO CMeIIaHHOEe MPOM3Bee-
Hie [ab] ¢ paBHo Hymo. Ho nocsienHee oueBuaHO, KGO BEKTOPHOE MPOU3Be-
neHHe [ab] IBYX KoJI/IMHeapHBIX BEKTOPOE a H b paBHO HYJIIO.

OcTaeTcst paccMOTpPeTh Caydal, KOTIa 8ekmopel a u b He koaauxeapHol.
O6o3Hauum yepes S nuowaib napajienorpaMma, mocTPOeHHOro Ha MpHBe-
IeHHBIX K 00lleMy Haualy BeKTopax a ¥ b, a yepe3 e — opT BeKTOpHOro
npousBeneHus [ab].

Toraa, kaxk n0KasaHo B npeabiaylleM NYHKTe, cnpaseinnsa Gopmyna
(2.39). C nomottsio 310# hopmyasl H Gopmyisl (2.31) ans ckansgpHoro npo-
W3BEJIEHHST TIOJYUHM

[ab]c=(Se)c=S(ec)=S|e|-npl,c=S-npé,c. (2.41)

CHauaJia TIpe/Ino/IoKuM, UTo 8eKmopot a, b u ¢ He komnaarapHer. Torna
Hpe C C TOYHOCTBIO OO 3HAKA paBHa BHICOTE A HapaﬂJIBJTEHHHBI[a, HOCTpDEH-
HOTO Ha MPHBEIEHHbIX K 0011eMy Ha4yany Bek-
Topax a, b 1 ¢, NpH YCJIOBUH, YTO OCHOBAHUEM
CJIYKHT MapaJ/enorpaMm, MOCTPOSHHBIH Ha
BekTOpax a u b (puc. 2.18).

Takum 06pa3om, ¢ TOYHOCTBIO 10 3HAKA
npasas 4yactk (2.41) paBHa o6bwemy V noctpo-
€HHOTO Ha BeKTOpax a, b u ¢ napannenenune-
na. OcraeTcs YTOUHHTD 3HAK.

OueBHIHO, YTO TP, € = + ki, €C/IH BEeKTOPHI Puc. 2.18
€ U C JIJKAT 110 OJIHY CTOPOHY OT MJIOCKOCTH, OTIpe/iesiieMoi BeKTOpaMH a u b,
M 1P, ¢ =—h, €CJIH BEKTOPEL € W € JIeXKAT 110 pasHble CTOPOHbI OT YKa3aHHOH

') 6o cpenn Tpex HeKOMIIAHAPHBLIX BEKTOPOB He MOXET ObiTb ABYX KOJLIMHEAPHLIX BeK-
TOPOB (CM. CleACTBHE 3 H3 TeopeMbl 2.D).
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niockocTd. Ho 3To 03Hauaet, uto np, ¢ = +h, ecau Tpoiiku abe u abe of-
HOW OpHEeHTALHH, H NP, ¢ = —H, eCcJH YKa3aHHbIe TPOHKH MPOTHBOMON0HKHOH
opHeHTaUMH. Tak Kak 10 olpele/eHHI0 BeKTOPHOIO NPOM3BeleH sl TPoHKa
abe aBaseTcs MpaBoH (CM. KOHEIl MPeLIIYIINEro MyHKTa), TO

+h, ecau abe — npaBas Tpoika,
np, € = :
Pe —h, ecan abe — neBas Tpoika.

Jl1s 3aBeplIeHns I0Ka3aTeqLCTBa TEOPEMEl J0OCTATOYHO BCTABHTL 3TO 3HA-
yeHHe Mp, € B NpaBylo yacThb (2.41).

B cayuae, korna sexmope. a, b v ¢ KomnaaHapHot, BEKTOP € JIEXKHUT B
MJI0CKOCTH, ONpesie/sieMoi BeKTopaMu a u b, oTkyaa caeayer, uto np, ¢ =0,
1 1o Gopmyse (2.41) [ab] ¢ =0. Teopema MOJHOCTBIO I0Ka3aHA,

Caredcmsue 1. Cnpasedauso pasencmso |ab] ¢ =a [bc].

B camom sesie, W3 nepeMecTHTEeJILHOTO CBOHCTBA CKaJIiPHOTO MPOH3BE/Ie-
HHs BBITEKaeT, uTo a [be] = [bc] a, M 1ocTaTouHO I0Kasath, 4to [ab] ¢ = [bc] a.
C mourocmuio 0o 3HaKa, nocaedHee pagencmeo 04esudHo, nho Kak npasasd,
TaK M JI€Bas €ro 4YacTH C TOYHOCTDBIO 0 3HAKA paBHBI 00BEMY MapaJsiiesenumne-
14, MOCTPOEHHOro Ha BekTopax a, b u ¢. Ho u 3naku npasoi u aesoil wacmetl
nocaedneeo pagexcmsa cosnadarom, 160 o0e TpoHkH abe u bea oTHocaTeS
K rpynmne tpoek (2.36) 1 MMEI0T ONMHAKOBYIO OPHEHTALHIO (cM. M. 1).

JlokasanHoe paBeHcTBO [ab] ¢ =a [bc] noszsoanem sanucoisams cme-
wianHoe npoussedenue mpex sekmopos a, b u ¢ npocmo & sude abe, e
YKa3ulBas npu ImMom, KaKue umenHo dea eexmopa (nepevie 08a uiu no-
caedrue dsa) nepemHoOMaAomes 8eKmopHo.

Caedcmesue 2. Heobxodumeim u docmamourvim YCA08UEM KOMNAAHAD-
HOCMIL Mpex 8eKMOopo8 A8AAEMC PABEHCMBO HYAIO UX CMEUAHHO20 NPO-
uageoeHus.

B camom seJie, KOMIJIAHAPHOCTL BEKTOPOB B CHJY Teopemsl 2.16 Bieder
pPaBEHCTBO HYJK MX CMeLIaHHOro npousBeneHHs. O6paTHOe BHITEKAET U3
TOTO, YTO /15l HEKOMIIJIaHAPHBIX BEKTOPOB CMeLIaHHOE TPOH3BeIeHHe (B CHIY
TOH Ke TeOpeMbl) PABHO OTJHUHOMY OT HYJg 06beMy napaJJesenunesa.

Caredcmsue 3. Cueiwanroe npousgedenue mpex 8eKmopos, 08a u3 Ko-
mopuLx COBNAAAIOM, PABHO HYAKD.

B camoMm zieste, Takue TpH BeKTOpa 3aBEJIOMO KOMIJIAHAPHEI,

5. Anre6pauyecKHe CBOMCTBA BEKTOPHOrO npoussenenus. Bekrtop-
HOe NpOH3BeJeHHe BeKTOpOB 00JaaeT CJAeAYKIIMMH YeTHpPbMs C B 0 H-
CTBaMH:

1° [ab] = —[ba] (cBOHCTBO anmunepecmaHo804HOCMI COMHOKHUTENEH);

2° [(ca)b] = 0[ab] (couemamenvroe OTHOCHTEJILHO YHCI0BOIO MHOMKH-
Te/sl CBOHCTBO);

3° [(a+b) c] =|ac] + [bc] (pacnpedesumenrvroe OTHOCHTENBHO CYMMBb
BEKTOPOB CBOHCTBO);

4° [aa] =0 dasa awboeo sexmopa a.
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Y0enumcs B ClpaBeL/IMBOCTH 3THX CBOHCTB.

Jl1st foKasaTebeTBa C B O M ¢ T B a 1° nosoxum ¢ = [ab], d = [ba]. Ecau
BeKTOpH a U b koaruHeapror, To B cuay Teopemul 2.13 ¢ =d =0, u cBoii-
cTBO 1° nokasano. Ecaid ke a u b ne xoaauneaprot, mo sekmoput ¢ u d, 6o-
nepsulx, umerom o00urakosyro 0iuny (B cuay dopmyisl (2.38) ans QyuHbL
BEKTOPHOIO NPOU3BEAEHUS) U, B0-8MOPLLX, KOAAUHEAPHbL (B CHITY TOTO, HTO
06a BeKTOpa € ¥ d OpPTOrOHA/NBHBI K TIOCKOCTH, ONpeegeMOH BeKTOpaMH a
1 b). Ho toraa mudo ¢ =d, aubo ¢ =—d. Ecain 6bl HMes1a MecTo nepBast BO3-
MOXHOCTb, TO 10 ONpeleleHHI0 BeKTOPHOTO POU3BefeHH s 00e TPoiiKH abe
U bac okaszajiucb Obl NPaBLIMH, HO 9TO HEBO3MOXKHO, HO0 B CHJaY 1. 1 9TH
TPOFKH MPOTHBONOJIOKHON OpHEHTAIHH '),

Hrak, ¢ =—d, 1 cBoHCcTBO 1° MOMHOCTBIO 10KA3aHO.

Jlna nokasatenbcTBa CBOHCTBa 2° nosoxum ¢ =[(ca) b], d =ofab]
H TIpexK/Ie BCero HCKIUHM TPHBHAJBHEIE CJAYUAH, K020a BEKmOop a KOAAU-
neaper b uau koeda oo=0. B atux cayuasx (B cuay Teopemst 2.13 u onpene-
JIEHHSs! TIPOU3BE/IeH S BEKTOPA HA UKCJI0) MBI [ToJ1yuuM, uto ¢ = d = 0, 1 cBOii-
cTBO 2° I0Ka3aHo.

[lycTb Tenepb sBekmopot a u b ve koaruneapror u o # 0. Jlokaxem, 4To H
B 3TOM cJaydae BeKTopbl € U d paBHEl. O603HAUUM GYKBOH ) yros Mexiy
BeKTOpaMH a u b, a 6ykBo# W yroa mexxkny sekropamu ¢a u b. o onpenesne-
HHIO VTHHBI BEKTOPHOTO TIPOM3BEEHHS W TIPOM3BEEHHS BEKTOPA HA YHUCJI0
MOKHO YTBEPMK/IATh, UTO

lel =lallal[b] siny, |d|=]|allal[b]sing.  (2.42)

Ydrem Ternepb, 4TO MOTYT MpeACTaBUTbCA ABa caydas 1) y=@ (Koraa
o> 0 1 BEKTODbI @ ¥ 0la HarpaBJeHbl B OIHY CTOpPOHY; puc. 2.19); 2) y=n—@
(xorna oo <O ¥ BEKTOpBI & U Ol HaNpaBJeHLl B IPOTHBOMOJOKHEIE CTOPOHDL;
puc. 2.20). B o6oux cayuasx sin y = sin ¢ u B cuay gpopmya (2.42) |c| = |d],
T.e. gexmopot ¢ u d umerom o0uraxkosyo OLURY.
anee, oueBUAHO, uTO Bekmopsl ¢ u d KoaauHeapHsl, HOO OPTOrOHAJb-
HOCTB K IIJIOCKOCTH, OHPEJIE.HHBMOI:I BeKTOpaMH oau b, 0O3Hadaer OPTOFOHB.Hb-
HOCTb U K [IOCKOCTH, ONpee/seMon
BeKTOpamH a u b. b
Jlnst mokasaTeNbCTBa PABEHCTBA b
BEKTOPOB ¢ U d ocTaeTcs mpoge- \
PHTB, YTO 3TH BEKTOPbI UMerom 0ou- = i
nakosoe nanpasaienue. Ilycte O a oa oa 0 a
o >0 (o0 < 0); Torna BeKTOpH a H O (o>0) (a<0)
OJIHMHAKOBO HalpaBJ/leHbl (HpOTPlBO- Puc. 2.19 Puc. 2.20
MOJIOKHO HAMpaBJ/eHB!), H, CTaJ0
ObITh, BeKTOpPH! [ab] u [(cta)b] Taxyke oIMHAKOBO HATpaBJeHH! (TIPOTHBOIO-
JIOXKHO HaNpaBJ/eHbl), a 3T0 03Havaer, 4yto Bekropbl d = o [ab] 1 ¢ =[(ca)b]
BCErja OJMHAKOBO Hanpas/jeHbl. CBOHCTBO 2° 10KAa3aHO.

1) Onna us stux Tpoek sxoant s rpynny (2.36), a apyras — s rpynny (2.37).
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[Tepexoanm K 10Ka3aTesbCTBY CBOH ¢ TB a 3°. PaccMOTpUM OTAEIBHO
LIBa cJayuas: l)cayuaii, Koraa BekTopsl a, b u ¢ komnaanapuo; 2) cay-
Yai, KOTa 3TH BEKTOPbl HE KOMNAQHAPHbL.

B nepeom c/1yyae BeKTOpE! @, b U ¢, Oy/1yuH NpHBeeHsl K 00LieMy Hayaily,
pacroJiaraloTes B 0JIHOH MJI0CKOCTH, KOTOPYIO Mbl 0603HaunM 6ykeoi m. [Tyers
€ — eIMHWUHBIH BEKTOp, NPUHANIEKALIMH [IJIOCKOCTH T H OPTOrOHAJILHBIH K
BEKTOPY €, a § — eIMHUYHBIH BeKTOP, OPTOrOHANbHBIN K MJOCKOCTH T U TAKOH,
4TO TPOHKA ecg fAB/IgeTCsd NPaBoH.

CorsiacHo Teopeme 2.15

lac]=np, a- |c| g, [be]=np, b- |c|g,
[(a+b)c]=mnp,(a+b)- |c|g.

CBoHCTBO 3° HENMOCPeACTBEHHO BHITEKAET U3 TOCJAeIHUX TpeX (GopMy U
M3 JIHHeHHOT0 CBOHCTBA NPOeKIUH np, a+np, b=np,(a+b) (n. 8 § 1).

[Tycrte Teneps sekmopuot a, b u ¢ He komnaanapHot. Tak Kak TPH BeKTOpa
[(a+b) c], [ac] u [bc] opToroHa BHE K BEKTOPY €, TO 3TH TPH BEKTOpPa KOM-
MJIaHAPHbI, @ CTa/0 OLITh (B CHIY TeopeMbl 2.5), auneidno sasucumst. Ho ato
03Hayaer, UTo HAlAYTCs TaAKKe ukcaa A, WH V, xomsa Gol 00HO U3 KOMOPbLX
Heé HYAb, YTO CIPaBeJIHBO PABEHCTBO

Al(a+Db)c]=uplac]+V[bc]. (2.43)

Ocraercs 10KasaTh, UTO A=l H A=V D). Jlokaxem, Hanpumep, uto A= L. s
3TOT0, TOJb3YACh YKe N0KAa3aHHLIM (B M. 3 § 2) pacrpenenuTeNbHBIM CBOH-
CTBOM 3° CKaJIpHOTO NMPOM3BeleHHsl, yMHOXKHM paBeHCTBO (2.43) cKaasipHO
Ha BeKTOp b M ydreMm, 4To cMelllaHHOe npou3BeaeHue [be] b paBHO HyIsO
(B cuay caefeTBUs 3 U3 TeopeMmbl 2.16). B pesyabTate noayuum

Al(a+b)c]b=p[ac]b.

[TocKoMIBKY BEKTOpH @, b ¥ ¢ He KOMIJIaHaPHHI, CMelllaHHOe NPOH3Be/leHHe
[ac] b e pasro Hyato, W IS 10KA3ATE/BCTBA paBeHCTBA A = L docmamot-
HO doKa3ame pageHcmeo cmewarHulx npoussedenuil [(a +b) ¢] bu[ac] b.
PaBenctBO aﬁcomomnmx BEAUYUH YKA3dHHBIX CMELIdHHBIX HpOHSBe,ﬂEHHﬁ
BEITEKAEeT M3 TOTO, YTO (B CHIY TeopeMbl 2.16) 3TH abCoMIOTHBE BeJTHIHHb
paBHbl o0beMaM BYX napaJijiefeNunesioB ¢ PABHOBEAUKUMI OCHOBAHUA-
mu ) (Ha puc. 2.21 9TH paBHOBEIMKHE OCHOBAaHHSI 3aITPUXOBAHBI LITPHUXAMH

1) Tak kak no ycaoBuio xoms 66t 00HO U3 YKAIAHABLY WLCEL OMALLHO OM KYARL, TO, AOKA-
3aB, UTO A = |L=V, Mbl MOKEM MOJeJHTb paBeHcTBO (2.43) Ha uMcI0 A= =V, B pe3yabrare
4ero MoJY4HM CBOHCTBO 3°,

%) OcHoBaHHeM OIHOrO NAPaLIECTHIENA CTYKHT NAPALIET0TPAMM, TOCTPOCHHHI Ha BeK-
Topax a u b, a ipyroro — napaasenorpaMm, nocTpoeHHbIH Ha BekTopax a + b u b. Pasnosenn-
KOCThb YKA3aHHbLIX Napa/lle/lorpaMMOB BbITEKAeT H3 TOro, YTO OHU HMeloT ofllee OCHOBaHKe,
copnanawollee ¢ BeKTopom b, u 06L1y10 BLICOTY, ONYIIEHHYI0 H3 KOHUA BekTopa a + b Ha sex-
Top b.
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Pa3HBIX HAKJIOHOB) U ¢ obuieli solcomoti h, omyleHHOH U3 KOHIIA BEKTOPA C
(puc. 2.21).

PaBeHCTBO 3HQ KO8 YKA3aHHBIX CMELUAHHBIX NPOH3BEJeHHH BbITEKAET U3
onpejeseHUs IPaBoH (JeBOH) TPOUKH C TTIOMOLLBIO Y € J1 0B U 1 3° (eM. 1. 1),
W60 M3 3TOrO YCJAOBHS ') OUEBMAHO, UTO TPOiKH acb u (a+b) cb oanoil
opHeHTalliH. PaBeHCTBO A = |1 I0Ka3aHo.

AHaJorMyHO (MOCpescTBOM YMHOMKeHUS
(2.43) ckanapHO Ha BEKTOP a) J0Ka3blBaeTcs
paBeHcTBO A = V. CBOHCTBO 3° NOJIHOCTLIO 10-
Ka3aHo.

OctaeTtcs f0oKazaTb CBOHCTBO 4° y1-
Bepjalllee, 4YTO BeKMOpHolil Keadpam
A06020 8eKmopa paser HYAr, HO 3T CBOH-
CTBO HENOCPEACTBEHHO BBITEKAET H3 TEOPEMbI
2.13 1 u3 Toro, yto M0GOH BEKTOP a KOJIH- Puc. .21
HeapeH caM ¢ coboH.

3aMmeuanHe. Ob6acsoiictea 2° H 3° GopMyTHPYIOTCS NTPHMEHHTEb-
HOK MTepPBOMY COMHOMHTE/IW BeKTOpHOro npouseenenus. (CBOHCTBO
2° yTBepKIaeT BO3MOKHOCTb COYETAHUSA YHCJIOBOIO MHOMKHUTEJS OL.C I1 € P-
B bl M MHOXHTEJIEM BeKTOPHOrO NMPOM3BEAEHHS, @ CBOHCTBO 3° yTBepKIaeT
BO3MOKHOCTDb pacipeleeHuss OTHOCHTEIbHO CYMMbl BEKTOPOB M€ PBOT O
COMHOXKHTE/ISl BEKTOPHOTO NMPOU3BeeHHS.)

EcTecTBeHHO BO3HHKaeT BOMPOC, CPaBe//IMBbl JIH aHAJOTHUHblE CBON-
CTBA MPHMEHHUTENbHO KO BTOPOMY COMHOKHTEJII0 BEKTOPHOTO MPOH3BEIeHHS,
T.€. MOXHO JIH YTBePKIaThb, UTO

[a(ob)]=a [ab] u [a(b+c)] =[ab]+ [ac]. (2.44)

OxasbiBaeTcsi, cBoHcTBa (2.44) yxe ABASIOTCA CAEACTBUAMHU
cBOHCTB 2° ¥ 3° 1 CBOHCTBA aHTHNEPEeCTAHOBOYHOCTH 1°. B camom neaqe, U3
CBOHCTB 1°, 2° 1 3° BEITEKaeT, 4To

[a (ab)] =—[(ob) a] = -0 [ba] = «[ab]
W aHAJOTHYHO

[a(b+c]=-[(b+c)a] =—{[ba] +[ca]} =[ab] + [ac].

B 3ak/ioueHHe OTMETHM, YTO [I0KAa3aHHble CBOHCTBA MMEIOT (PyHAAMEH-
TaJIbHOE€ 3HAYEHHE. OHH NO3B0AAKOM NPU BEKMOPHOM REPEMHOMEHIU BEK-
MOPHBLY MHOSOHAEHOB BbINOAHAMY 0CllCMBUSL NOYACHHO I NPOU3BOOUMb
couemanue Hicao8ulx MHoxcumenetl (Ho npu amom Heobxodumo aubo co-
XPAHAMb NOPAJOK BEKMOPHBLY MHONCUMEAEL, AUDO NPU USMEHEHUW 3MO-
20 Nopa0Ka MEHAMb 3HAK HA NPOMUEONOAONCHBL!).

B cienyionieM nyHKTe Mbl 6y/ieM CyILIeCTBEHHO HCMO/Ib30BATh 3TH CBOHCTBA.

'} A Taike U3 Toro, uto BEKTOD a + b JIesKMT B OHOM [JIOCKOCTH € BeKTOpaMH a u b, npu-
HEM «MEXKAY HHMH».
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6. Bblpa)KCHHB BEKTOPHOIO NPOH3BEACHHH B I€KAPTOBBIX KOOPp-
IMHATAX.

Teopema 2.17. Ecau dsa sexmopa a u b onpedesenst cgoumu dexkap-
MOBLIMU NPAMOYEOAbHLIMIU KOOPOUHAMAMLL

a={X, Y, Z} b={X),Y, Z,},
mo 86eKmopHoe HPOMSBEOBHME IMUX BEKMOPOB Umeem aud

[l 3anomMuHanus GopMydsl (2.45) yao6HO HCMOIB30BATE CHMBOJ OIpe-
nemutens ') u nepemnucars 3Ty GopmMyJay B BHIe

i j k
labl=| X, ¥, Z | (2.4%)
X, Y, Z,

PackpeiBas onpenennTeb, CTOSMIHA B IPaBoi 4acT (2.45), mo aneMeHTam
epBOH CTPOKH, Mbl MIOJNYYHM pasjoxeHHe Bektopa [ab] mo 6asucy i, j, K,
3KBHBaJIeHTHOE (2.45).
lokasaTteancteo Teopemu 2.17. CocTaBuM U3 TPOHKH Oa-
3MCHBIX BEKTOPOB i, j ¥ K BCe BO3MOXKHBIE Napbl H A8 KaXKI0H U3 nap noj-
CYHMTaeM BEKTOPHOE TPOH3BeJeHHe. YUHUTHIBAsA, YTO Ha3UCHBIe BEKTOPLI B3a-
HMHO OPTOTOHaJbHbI, 00pasyoT NpaBylo TPOHKY H HMEIOT eIHHHUHYIO [JIH-
9:
HY, TIOJYYHM ~)
[ii] =0, [jil=-k, [ki]=j,
lijl=k, [3i1=0, [kjl=-i, (2.46)
ikl =—j, [jkl=1i, [kk]=0.
Janee, npuHumas Bo BHMMaHWe, uTo a=X;i+ Y, j+ Z k,b=X,i+ V,j+
+ Z, k, ¥ onupasch Ha YCTaHOBJEHHYIO B MpeplIyllieM TYHKTe BO3MOXKHOCT
MOYJEHHOr0 BeKTOPHOTO MepeMHOKEeHHS BEKTOPHBIX MHOTOUJIEHOB, MOJYyYHM

[ab] = X, Xy[ii] + X, Yo[ijl + X, Zy[ik] + Y Xyljil + ¥, Yoljil +
+ Y1 Zolik] + Z\ Xol kil + Z, Yol kjl + Z, Z,[ kK].
M3 nocsiennero paBeHcTBa M cOOTHOMWEHHH (2.46) BHITEKAET pasfoxeHHe
[ab]=(FZ— V) 1 421X = Z5X3) £ K Vs~ T K,

IKBHBaJleHTHOe paBeHCTBY (2.45). Teopema noxasana.

') Teopust onipeneuTeseil BTOPOro H TPETHETO NOPSAKOB HAM0KeHa B JLonoHeHHH K r1ape 1,

%) TTpu 3TOM MBI yUHTBIBAEM TAKXKE, UTO BEKTOPHBI KBAAPAT BEKTOPA paBeH HyJ10 (CBOi-
¢TBO 4° U3 11, D), H NPUHUMEEM BO BHHMaHHe, 4T0, [0CKOJbKY Tpoika ijk sisasercs npasoi,
o6e Tpouku j ki u kij siBasioTcs npaBsiMu, a Bee Tpu TPoHKHU jik, ik ju kji — neBoivu (cm.
. 1, popmyas (2.36) u (2.37)).
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Credcmesue. Ecau dsa sexmopaa={X,,Y,, Z,} ub=1{X,, Yy, Z;} koa-
AUHEAPHBL, MO KOOPOUHAMbL UX NPONOPULOHANLHBL, M. L.

X, % 2Z,

3amMeTHM, UTO B 3HaMeHaTe/JsiX MOC/JeJIHHX PABEHCTB MOTYT CTOSATh HYJIH.
Yr10o6bl 060HTH 3TY TPYAHOCTh, Mbl PA3 U HABCET/1a IOTOBOPUMCS BCAKYIO 11PO-
nopumio a/b =c¢/d noHMMaTh B CMbIC/IE paBeHCTBa ad = bc.

ILHH JOKasaTeJabCTBa CAeICTBHA JOCTATOYHO 3dMETHTDL, UTO U3 PABEHCTBA
HYJII0 BEKTOPHOTO NPOU3BeIeHUs H U3 hopMy.Jibl (2.45) BHITEKAIOT paBEHCTBA

YIZQ=YQZI) Z|X2=22X1, XlYQ=X2Y|‘

KOTOpEIE B CHJIY CJIEJAHHOTO BHIIIE 3aMeYaHHs IKBHBAJEHTHHI JI0Ka3bIBae-
MBIM TIPOTMIOPLIHSIM.

7 i Bblpameﬂne CMENIAHHOIO NPOU3BENEHNHA B N€EKAPTOBBIX KOOp-
IHHATaX.

Teopema 2.18. Ecau mpu sexmopa a, b u ¢ onpedeaenol caoumu de-
Kapmosuimu NPAMOY2ONbHOIMU KOOPOUHAMAMU

a= {X], Yl‘ Z|}, b = {Xz, Yﬂz, Zz}, Cc= {X:i, Y:}, 23},

mo CMEeuLaHHoe rzpousaedeuue abc pasHaemca onpedeﬁume.fuo, CMpPoKu
KOMmMopoeco COOmBsemcCemaeeHH0 PABHbL f{oopdumrna,n NEPEMHONAEMbLY BEK-
mopos, m.e.

Xl yl Zl
[abe]=|X, V¥, Z,]|. (2.47)
X3 YS ZS

lokaszaTteabcTso. Tak Kak cMellaHHOe NpoM3BeaeHHe abe paBHO
CKa/ISIPHOMY NPOH3BeIeHHI0 BEeKTOPOB [ab] M ¢ ¥ MOCKOJbKY KOOPAHHATHI
BeKTOpa [ab] onpenensitoTes GopmyJaoi (2.45), a KOOPAHHATE € PaBHH
{X;, Y3, Z3}, 10 B cuJy BRIpakeHHs (2.33) A8 CKaJSPHOTO MPOH3BEICHHS
BEKTOPOB B KOOPAHHATAX MOJYYHM

abc = X&(Y|ZQ = YQZ]) + Y3 (XQZ] = X|22) + 23 ('Xl Y2 = XQYI)-
Ecau Bocnonb3oBatbes BblpazKeHHeM i OllpeleJIMTeNd BTOPOro nopsau-

Ka W CHMBOJIOM TAKOro olipeiejuTesd, TO [10Cje/iHee BbipaXKeHHe MOXKHO
nepennucaTsb B BHIIE

Yooz
YQ ZQ

Xl ZI
X &

X, %

abc = X,
X K

= 5 _ (2.48)
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Dopmyaiel (2.47) u (2.48) 3KBUBAJIEHTHBI, KOO NPH PA3JIOKEHHH OTIPeIeH-
TeJisl, CTOSILLEro B MpaBol yacTu (2.47), no TpeTbel CTPOKe NMOJY4aeTCs Bbl-
pakeHHe, cTosiee B npaBoil yacTH (2.48) '). Teopema nokasana.

Caedcmeue. Heobxodumoim u docmamouHoim YCAOBUEM KOMAAAHAP-
nocmu mpex sekmopos a={X,, Y, Z,}, b={Xo, Yo, Zo} uc={Xs, Y3, Z5}
ABAAEMCA PABEHCMBO HYAI0 onpedeaumens, CmpoKamy KOmopo2o CAy-
JHeam KooOpOUHAmbL 3MUX BEKMOPO8, M.€. PABEHCMBO

X h £
X ¥ Z|=0
Xy ¥y Zy

B camom jese, 10CTaTOYHO NpHBJeYb C/AeJCTBHe 2 U3 TeopeMbl 2.16 H
BOCMOJb30BaThCA (Gopmyaoh (2.47).

8. /IBoiiHOe BeKTOpHOE npou3Beaenue. [IycThb 1aHbl TPH TPOU3BOJIb-
HLIX BeKTopa a, b u ¢. Ecau sexmop b sekmopro ymHoxcaemcs Ha 8eK-
mop ¢, a BeKMOop a maxkme 8eKNMOPHO YMHONCACMCA HA BEKMOPHOE NPo-
ussederue [bel, mo noayuaioujuiics npu amom sexmop [a [bel] nasvisaem-
CAO0BOUHBLM BEKMOPHLIM NpoOU3BedeHUeM.

Teopema 2.19. Jlas awboix sexmopos a, b u ¢ cnpasediusa gopmyaa®)

[a [bc]] = b (ac) — ¢ (ab). (2.49)

JlokazaTteancrTBso.Paccmotrpum oTaenbHoaBa cJayyad: l)Bek-
Topul b M € KoaauHeapHol; 2) BeKTOPE b H € He KoarureapHol.

B nepeoM cayuyae 0603HAYUM Uepe3 €, OPT BEKTOpa € U yuTeM, UTO
c=|c| ¢y b==%|b| - ¢y rae 3Hak mmoc Gepercst s cayuasi, KOTIa BEKTO-
pel b ¥ ¢ OIMHAKOBO HANPABJIEHB, 4 3HAK MUHYC — JJIs ¢Jydast, korna b u ¢
MPOTHUBOMOJNOKHO HanpasaeHbl. C noMoliblo 3THX GopMya aas ¢ U b nosy-
yuM, uTo b(ac) — ¢ (ab) =07, r.e. npasas yacTb (2.49) pasHa Hyno. Ho u sieas
yacTh (2.49) paBHA HYM0, OO BEKTOpPHOe Mpou3BeneHue [be] pByx koumH-
HeapHBIX BEKTOPOR paBHO HyJ10. JLast mepeoro cayuas TeopemMa 10Ka3aHa.

[Tepexoaum K J0Ka3aTe/NLCTBY TEOPEMBI /1 CJay4asi, Korga BeKTopel b
H ¢ He KonduHeaprol. Tak Kak BekTop [a [bc] | opToronanen sexropy [bc],
a TIoCJeIHHH OpPTOroHaJeH MJIOCKOCTH, OnpeaeasieMol BeKktropamu b u ¢, To
BeKTOpH! [a [be]], b v ¢ komnaanaprol, a nosTomy (B cHay caeacteus | U3
TeopeMbl 2.5) BeKTOp [a [bc]] MOXKHO pasnoxKHTh N0 ABYM HEKOJJIMHeapHLIM

D Cwm. dopmyay (J11.16) ua n. 5 Jlonoanenus x raase 1.

?) Jlns sanomuHakus 3Tof thopmyJibl yaoGHO cleyiollee 1 p a B U o: dBoliHoe 8eKmop-
HOE npoussedene pagro cpednemy BEKmMoply, YMHOMERHOMY HA CKAAAPHOE Npoussederue
dBYX OCMANLRBLY, MUHYC OPY2OL BEKMOP EHYMPEHHLSO NPOUIBETCHUN, YMHONEHHBLE Ha
CcKaASPHOE NPouzsedenue 08YX OCMAAbHbLX. ITO NPABHIIO FOAWTCS U LIS Cyuast, KOT/aa BHYT-
peHHEE BEKTOPHOE MPOH3BEACHHE OTHOCHTCS K NEPBLIM ABYM BEKTOPAM: € €r0 MOMOLLLIO M0y~
yaeTcs caenyioiias Gpopmyaa [[ab] ¢]=b (ac)— a (be), apaswowascs caencteuem (2.49).

*) B camom nede, 3/IeMEHTAPHBIH N0JICUeT N0Ka3biBaer, uTo Kak b (ac), tak u ¢ (ab) paegro
£|b|- |e|- (acg) - e



§ 3] BEKTOPHOE H CMEWIAHHOE TNMPOM3BEIEHHWA BEKTOPOB 75

BeKTOpaM b u ¢ Kak no 6asucy, T.e. HARAYTCH BELLeCTBEHHbIe YHcaa O H B
TaKue, uTo
[a [be]] = ab + Bc. (2.50)

Ocraetcs 10Ka3aTh, 4To O.= ac, B =-ab. [lokaxem, HampuMep, 4TO O = ac.
Bocnoabayemest Teopemoii 2.15. Jlnsi atoro 0603HauuM OYKBOH T MJIOCKOCTh,
onpesiesieMyio BeKTopaMu b i ¢, 6yKBOH € — e IHHHYHBIH BEKTOP, JeXKAalIHH
B TU M OPTOrOHA/bHBIH K €, OYKBOH g — eIMHUUHBII BEKTOP, OPTOrOHA/BHBIN
MJOCKOCTH T M TaKOH, 4TO TpoHKa ecg siBasercs npasoH. [To teopeme 2.15

[be]=np,b- [c| - g (2.51)

Ecau ¢g — opT BekTOpa ¢, TO Nnpasasa TPoiKa ecyg odpasyeT dexapmos
npamoyeoivrull 6asuc. PaznoxuM BEKTOp a 1o 3ToOMy 0asucy, YUHTLIBaS,
YTO KOOPAMHATH PABHbI POEKLUSIM BeKTOpa a Ha Oa3HUCHbIe BEKTOPHL:

a=e-np,a+cy-np.a+g-mp,a. (2.52)

YmHoxast BeKTOpHO (2.52) Ha (2.51) u yuuThIBas, UTO [eg] =—cq, [cog] = e,
[gg] =0 (cpaBuute ¢ dopmynamu (2.46)), nomryanm

[a[bc]]=—cy-np,a-np,b- lc| +e- np.a-np,b- lc]. (2.53)
Cpaenueas dopmyJsl (2.50) u (2.53), Gynem umMeThb

ob+Bc=—c,-np,a-np,b-|c|+e-np.,a-np,b- |c|. (2.54)

OcTaeTcsl YMHOXKHUTB 066 yacTH (2.54) cKalsipHO HA € W y4ecTb, 4TO
be =1p, b, cpe =0, ee = 1. OKoHYATEIBHO TTONYYHM

o-np,b=np,a-np,b-|c| wm o=|c|-np,a=ac

Jlnst nokasaTeqsCcTBa paBeHcTBa 3 =—ab cenyeT B MPOBeIEHHBIX PACCy kK-
JEHHSIX TTOMEHATh POJISIMH BEKTOpPLI ¢ U b 1 yuecTs, uto [a [cb] =—[a [bc]].
Teopema nokaszana.

3ameqanue. Jagnm apyroe 1oKazaTenscTso Teopemsl 2.19, ocHoBaHHOE Ha CrieHAb-
HOM Bhlﬁﬂpe ﬂEKBpT()BOﬁ l'lpﬂl\"l()y]'ﬂ.ﬂb}l(}l‘"l CHCTEMBbI H HA HENMOCPEACTBEHHOM TMpocyeTe B KOOP-
JMHATAX BCEX BBIPAXKEHHH, yuacTBYIOWKX B (opmyJe (2.49). Hanpasum ock Oz B10/1b BEKTO-
pa ¢, a ock Oy Bo3bMEM B IJI0CKOCTH BeKTopoB b u ¢. Torza sekroper a, b 1 ¢ 6yayT UMeTh
CJIeAYIOLIHE KOOPAHHATL:

a={X.Y,Z}, b={0,Y", Z}, ¢={0,0,Z"}.

[Mpumensisi hopmyay Assi BeKTOpHOTO npouasenerus (2.45), 6ynem umets [be] = {Y'Z", 0, 0},
a 0TcHaa 1o ToH xe gopmyae (2.45)

[a[be]]={0, ZY'Z", -YY'Z"}. (2.55)

Jlanee, oueBnano, uto (ac)=ZZ", (ab)=YY' '+ ZZ’, a nostomy
b(ac)={0,Y'ZZ" Z'ZZ"}. (2.56)
c(ab)=1{0,0, YY'Z"+ ZZ'Z"}. (2.57)

W3 conocrasienus paseHcTs (2.55), (2.56) u (2.57) suitekaer dopmy.a (2.49).



[JTABA 3

ITPEOBPA3OBAHHE NEKAPTOBbBIX
NMPAMOYTIOJIbHBIX KOOPIIUHAT
HA IIJIOCKOCTH H B ITIPOCTPAHCTBE

B 3710ii raBe ycTaHaBAMBAIOTCS (POPMYJIbL, IO KOTOPBIM MPeodpasyioTes
KOOPAHHATH! TPOM3BOJBHOH TOUKH IVIOCKOCTH (HJIH COOTBETCTBEHHO MPO-
CTPAHCTBA) NPH NEpexo/ie OT OAHOH NeKapTOBOH NPAMOYTOJBHOH CHCTEMbBI K
MPOM3BONBHON APYroi AeKapTOBOi NPsIMOYroJLHOH CHCTEME.

Mbl 10Ka3bIBaEM, YTO KOOPAMHATHI TTPOU3BOJBHON TOUKH OTHOCHTENBHO
NepBOH CUCTEMBl SIBJASIOTCS AUHEUHbIMI QYHKYUAMI KOODIHHAT TOH XKe
TOYKH M OTHOCHTE/ILHO BTOPOH CHCTEMBI.

[TonyTHO MBI yCTAHABJHBAEM, YTO €CJIM IBE JE€KaPTOBBI MPAMOYTOJbHbIE
CHCTEMBI Ha TUIOCKOCTH T (B IPOCTPAHCTBE) 00pA30BaHbl NAapaMH (TPOHKAMH)
OIHOH OPHUEHTALIHH, TO OJHA W3 ITHX CHCTEM MOMKEeT OBITh COBMEIeHa ¢ Ipy-
rofl MOCPe[CTBOM Mapaslie/IbHOro MepeHoca | Ioc/eayIoero NoBopora Ha
HEKOTOPBIE YTOJ () B JIOCKOCTH T (BOKPYT HEKOTOPOH OCH B NPOCTPAHCTBE).

§ 1. IIpeobpa3oBaHue NeKapTOBBIX MPAMOYIOJbHBIX KOOPIAMHAT
HA MJI0CKOCTH

[TycTh Ha MIOCKOCTH Tt 3a/1aHbl [1BE MPOM3BO/bHbIE IEKAPTOBbI MPAMOYTO/Ib-
HBle CHCTEeMbI KOODMHAT: 1 € P B a 1, onpejessiemas HauagoM O U 6a3ucHbIMH
BEKTOpaMH i H j, ¥ BT 0 p a 4, ONpefenseMas Haua-
JoM O’ 1 6a3HCHBIMH BekTopamu i 1 j” (puc. 3.1).

[TocTaBum nepes oGO 1e/b — BbIPa3HTh KOOP-
IMHATHL X U I IPOU3BOJILHON TOUKH M MJIOCKOCTH T
OTHOCHTENBHO e PB O i CHCTEMBl KOODIMHAT Ye-
pes3 KoopAMHATHL X" ¥ I 970l ke Toukn M oTHOCH-
TEJLHO BTO P OH CHCTEMBl KOOPAHHAT.

3aMeTHM, YTO KOOPAHHATHL X H Y COBMANAIOT C

Puc. 3.1 KOOpAHHATaMH Bektropa OM B pa3ioKeHHH ero mno
6a3ucy ij, a KOOpAMHATBI X “ My’ COBNAAIOT C KOOpAHHATAMH BeKTOpa O'M
B pas/ioeHHH ero no Gasucy i’j’, T.e.

OM =xi+yj, (3.1)

O’M=x'i'+y'j'. (32)
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Ecan o603HaunTh yepes a ¥ b KOOpAHHATH Hauata O’ BTOPOH CHCTEMBI OT-
HOCHTEJNbHO MepBOH CHCTEMBI, TO

00’ =ai+bj. (3.3)

Tak kax n10601 BEKTOP HA MJIOCKOCTH T MOMKHO Pa3JIOKUTh 110 6a3ucy ij,
TO HAHLYTCH YHC/IA Oy, Olja, Oly; U Olpy TAKHE, UTO

i'=0‘.|;i+(x|2j, j'=u2]i+(122j. (34)
B cuuy npaBu/a TPeyroJbHHKA CJI0XKEHHs] BEKTOPOB (CM. puc. 3.1)
OM =00"+0'M. (3.5)

Berasisis B mpaBylo uacth (3.2) 3nauenus i’ u §’, onpejiengemole (hopMyIaMu
(3.4), u mocJie 3Toro noacTaeanAd B (3.5) sHauenus OM, O’M u QO’, onpe-
pensiemble popmynamu (3.1), (3.2) u (3.3), U rpynnUpys caaraemMble OTHOCH-
TEJBHO 1 H J, MOJIYYHM

Xi+yj = (a+0(.“x'+0tmy')i+(b+(112x'+ O(QQHI)]' (36)

B cusly elMHCTBEHHOCTH Pa3/ioXKeHHsl BEKTopa Mo 0a3Mcy H3 paBeHCTBA
(3.6) noayuum HcKoMble popmyisl npeobpasosanusi KOOPOUHAM:

x=a+0t”x'+(12|y’-

MEl TpUXOAHM K CJeyI0lleMy 3aMeyaTe/JbHOMY BEIBOLY: KAKOBbL Obl HU
boLau dge npoussonvusle 0eKapmogol CUCMEMbL HA NAOCKOCMIL T, KOOPIH-
HaThl JI060H TOYKH MJIOCKOCTH T OMHOCUMEALHO Nepsoll cucmemol A8A50-
omca AUHEeURb MU QYHKYUAMU KOOPOUHGM MOU He MOouKu
OMHOCUMENLHO BMOPOLL CUCMEMbL.

YCTaHOBMB 3TOT (DYHAAMEHTaAbHbIH anredpanyeckKui (akr, nepergem K
reoMeTpPHYeCKOH HHTepIpeTalyH MoJydeHHBIX (popmy. [ 2Toro 10roso-
pHMcst 0003HaYaTh cHMBOJIOM cos (ab ) KocHHYyC yria Mexiy BeKTopaMH a
u b. TTomHoxkada Kax/aoe U3 paBeHCTB (3.4) CKalspHO CHAya/la Ha i, a 3aTeM
Ha j ¥ yuuThiBas, 4yto ii =1, jj=1, ij =0, noayuum .

0£“=COS(i7i), C‘.]Q:COS(i’j), (3 8)

oy =cos (1), 0y =cos ().

Bynem cyuiecTBeHHO pasnHuaTth caejylouiue aBa cayuas: 1) caydan, koraa
fa3ucHbIe BEKTOPL! HANPAB/AEHH TAK, YTO 002 KpaTUaiIuxX MoBOpPOTa OT i K j

') BoaMOKHOCTE CrpyNNHPOBATE CJIAraeMbIe OTHOCHTENBHO i U | BEITEKAET H3 CBOHCTB -
HEHHBIX onepauri Haj BekTopamy (em. 1. 2 § | . 2).

?) YuuTiBaeM TakikKe, 4TO CKalsipHOE POH3BEICHHE ABYX eIHHHUHLIX BEKTOPOB DABHO
KOCHHYCY YI/1a MKy HHMH.
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oT i’ K j’ coBepuiaioTcs B OJIHOM HanpapaeHHH (1160 06a 1o 4acoBOH CTpel-
Ke, 1i60 06a NPOTHB YaCOBOH CTPeJIKH); 2) caydai, Korja 6asHcHble BEKTO-
pBI HANpABJAEHB! TAK, UTO KPAaTUaHIIHe NOBOPOTH OT i K j U 0T i” K j’ coBep-
LIAI0TCS B MPOTHBOIMNOJONKHBIX HAMpPaB/JIeHHSX.

B ofoux caydasix 0603HaUHM Yepes ¢ yroJ Mexay 0a3HCHBIMH BeKTOpa-
MH i M 17, OTCUMTHIBAEMbIH B HalPABJEHHH, OTBEYAIOLIEM KpaTuahiiemy ro-
BopoTy 0T i K j. Torja o, = cos .

B nepBom cayuae yronm Mexay 6asHCHLIMH BEKTOpaMH j U j’ Takike
paBeH @, W [OITOMY Nep8as cucmema Koopounam moscem Goimeb cosme-
ujena co 8mopoii nocpedcmeom napalleibHozo rne-
peroca sdoas sexmopa OO’ u nocaedyoujezo no-
B0OPOMA 8 NAOCKOCMU T BOKPYE HAYAAL HA Y204 @
(3TOT Cayuan uzobpaxken Ha puc. 3.1).

Bo BTopomM cayuyae yroa mexiay 6asHCHBIMH
BEKTOPaMH j U j’ paBeH T — @ U Nepsyio cucmemy Ko-
OpOUHAM HeBO3MONCHO COBMECMUMb CO BMOPOL NO-
cpedcmaom NapaiieavHo2o neperoca i nosopoma,

Pue. 3.2 He 8b1800We20 u3 nAockocmi T (HYXHO ellle H3Me-
HUTb HANpPAaBJeHHe OCH OPAHHAT HA NPOTHBOMOJOXKHOE WJH, YTO TO XKe ca-
Moe, B35Th H300paKeHHe MJIOCKOCTH T B MJI0CKOM 3epkasne. Bropoil cayyan
n300paxeH Ha puc. 3.2).

[Tonbsysick dopmynamu (3.8), nogcuutaem aasd o6oux caydaes Koaddu-
HHEHTH Oy, Oljg, Olyj H Oloy ).

B mepBoM cayuae NOJYUHM: O =COS @, Ogy=COS P, Oy=

y

= cos(%—-q)):sin(p, Olyy = cos(g+(p)=—5in(p.

Bo BTopoM cayyae OMyunuM: O = €OS @, Olgy = COS (T — Q) == —C0S @,

0o = COS (g—(p) =sing@, Oy = cos (g—(p) =sing.

Takum oGpasom, B mepBoM caydyae GopmMyJisl peodpasoBaHUs Koop-
IHUHAT (3.7) IPUHUMAIOT BHJ

x=a+x'cosQ—y'sing, y=b+x'sin@+y’cosq. (3.9

Bo BTopowm cay4ae cooTBeTCTBYIOUIHE (OPMYJIB Ipeo0pasoBaHus
NPUHUMAIOT BHIL

x=a+x'cos@+y’sing, y=b+x'sing-y’'cosp. (3.10)

Ecau mol npumem 002080PEHHOCHYL PACCMAMPUBATML MOALKO MAKUeE
cucmemvl KOOPOUHAm, i KOMOPLLX KPAmuQliul nosopom om nepeoeo

') Bce yraibi 0TCUHTHIBAIOTCA B HATPABJCHHH, OTBEUAIONIEM KpPAaTdaiiiieMy ToBOPOTY OT i K j.
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basucHoeo 8eKmopa Ko 8MopoMYy NPOUCXODUM NPOMUE HACOBOL Cmpen-
Ku (6yneM HasblBATb TAKME CHCTEMbl npasvimiu), TO BTOPOH ciayuah 6ynert
UCKIIOUeH U 1t06oe npeobpaszosarue koopdunam 6ydem onpedeisimocs
gopmyramu (3.9).

[Tpuxonum K BbIBOAY, UTO, KaKkoBul Obl v Obiaw dse npagoie cucmemol
koopdunam Oxy u O’x"y’, nepsas us nux moxcem GoLmb COBMEULHA CO
s8mopoil nocpedcmsom napairenrvnoeo nepenoca 8doas sexkmopa 00" u
nocaedyioweeo NOBOPOMA BOKPYE HAYAAA HA HEKOMOPbLLIL Yeor §.

Paaperinas ypasHenus (3.9) oTHocHTes bHO X H ', MoJyuuM o0paTHbIe
(hopMYyJIEl, BBIpAKAIOUIHE KOOPAMHATH X' ¥y 060 TOUKH M OTHOCHTE/Ib-
HO BTOPOIi CHCTEMEI Uepe3 KOOPAHHATE ee OTHOCHTE/IBHO e PBOi CHCTeMbI '):

x'=(x—a)cos@+(y—b)sing,

y' =—(x—a)sing+(y—b)cose. @10

O6uee npeobpas3oBanue KoopauHat (3.9) pacnagaercst Ha CyMMY ABYX
npeoGpa3oBaHKii, OHO H3 KOTOPBIX OTBEYAET TOJBKO MapaJie bHOMY nepe-
HOCY CHCTEMBI, a IPyroe — TOJbKO MOBOPOTY CHCTEMBI BOKPYT Hauaga Ha
YToa .

B camom neJie, noJiaras B popmyiiax (3.9) yroJ noBopota @ paBHbIM HYJIIO,
MONYYHUM POpMYAbL NPeOBPA308AHUS. KOOPOURAM NPU NAPAALEALHOM ne-
peroce cucmemst 8doaw sekmopa 00" ={a, b}:

x=a+x’, y=b+y’. (3.12)

[Tonaras B Tex xe dopmyaax (3.9) koopauuatel @ u b Bektopa OQ’ pas-
HBIMH HYJII0, TIOJIYYHM opmyisl npeobpasosanus KoopaurHam npu nogo-
pome cucmemol BOKpYe HAYAAQ HA Yeoa ¢ (B HAMPAB/JIEHHH MPOTHB Haco-
BOW CTPEJIKH)

x=x"cos@—y’'sing, y=x"sin@+y cose. (3.13)

§ 2. IIpeoOpa3oBaHHe NeKapTOBBIX IPAMOYTOJbHBIX KOOPAHHAT
B NPOCTPAHCTBE

1. O6wue popmyasl npeodpazoBanus. [lycts B npocTpaHcTBe 3aja-
Hbl JIB€ MPOHU3BOJbHbIE AeKAPTOBbI NPAMOYIOJibHbIE CHCTEMbBl KOOPAHUHAT:
M e pB as, onpefensiemasi Hadajom O u 6azucHeIMH BeKkTopamuijk, u B T 0-
p a 1, onpenensemas HauaaoM O’ u Ga3ucHbIMH BekTopamu ij 'k’

[ToctaBuMm nepen cobo Le/b — BbIPa3UTb KOOPAHHATBL X, i U 2 IPOU3-
BOJIbHOH TOUKH M OTHOCHTEJILHO MePBOit CHCTEMbI Hepes KoOpAHHAaThl X7, i |
2" 5TOH ke TOYKH M OTHOCHTEJNBLHO BTOPOH CHCTEMBL.

') Tak kax onpegenntens cuctemsl (3.9) paBeH eMHULE, TO 3TY CHCTEMY MOMHO paspe-
LIHTh OTHOCHTENBLHO X" W .
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3aMeTHM, YTO KOOPAHHATH X, i/, 2 COBMANAIOT C KOOPIMHATAMH BEKTOpA
OM B paznoxenud ero no 6asucy i j k, 1 KoopauHatel x’, y”, 2’ coBnagaior
¢ KoopauHaTamu BekTopa O’M B pasnoxenuu ero no 6asucy i’j’k’, T.e.

OM=xi+yj+zk, (3.14)

OM=x"i"+y'j’ +2'k". (3.15)

Ecnu 0603HauuTh Yepes a, & U ¢ KOopaAHHATH Hayasa O’ BTOPOH CHCTEMB
OTHOCHTEJ/IbHO MePBOH CHCTEMBI, TO

00’ =ai+bj+ck. (3.16)
Tax kak 11060l BEKTOp MOKHO pasioxuTh o G6asucy ijk, To HalayTCs ne-
BATb unces oy, (1 =1, 2, 3; m=1, 2, 3) rakux, uro
i'=oyi+oyj+opk, j7=00+ 0+ ok,
k' =00+ 0o j + O3k . (3.17)
B cuaty npaBusia TpeyroJibHHKa CI0KEHHsI BEKTOPOB
OM = 00"+ O’ M. (3.18)

Beraenss B npaByto uactb (3.15) snauenus i’, j° u k', onpepensieMble
thopmysamu (3.17), 1 nocae 3Toro nofactasadq B (3.18) sHauenua OM,
O'M u 00", onpepensiemble hopmynamu (3.14), (3.15) u (3.16), u rpyn-
MUPYs cjaaraemMble OTHOCHTEJBHO i, § U K, nojyunm

xi+yj+tzk=(a+o; x +09y +05,2)i+
+ (b + Olmx "+ U.Qa/]y "+ Ot322 ’)j + (C + amx "+ 03231'4' "+ 0!332 ’) k. (3 1 9)

B cusly elHHCTBEHHOCTH Pa3/IoKeHHs BeKTopa no (6a3ucy M3 paBeHCTBa

(3.19) nonyurm HCKOMBIE Popmyabt nPeobpa3o8aHiLs KoopouHam:
X=a+0 X" + 0y + 04,2,
y=b+a12x’+a22y’+0€322’, (320)
Z=C+03x  + Oggy + 0g32”.

Hrak, nokasano caenymollee QyHIaMeHTaNbHOE YTBEpPKIEHHE: KAKOBbL
6ol HU GoLau dse NPou3BoLbHble JeKapmossl NPAMOYEONbHbIE CUCMEMbL
KoopOuHam, KoopouHamel X, i U 2 410600 MOUKL NPOCMPAHCMBA OMHO-
CUMENbHO NEePBOLL CLLCMeMbL SBASIOMCS AUHEUHbIML PYRKLUIMU KOOPAUL-
Ham X', y’ 1 2’ moil de MouKy OMHOCUMEALHO BMOPOLL CLLCMEMBL.

YMHOKas Kax/oe U3 paBeHCTB (3.17) ckanspHo cHavyasa Ha i, a 3aTeM Ha
i ¥ Ha Kk, mosy4um cjieflyiouiye BelpaxKeH|s 115l UUCe O,

oy =cos (ii), op=cos (iJ), o;3=cos (ik),
7 7 7
Op;=cos (i), oOg=cos (JJ), oOgy=cos (jk),

Ol3; = COS (l?i)| 0Ol3p = COS (Ei). 0Ol33 = COS (ETk ).
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2. BoisicHeHHE TeOMeTPHYECKOT 0 CMbIcJa. YIibl Jinepa. YsacHUM
reoMeTpuUuecKHi cMelca opmya npeodpazosanuda (3.20). ns Beiuuce-
HUSI YHCEJT Oy, U UX TEOMETPHYECKOr0 3HaUeHHsl Mpej-

MOJOXKHM, 4YTO MepBast ¥ BTOPasi CUCTEMbl UMerom 2’ . #

obwee nawaro (t.e. a=b=c=0).
Panu onpenenenHocTtu Oynem c4uTaTh, yTo 00e ‘

cucteMel Oxyz v Ox’y’z’ ABAATCS MP a B bl M H. » ¥
BBejieM B pacCMOTpeHHE TPH YIJIa, OJHOCTHIO Xa-

4
paKTepU3yIOLlHe pacnooxKeHHe ocel BTOpoi CHCTe- Y ﬁ
Mbl OTHOCHTEJbHO NepBoi. OB03HAUMM Uepes3 & oCb, U ;
COBNAJAILYI0 ¢ THHHEH repecevyeHUs KOOpPIHHAT-
HOH nyockocTH Oxy NepBOH CHCTEMBI ¢ KOOPAHHAT-
HOH mIocKocThlo Ox’y’ BTOPOH CHCTEMBI H HAMpaBJeHHYI TaK, YTO TPH
Hanpasjenus Oz, Oz’ U 4 06pasyoT NpaByk TPOHKY pHc. 3.3).

[TycTs Tenepb  — yros Mexkay ocaMu Ox U &, OTCUUTHIBAEMbIi B TJ10C-
koctH Oxy ot oc Ox B HanpaBjaeHHH KpaTdakiero nosopota ot Ox k Oy,
6 — He npeBocxoaAmHKE T yroa Mexay ocsaiMu Oz u Oz’ M, HaKoHell, ¢ —
yros Mexay ocsiMu 4 1 Ox, OTCUHTBIBAeMBIH B TIocKocTH Ox 'y’ 0T oCH 4 B
HanpaBJeHUW KpaTyaiilero nosopora ot Ox” k Oy’

Tpu yraa @, ¥ u 0 HaswiBawoTes yesamu Jisepa ). OuernaHo, no mpem
yeaam Jirepa u no Hanpasienusm ocell Ox, Oy u Oz 0dHo3Ha4HO onpe-
deasiiomes wanpagaenus oceil Ox’, Oy’ u Oz’,

Ecaiu 3ananel TpH yraa didnepa, To npeofpasoBaHKe NMepBOH CHCTEMB
Oxyz Bo BTOpyMo cuctemy Ox 'y 'z’ MOXKHO MpeICTAaBHTDL B BH/E MOCJIeI0Ba-
TEeJbHOTO MPOBeAEHHS CJAEeAYIOIHX TPEX NOBOPOTOB:

1) noBopora cucreMbl Oxyz Ha yroa ¥ BOKpYr ocH Oz, MepeBojsiiLero
3Ty cucteMy B cuctemy Ox y,2, (puc. 3.4);

2) noeopota cuctembl Ox, 1,2, Ha yroa 0 Bokpyr ocu Ox,, epeBOJAILETO
3Ty cHcTeMy B cuereMy Oxyyo2y (puc. 3.5);

3) nosopoTa cHcteMbl OX,Ys2y Ha YTOT @ BOKpYr ocH Oz, = Oz”, nepeso-
gsitiero 3Ty cuctemy B cuetemy Ox “y "z’ (puc. 3.6).

2(2))

Puc. 3.3

2(2)

x,(u)

Puc. 3.4 Puc. 3.5 Puc. 3.6

x,(x,) »

Kablii H3 yKa3aHHBIX TPeX MOBOPOTOB MPOU3BOLUTCH 8 O0HOI U3 KO-
opdunammubly naockocmeli cooTBeTcTBYyoWeH cuctemel. [lostomy mis

') Neonapn Ditnep (1707-1783) — seaukwii MaTeMaThk, wien [Terep6yprekoit Axaze-
MHH HayK, G0JbLIYIO YACTh AKH3HK NPpoBes B POCCHH, 10 MPOHCXO0MACHHIO WIBEHLAPeLL,
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COOTBETCTBYIOLLIHX KOOPAMHAT IPH KAMKI0M TAKOM N0BOpoTE OyayT cripaBes-
JuBbl popmyael Buaa (3.13) (em. § 1).

ITO MO3BOJSIET HANKUCATh CJAEAYIOLIHe (OPMYIbL:

1) nnst nepsoro nNoBopoTa

X=Xx,Co8y — y siny, y=x,siny + y,cosy, z=2; (3.21)
2) 171 BTOpOTO TIOBOPOTA
Xy =Xg, Y =YaC080 — 25sin0, 2, =y,sin0 + 29c050;  (3.22)
3) aas TpeThero NoBopoTa
Xo=x'cos@—y’sing, yo=x"sin@+y'cos, z,=2". (3.23)
Bhocs (3.23) B (3.22), a 3atem (3.22) B (3.21), noayuum
x=(x"cos — y’sing)cosy —
—[(x"sin@+y cos@)cosB — z"sin B] siny,
y=(x"cos@ -y sin@)siny +
+[(x’sin@+y cos@)cos® — z'sinB)cosy,  (3.24)
z=(x"sinQ + y cos@)sin® + z"cos 0.

CpasnuBas dopmy.bl (3.24) ¢ popmyaamu (3.20) (npu a=b==c=0),
OKOHYATe/IbHO MOJNYYHM BbIpaXKeHHS /IS HHCeJ 0, Yepe3 Yriibl Diaepa:

O ;= COS Y cos @ — siny cos O sin @,
Ol = Sin Y cos ¢ + cos y cos B sin @,
0,3 =sin 0 sin @,
Oy, ==—COs Y sin @ — sin Yy cos 6 cos @,
Oy = —sin y sin @ + cos y cos O cos @, (3.25)
Oy =sin O cos @,
03 =siny sin O,
O30 =—COS Y sin 6,
O35 = €0s 6.

Jlnst BeIBOs@ (hopMyJT (3.25) MBI HCITOJIB30BAJM IOTYIIEHHE, YTO 00e CHC-
TeMbl HMeloT oblllee Hadaso. Pasymeercs, 0TKa3 OT 3TOr0 JOMYLIEHHS He
M3MeHHT BHa GopmyJ (3.25), G0 HH HAMpaB/eHHe OCeld KOOPAMHAT, HU Be-
JMYHHA YIJ10B Si’mepa He 3aBUCAT OT TOro, rjge Eb16paHO Ha4aJo HEpBOﬁ H
BTOPOH CHCTEM.

Camoe obuee npeobpasosarue Koopdunam npedcmasasem cobol cy-
nepnosuyuto (nociedosamenvroe NPosedenue) napalieasHozo nepero-
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ca u mpex npoussoouMblY 8 COOMBEMCMBYIOULLX KOOPOUHAMHLLX NAOC-
Kocmax nosopomos u onpedeasemca gopmyranu (3.20), 8 komopoix (npu
YcaosuL, ¥mo obe cucmemol ABASHOMCL NPABLIMIL) UUCAQ Oy, BLIPAHAION-
ca uepes yeawl Jiaepa no popmyaam (3.25).

Dopmyibl, aHasoruunsie (3.25), MOryT ObITh MOJYUYEHBl W 15 Caydasi,
korfa cuctemul Oxyz v O’x 'y 2’ mubo obe ABIAOTCA JEBLIMH, MO0 HMEIOT
Pa3sHyl0 OPHEHTALHUIO.

3ameuanue. Ecaim Oxyz u O'x’y’2” — 11Be NPOH3BOMbHbIE MPaBbIe
[€KapTOBbl MPAMOYTOJbHbIE CHCTEMbl B [IPOCTPAHCTBE, TO NepBasi U3 HHUX
MOKeT OBITh COBMEIIEHa CO BTOPOH MOCPEACTBOM MapaslieJbHOTO MepeHoca,
COBMELIAIOIIero X Haya/la, i 0 LAHOT O [OBOPOTa BOKPYT HEKOTOPOH OCH
B NIPOCTPaHCTBE.

Jl1g HaxoxIeHHUs YKAa3aHHOH OCH, BO-TIEPBBIX, YUTEM, YTO OHA MPOXOAHT
yepe3 oblee Havaso O COBMELIEHHBIX OCPEICTBOM Mapa/lieabHOrO epeHo-
ca cHcTeM (MO0 3TO HAYAMO OCTAETCST HEMOABHXKHLIM MPH MOBOPOTE), H, BO-BTO-
PBIX, 3aMeThM, 4To ecad O’M’ — TPOM3BOJBHBIN BEKTOp, JeXKalllii Ha HCKO-
MOH OCH BpallleHHs, TO KOOPAHHATH TOUKH M’ He H3MeHSIOTCS NIPH [OBOpPOTE.

Orciofia BHITEKAET, 4TO I/ HaXO0MIeHHs KoopauHat x*, y* u 2’ Touku M’
B cucteMe O'x’y’2’ cnenyer B cucreme (3.20) (B3atoit npu a=b=c=0)
NONOXUTE X =x, y =y’, z=2". IT0 NpUBEJET HAC K CJeAYIOUEeH OIHOPOI-
HOH CHCTeMe TPeX YpaBHeHHH ¢ TpeMs HeH3BeCTHBIMHU:

(0!” - 1)x'+0\'.2]y'+0£312'=0.
Oyzx "+ Oy " + (033 - 1) 2" =0.

C nomoltnpio hopmya (3.25) MOMXKHO N0Ka3aTb, YTO ONpeIeJHTENb 3TOH CHC-
TeMbl paBeH HyJo. Crano ObiTh, B cuay n. 8 Jlononnenus k ri. | cucrema
(3.26) umeem wempusuaivhble perierus, KOTOPbe ONpPeiessioT COBOKYI-
HOCTB KOJITHHEApHBIX BeKTopos O'M’, nexallix Ha oCH BpalleHHs.

OnHuM 13 TakuX BekTopoB Oyaet sektrop O'Mj ={x’, y’, 1}, KoopauHa-
Tl X” ¥ ' KOTOPOTO ONpee/sioTCs H3 NMepBLIX ABYX ypaBHeHHI (3.26) npu
z2'=1.

§ 3. JIuneiinble npeoGpazoBaHus

1. [ToHATHe NTUHEHHBIX NpeoOpa3oBaHUH MIOCKOCTH. JIuHelHbiM
npeobpasosaruem NAOCKOCMU T Ha3blBaeTcsl npeofpasoBaHue, NPH KOTO-
pom Kaxpaas Touka M (x, y) 3TOi NJIOCKOCTH nepexoauT B Touky M’, Koop-
IWHATH x’, ' KOTOpOH onpeneasitoTes GopMynaMu

x'=apx+apy+as,

Y '=a91X + Aol + Qo3 (3.27)
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OO6EIYHO TOBOPAT, UTO COOTHOIIEHHUS (3.27) 3a1a10T JHHEHHOe peodpa3oBa-
HHe nuockocTH. Onpenenures

(3.28)

Ha3blBaeTcs onpedeiumenem Aunelino2o npeobpasosanus (3.27). B cay-
yae A # 0 npeoGpasoBanue (3.27) HAa3LIBAETCH HEBLIPOHOCHHHIM, A B CITY-
yae A=0 — guposcderHoim. Mbl B 1anbHeiiliem 6y1eM paccMaTpUBaTh
HeBBIPOKAeHHble JHHelHble npeobpasoBanus, T.e. OyleM CUUTATh
A #0"). Takue JuHefiHEle TpeoOpa3oBaHHs Ha3LIBAIOTCH AP@UHHLIMU.

3ameuyaHue. HaumeHoBaHue auxelnoe npeobpasosarue o0bsICHS-
eTCs TeM, UTO KoOpAHHaThl x ', i " Touek M — obpasos Touek M (x, y) (camu
3TH TOYKH HasblBawTCA npoobpaszamu Touek M’) aBIAITCS TUHEHHBIMH
(DYHKIHAMY KOOPAUHAT X, y. OTMeTHM, UTO OlpeeleHHe JHHEHHEIX peod-
pas3oBaHWH MHBapPHAHTHO OTHOCHTEJ/BbHO BbIOOpPA N€KApPTOBOH CHCTEMBI KO-
OP/IMHAT, MOCKOJBKY KOOPAHHATH TOYKH B OIHOH 1€KapTOBOH CHCTEME KOop-
IMHAT BBIPAXKaOTCs JHHEHHO Uepe3 ee KOOPAHHATHL B JI0O0H APYroH aekap-
TOBOH CHCTEMe KOOPIHHAT.

2. Adp¢punnabie npeoGpaszoBaHua NJIOCKOCTH. B npesiyiiem myHk-
Te Mbl OTMETHJIH, YTO ap(pHHHBIE NPe0dpa30BaHHs MIOCKOCTH — 3TO JIHHEH-
Hble peoGpasoBanud (3.27), nas kotopbix A+ 0. [lepeuncaum HeKoTOphIe
CBOHCTBA TAKUX NMpeobpa3oBaHUi.

1°. ITocaedosameavroe soinoanenue deyx adunnoix npeobpasosa-
HUll Aeasemca aunrHoim npeobpasosanue.

ITO CBOHCTBO NMPOBEPAETCH HEMOCPeACTBEHHO.

2°. Tomdecmsennoe npeobpasosanue x’' =x, y' =y maxace asisemcs
agipurrbim.

JleficTBUTE/IBHO, /51 3TOTO Npeodpa3oBaHHUs
r 0

A= =10

3°. [Ipeobpasosanue, obpamruoe danHomy apgurromy (1.e. npeodpa-
30BaHHe MJIOCKOCTH T, nepesosiuiee Toukd M (x’, y”) B Touku M (x, y)),
maxxe a6A2emca aPuHHbLM.

Jlokaxem 3to cBoiicTBo. Ob6paTHOe npeodpa3oBaHue MOKeT OblTh M0JY-
4eHo caeayroimum obpasom. Haiigem x v y u3 cootHowenuit (3.27). Ilns ato-
O NepenulleM HX CJAeLYIMUM 00pasoM:

apx+apy=x"-ap;,

=
Qg1 X + Qoo = " — Qgg.

D Ecan A =0, 1o ¢ nomouwsio npeoGpasosanus (3.27) see Toukd M (x, i) NJIOCKOCTH T nipe-
obpasyiotes B Touku M’ (x 7, y”), pacnonoxKeHHble Ha HEKOTOPOH NpSMoit. JleHcTBHTeNBHO, ec/In
A=0,10a,, =Aay, Gy = Aso. [103TOMY, €CITH Mbl YMHOKHM Ha —A BTOpOE W3 cooTHOIEHHH (3.27)
H CJI03KHM € [ePBBIM, TO NONY4HM X" — Ay’ == a3 — Adys. Mbl BHAHM, 4TO KOOpAHHATE X', i~
Toyek M’ yI0BIETBOPSIOT IMHEHHOMY YDaBHEHHIO, T.€. Bee ToukH M’ Jiexat Ha npsaMoi.
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Peuienue 3ToH cHCTEeMBl HMEET TAKOH BHII;

x=A /A y=A, /A, (3.29)
roe
Fr ) 18 ' —a;, a a, x' -a
A — 11 12 * 0! Ax — , 13 12 ! Ay — 11 , 13
Qg Qg Y —Qy3 4y Ay Y —dagg

(cm. Monoanenue K ri. 1, dopmyas (J11.8) u (J11.6)). Packpoem BeipaxeHus
s A, 1 A, no popmyde (J11.2) 1 noncraBum nosyyeHHele 3Hadenus s (3.29).
[Toayuum coenyoliye BelpaxKeHUs [Jisi 00PaTHOTO NpeodpPa30BaHHUA:

Qs r a; ’ k a a‘_
x=-"22x _Ay — | ",
A A Alayy Qo
(3.30)
a a 1la a
y:_&xq”ﬁ ¢+ _11%n 13 )
A A Alay asg

Buaum, uto o6parHoe npeobpasoBaHHe sBagercs JuHeHHbIM. UToObl yoe-
OUTBCH, UTO OHO ABAAETCS apHUHHBIM, OCTAETCS N0KA3aTh, UTO €ro onpeje-
aurenab A" #0. B camom nene,

G _42
Ay Qoy — Qyod. A |
Al = Al _ %19 ?132|= 2=_¢0.
as ay A® A A
A

HMrak, jokasaHo, uto npeodpasoBaHue, obpaTHoe faHHOMY addHHHOMY,
TaKxKe AB/seTcs adhUHHBIM,

4°. Agpghunroe npeobpaszosarue npedcmasasiem coboil 83aumHo 00-
HO3HA4HOE NPeodpasosanue Ni0CKOCmu.

D10 03HauaeT, yTo Kaxgasa Touka M’ (x’, y”) ecTb 06pa3 eIHHCTBEHHOH
ToukH M (x, y) H B CBOIO o4epenb Kaxaas Touka M (x, y) npeacTaBaser co-
6oit npoobpas auub oxHOH ToukH M’ (x7, y”). _

Joxkaxem 310 cBoiicTio. [Tpennonoxum, uto aee Touku M (x, y) u M (x, y)
npeofpasyiores ¢ nomomsio (3.27) B ogny Touky M’ (x’, y’). Torna nyrem
BBIYMTAHHSA M3 COOTHOIIEHHH (3.27) aHaJOrHYHBIX COOTHOLIEHHH /s KOOp-
IMHAT X, y TOYKH M MOJAYUHM CJeyIOUIYI CHCTeMY JHHeHHBIX YPaBHEHHH
ISl pasHoOCTel X — X, Y — 4

ap(x—x)+apy-y)=0,

g (x — )+ agly — y) =0.
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Ata cucTeMa uMeeT HyJeBoe peuenue x —x =0, y —y =0, a Tak Kax ee on-

G

penenuTesb A = #0, 1o 31O HYyJeBOe pelleHHe eIHHCTBEHHO.

Qg Gy

HUrak, x=x, y=y, T.e. Toukd M u M cosnagaior. Takum 06pasom, Kaxkaas
Touka M’(x’, y’) ectb 06pas eqHHCTBeHHOH ToukH M (x, y). O6pamasck K
topmyaam (3.30), myTeM aHAJOTHUHBIX PACCYXAEHHH MBI YOeIHMCS, UTO
Kaxnas touka M (x, y) npejicTtasageT co00H Mpoodpas JHIIbL OJHOH TOUKH
M'(x", y").

3. OcHoBHOe cBoOMCTBO ahpUHHBIX NpeoOpa30BaHUN MJIOCKOCTH.
[okaxeM caenyiollee yTBepKaeHHe:

Teopema 3.1. llpu apgpunnom npeobpasosanuu niockocmu Kaxoas
npamas nepexodum 8 NPAMY U RAPALLeAbHbIe NpAMble nepexodam 8
napaineavrole npamole.

JloxasaTteabcTBso. PaccMOTPUM Ha MJIOCKOCTH T NPsAMYIO L, onpe-
JeJSeMy0 ypaBHeHHeM

Ax+By+C=0. (3.31)

YToGk! BRISICHHTE, 4TO MPeCTaBIAET cOO0 COBOKYNMHOCTL Tovek M’ (x/, ") —
o0pa3sos Touek M (x, ), pacro/oKeHHbIX Ha NpsMOH L, — MOACTABUM B ypaB-
HeHue (3.31) BMeCTO X M y UX BblpaxeHusi uepe3 x”, y” no ¢popmy.aam (3.30). B
pesyJbTaTe MOJY4YHM COOTHOLIEHHe BH/IA

A'x"+B’y"+C'=0. (3.32)

Mul BuMM, 4TO X" My’ yIOBAETBOPSIOT IHHEHHOMY ypaBHeHHIo (3.32), T.e.
Toukn M’ (x’, y’) pacnosoxensl Ha npsiMol L, onpeseasieMol ypaBHeHHEM
(3.32).

HMrak, gokasaHo, 4To Bce TOUKHM NpaMOH L npu agpunHoM npeobpasosa-
HHH (3.27) nepexofaT B Toukd npsimo# L. Tak xax npu ofpatHoM adhHH-
HOM TipeodpaszoBanud (3.30) Bce TOUKH npsiMod L’ mepedayT B TOUKH TIps-
MOH L, TO B CHJIy B3aUMHOH OHO3HAYHOCTH a(pHHHOTO Npeodpa3oBaHHH
(cm. . 2, cBoiicTBO 4°), npsMas L nepexoaut B npsimyio L. Mrax, npu ad-
(hHHHOM Npeodpa3oBaHUK NpPAMas MePeXOIuT B NPAMYIO.

ITepefineM K AoKasaTeqbCTBY BTOPOH yacTH Teopemsl, [Tyets Ly u Ly —
napaJJiedbHble npsamble, a L, 1 Ly — ux o6pasbl npu agupuHHOM npeodpaso-
BaHuH (3.27) maockocTH 1. Jlonyctum, uto npamele L 0 Ly HMeOT 00UIy0
Touky M’. Tak kak adunnoe npeobpazoBaHne B3aHMHO OJHO3HAYHO, TO
M’ — oGpas TonbKo oxHOH ToukH M, npuuem M 10/KHA NPHHALMEKATE U
L, u Ly, 4TO HEBO3MOKHO, MOCKOMBKY L; u L, mapaniensHel. ClefoBaTelIb-
HO, L' u L, He uMeloT 00IIKX TOUEK, T.€. Mapa/ieabHbl. TeopeMa g0Ka3aHa.

EcTecTBeHHO MOCTaBUThL BOMPOC O TeOMETPHUECKOM crocobe 3agaHud
adpduuHOro npeodpazoanus NaockocTH. Onpe/e/eHHBIH OTBET HAa ITOT BO-
Mpoc aeT cieywllee yTBepKIeHHe:
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Teopema 3.2. A¢pgurnoe npeobpaszosanue nA0cKkocmu onpedeieno oo-
HOBHAHYHO, ecau 3a0aHbl 06passl mpex Mmotex, He AeHCAULUX Ha 00RO npa-
MOL u amu 06passl MaK#e He Pacnoiaeaomes Ha 00HOL NPAMOLL.

HokaszaTteabcTtso. [lyete Touku M,(xy, y,), Ma(xs, ya), M3(x3, y3)
MJIOCKOCTH T He JlexaT Ha OAHOH npsiMoi u touku M| (x|; y,"), Ms (x5, y5),
M (x5, y3) STOH MJIOCKOCTH TaKxKe He JieaT Ha OJHOH TpsiMol. Y Geumes,
YTO CYLIECTBYeT elMHCTBeHHOe aduHHOe npeodpa3oBaHue MJIOCKOCTH T,
nepepojsuiee Toukn M, My, M3 B Toukn M|, My, My cooTBeTCTBEHHO.

[Tycrs Hekomoe adpuHHoe npeobpasoBaHHe 3a1aeTcsi COOTHOLIEHUAMH
(3.27) ¢ HeM3BeCTHEIMH KO(D(HIHEHTAMH @y, Qa, A3, Og;, oo, Aoz. JlOKa-
JKeM, YTO IPH HALIWX NPeANOJI0KEHHAX 3TH KOIPPHULIHMEHTB Olpe1esioTest
0JIHO3HAYHO M, KPOME TOr0, ONpeje/uTeNb A, BHIYHC/ACHHBIH 110 GopMmyne
(3.28), oraiMyeH oT HyJd. DTHM, OUYEBHIHO, U OYJIeT 3aBepLIEeHO J0Ka3aTe lb-
CTBO TEOPEMBI.

C nomolpio nepeol u3 Gpopmyi (3.27) MoayunM COOTHOLIEHHS

’_

Xy =ap Xy +apy +ags

Xy =apXo+apystag, (3.33)
’_

Xy =) X3+ apls+aps,

KOTOpbIe MOKHO PACCMATPHBATBL KAK CHCTEMY TPex JIMHeHHBIX YpaBHeHHH
OTHOCHTEJ/IbHO HEH3BECTHBIX &), @)y, @j3. OnpenenTesb 3TOH CHCTEMBI

xoy |1 Y g

X ¥ 1= R (3.34)
X3 =X Y~ Y

X3 Yz |1

OT/JIHYEH OT HYJIH, TAK KAk 10 abCoJI0THOH BeJHYHHE PABeH MJI0LIALH napas-
JleJIorpaMMa, TIOCTPOEHHOTO Ha HEeKOJLTHHeapHLIX Bektopax MM, u MM, ).
[Tostomy cucrema (3.33) 0IHO3HAYHO pa3pelIuMa OTHOCHTEBHO @, 41y U ;3.
O6pauasics Ko BTOpol U3 dopmya (3.27), ¢ MOMOIIbI0 aHAJOTHYHBIX PACCyXK-
JeHUH yOeuMCsl, UTO H BeJUUHHBI Qy, Uys H oy ONPEIESIOTCH OJHO3HAYHO.
Takum o6pasom, oMHO3HAUHO OTIpeneIAeTCs JHHEeHHOe mpeobpasoBanue (3.27),
nepesojsiee ToukH M;, M, n M3 coorBercTBeHHO B Toukn M, My u M.
Ocraercs 10Kas3aTb, 4To onpenenutesb A (cM. (3.28)) nosyyeHHoro npeodpa-
30BaHUS OTJAMUEH OT Hyasd. OBpaTHMCS K onpeesuTel o

’

’ ’ ’
Xo =X Yy — Y

’ ’ r ’
X3 =X Y3~ Y

. (3.35)

1) Tak kak ToukH My, My u My He iexkat Ha O1HOMH NPAMOH, TO BeKTopsl M;M, ¥ M;M; nHe
KonnuHeapHsl. B cucteme koopaunar Oxyz (ock Oz nepneHaMKyasipHa NJIOCKOCTH T) 3TH BEK-
TOPBl COOTBETCTBEHHO HMEIOT KOOPAHHATH {Xy9 — X, Yo — Uy, O} u {x3— x|, y3— y;, 0}. [TosTo-
MY MOJYJIb BeKTODHOTO POM3BEIEHHS STUX BEKTOPOB PaBeH MOAYJI0 onpefenurens (3.34) u,
KAK U3BECTHO, PABEH TJIOIAIH napaaineorpaMMa, noCTPOeHHOTO Ha JAHHBIX BEKTOpax.
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ITOT ompefenUTeNb OTAHUEH OT HYJS, TaK Kak Mo aGCoMI0THOH BeJHYHHEe
paBeH MJIOMIA/H T1apaJ//IeorpaMmMa, oCTPOEHHOTO Ha HEKOJIIMHEAPHBIX BeK-
Topax M{Mj u M{M} ). C nomowpio nepeoii nz dpopmya (3.27) noayuum
LIS 3JIeMeHTa Xy — x, onpefenuTes (3.35) caenylollee BblpaxKeHHe:

X9 = x{'=ay(x; = X))+ ap(ys — y).

AHasor4Hble BBIpaXKeHHS MOJIYYHM C MOMOMIBIO dopmya (3.27) U aas oc-
TaJIbHBIX 3JeMeHTOB onpenenutens (3.35). [loacrasass HalifeHHble Bbpa-
WEHHS ISl X5 — X, Y5 — Y |s X5 — x W y5—y'8B (3.35), M0C/Ie HECJTOKHBIX TIpe-
00pa3oBaHHH MOJYYHM

’ ’ ’ ’
Xy =Xp Yo — Y

f_ ’ f_ ’
X3 =X Y34

4y Gy

(3.36)

Ly =X Y=Y |
Qy) Qo | [X3—X% Y3~ Y
Tak kax onpeneuTeNnHn

’ ’ ’ ’
Lo =X Yoy — )

’ ’ ’ »|?
Xy =X Yy — Y

X = X y2_yl‘

Xy =X Yz — Y

a4 Gy
OTJAWYHEI OT HYJ5, TO U3 (3.36) caenyetr, uTou A = # 0. Teopema
Qg Ay
Jl0Ka3aHa.
” Q) 4y
3 ameuaH#u e. AddunHoe mpeodpazoBaHue, 415 KOTOPOro A = =1,
a a-
21 22

Ha3bIBAETCS IKBUAPPUHHLLML, T.€. COXPAHSIOLLUM NI0wann. s Takux npe-
o6pasoBaHUi cooTHolleHHe (3.36) 03HauaeT paBeHCTBO MJollafel mapal-
J1eJIOrpaMMOB, NOCTPOEHHBIX Ha BeKTOpax MM, W M;M; | Ha BeKTOpax
M{IM; w M{M; .

4. OcHoBHOW HHBapUaHT adPHUHHOrO NPeodPaA30BAHUS MJIOCKO-
ctu. [Ipocmoism omuouernuem mpex mouex A, B u C na npamol L Hasbl-
BaeTcs YHCJI0

(ABC)= ﬂ, (3.37)
BC
KOTOpOe, OYeBHIHO, PABHO OMHOWEHIIO, 8 KOMopoM mouka B deaum na-
npasaernolii ompesox AC.

JloxkaxkeM cienyloliee yTBepxKIeHHE:

Teopema 3.3. [Ipocmoe omrowenue mpex mouex Ha NPIMol ABAA-
emca UHBAPUARMOM APPUHHO20 APeobpas3o8anu .

WMHEIMH ¢JI0BAMH, TIPOCTOE OTHOLIEHHE TPeX TOUeK Ha MPSMOH He MeHs-
ercs npH apdHHHBIX TPeobpasoBaHHAX.

') Oy BekTOPH HEKOJLIMHEAPHE!, TAK KaK Toukd M|, My u My He Jlexar Ha OHOM nps-
MOH. CM. NpebayILYI0 CHOCKY.
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HokasaTeabcTBso. Pacemorpum tpu Touku A(x,, y,), B(xy, yo) 1
C(xs3, y3) Ha npaMoit L. M3 dopmya (1.11) ra. 1 anst KoopaHHAT TOUKH, JAeJs-
mer otpezok AC B otHomeHuu A =AB/BC, noayuaem aas paccMaTpHBae-
MOr0 c/lyyast cieflyiolilee BblpaxeHue ajs A:

A= Xy — X, :yg_yl_ (3.38)

X3 =Xy Yy~ Yo

IMycers A’(x), y!'), B'(x9, ys') 1 C’(x5, 45) — o6passi Touek A, B u C cootseT-
CTBeHHO NpH addrHHOM npeodpasosanuu (3.27). Touka B’ 1euT oTpe3oK
A’C’ B oTHOLIEHHH A, TpUYEM

= i?;xl_ (3.39)
L3 —%p
M3 (3.27) nonyuaem
xo—x(=ay(xg—x))+a(ys —y)), (3.40)

X4 —xg=ay (X3 = Xo) + a9(Y3 — Yo).

W3 cootHomenuil (3.38) MoayuHM, 4TO Xo— X, =A(X3—X9) U Yo — Y, =
=Mys — o). [TogcraBnss HaleHHble 3HAYEHHS Xy — X| H Yy — Y| B NEPBYIO
u3 opmya (3.40), noayunm

Xo— xX{'=May (x5 = X9) + ajo(y3 — yo)l.

[ToncTaBuM Tenepb B UHCJAUTEb PABOH YacTH (3.39) HalileHHOe BbipaxKe-
HHe LIS Xy — X, a2 B 3HaMeHaTesb — BhIpayKeHHe N5 X3— Xy (CM. BTOPYIO
(opmyay (3.40)). ITocae cokpateHus Ha a (X3 — X9) + QoY — 1fo) MOMYUHM
A=A"TakkakA=AB/BC=(ABC)uL’"=A'B’/B'C"==(A"B'C") (cM. (3.37)),
10 (ABC) =(A’B’C’), T.e. npn appuHHOM Npeobpa30oBaHHH MPOCTOE OTHO-
lIeHHe Tpex Toyek He MeHseTcs. Teopema nokasaHa.

3ameuatue. [IpocToe OTHOLIEHHE TPEX TOYEK HA3BIBACTCS OCHOBHLIM
urnsapuarmom ahPHHHOTO Mpeodpas3oBaHHsl, TaK Kak Uepes Hero MoryT ObITh
BblpakeHbl BCe Jpyrue WHBapHaHThl a)HHHOrO NpeodpasoBaHusl.

5. Ad¢urHbIe npeobpa3oBanus npocrpancrsa. AQgunnom npe-
06pasosaHuem NpoCMpPancmea Ha3pBaeTCs MpeodpasoBaHte, IPH KOTOPOM
Kaxkaas Touka M (x, y, 2) mpocTpaHCTBa MEPEXOUT B TouKy M’, KoopauHa-
T X', y’, 2’ KoTopoi onpejensioTes GopMyaaMu

x'=apx+apy+apz+ay,
y gl a2]x + a22y + a23z + a24, (3.41)

2
2" =03X + gl + 332 + Ay,
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NpHUYeM OMNpeaeauTe b
ay ap Gy
A=lay ay ay

Ay Gy Gy

CUHTAETCH OTJAHUHBIM OT Hyas: A # 0.

B 1moJiHO# aHaMorHK co cayyaeM MJI0CKOCTH JI0KA3blBAIOTCA Caeyloline
CBOHCTBA aYMHHBEIX NPeodpa30BaHKi MPOCTPAHCTBA.

1°. [Tocaedosamenvroe 8otnoainerue aghunnolx npeobpasosarnuil npo-
cmpancmea AsaAfemca aPurHbim npeodbpazosaHuem nPocmpaHcmsa.

2°. Tomdecmsenroe npeobpasosanue A8A8emcs AfQUHHbIM.

3°. [Ipeabpasosarue, obpamuoe JaHHOMY APPUHHOMY, MAKHCE 2645~
emca apPuHHbIM.

4°. Agppurnoe npeobpasosarue NPOCMParcmea B3aUMHO 00HOZHAUHO.

OcHoBHOe CBOHCTBO a)pHHHOrO NPeodPa30BaHHs IPOCTPAHCTRA (hopMY-
JUpYyeTcs c/elyollHM 00pasoM: npu a@gunrom npeobpazoganuu npo-
CMPAaHcmea NA0OCKOCmu nepexodsm 8 NAOCKOCMU, npamole 8 npamoie,
napaiieibrbie NAOCKOCMI I NPAMble nepexo0am 8 napaiieibHble nioc-
Kocmi U npsamole.

[eomeTpuueckuii cnocod 3asanus adypUHHLIX MTpeodpazoBaHuil NpocTpaH-
CTBAa OCHOBAH HA CJEJYIOLIEM YTBEPXKIeHUH: apghunHoe npeobpasosanie
npocmparcmea onpedeieno 00H03HAUHO, eCAl 3adarsl 06pass. wemoipex
moueK, He Aeraujux Ha 00Hol nAoCKoCmU, i dmu 0bpasel makice He ae-
sHeam Ha 00HOL nAOCKOCMU.

Kak u B c/yydae MIOCKOCTH, OCHOBHBIM HHBapPHAHTOM apdHHHOrO peod-
pa30BaHHs POCTPAHCTBA CJAYMHT IPOCTOE OTHOLIEHHE TPEX TOUEK.

6. OproronansHblie npeobpaszosanus. JIuHeliHoe npeobpa3oBaHue Ha
IIJOCKOCTH

-
X =apxtapyt+as
yl=021x+a22y+323 (342)
Ha3blBaeTCHd OpmOcoOHAAbHbIM, €CJIH BBITIOJHAKTCA COOTHOIICHKS
2 2 _ 2 2 _ —
a|]+a2|—l, a|2+a22—l; a]|a|2+ag|a22—0. (343)

W3 coorHowenuit (3.43) caenyer, uto

z0.

[TosToMy opToroHaJ/bHoe npeodpasoBaHue Beerja sipasercs aQ@UHHbBIM.
JlokaxkeM OCHOBHOE CBOHCTBO OPTOTOHAJNBLHLIX NPe0dpazoBaHHH.
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Teopema 3.4. [Tpu opmocorarsvrblx APeodpasOBanULY COXPAHLION-
CA PACCMOANHUS MeNcOY MOUKAMU.

Hokasarteabcrtso. [lyers Toukn M,(x,, y,) 1 My(x,, y5) nocpen-
CTBOM OPTOroHaNLHOT0 NpeodpasoBanns (3.42) nepeBoasTcs COOTBETCTREH-
Ho B ToukH M, (x,", y,") u My'(xy, yy"). Tpebyercst noxasaThb, 4YTO OTPE3KH
M My u M\"M," umetor paBHble 1nHHEL. C noMomtbio hopmya (3.42) u (3.43)
noJyyaem

| MMy % =[x = x{F+ 1y - /) =
=[ay; (x = X))+ a2 (42 — Yy +
+[ag (xp = x1) + g (Y2 =y =
=(af, +a3)) (xg — x))° + (@7 +a%) (o — Y1) +
+2(a)1a)p+ ag1ag) (Xo = X)) (Y2 — 4)) =
=ty — )" + (g — y1)* = | MMy |%.

WUrak, |M,M,| = |M/M,|. Teopema noxasaua.

3ameuanue. Tak KaK IpH OPTOrOHAMLHBIX TPe0OPa30BaHUSX PACCTOS-
HHS COXpaHsoTes, TO J00as (Urypa Ha naocKoCTH rnpeodpasyercs B pas-
Hylo eit purypy '). MHBIMH ClOBaMH, OPTOTOHAbHOE MpeobpasoBaHHe Ha
MJIOCKOCTH MOKHO PaCCMaTpPHBATh KaK ABH:KEeHHE 3TOH naockocTH. [1pu aBu-
JKeHHH OPTOTOHAJ/bHAA CHCTeMa KOODIMHAT MepexoJuT B OPTOroHaNLHYIO
CHCTEMY KOOPAMHAT. 2THM MOXKHO 0OBACHHTbL TEPMHH OpMO20HAAbHOE npe-
obpasosanue.

OpToroHabHbe NPeodpa3oBaHus 06/1aAI0T CIEyIOUHMH CBOHCTBAMH °):

1°. llocaedosamenvroe gvinoarHerue 08yx opmocoHalbHboLX npecbpa-
308QHUIL ecmb 0pMo2oHalbHoe npeobpasosanue.

2°. Tomdecmsennoe npeobpasosanue x'=x, y’ =y asisemcs opmo-
eonanvrbim npeobpazosanuem (A5 3TOro NpeodpazoBaHUs COOTHOLICHHSA
(3.43), O4eBHIHO, BLIMOJHSIOTCH).

3°. llpeobpasosanue, obpamnoe opmo2oHANbHOMY, MAKHCE A8AAEM-
CA OPMOCOHAALHLIM.

JIiHelHoe npeo6pasoBaHHe B POCTPaHCTBE

’
X = CI”x + a]Qy + al;}z + a|4,
Y = Qg X + Qoolf + Q932 + Aoy, (344)

’
2 = ale + a32y + a332 + a34

') Hanpumep, 11060 TpeyrosibHHK NpeoGpaayeTcs B paBHbIH TPeYroAbHUK (PABEHCTRO 110
Tpem CTOPOHAM).

%) 3TH CBOMCTBA CTAHOBATCH OCOOEHHO HAISMHBIMH, €CJH DACCMATPHBATH OPTOTOHANb-
Hoe npeoOpazoBaHie Kak JBHKEHHe.
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Ha3bIBAETCH Opmaaoh!aﬂ bHbIM, €CJH BBIMOJHANTCA COOTHOIIEHWH
a%l*‘a%l"'a%l:l' @@+ Agpg + az a3 =0,
Ao+ a3+ a5 =1, @03+ Qyl93+ 30033 =0, (3.45)
a%3+a%3+a%3= 1, apza) +agas +azaz =0.

OptoroHanbHoe npeodpasoBanue spjsercss abduHHbM. CrpaBellHBO
C/eNyLIee OCHOBHOE CBOHCTBO OPTOrOHAJLHBIX NPeofpa3oBaHMi: NpH Ta-
KHX Tpeo0pa3oBaHUAX COXPAHSIOTCSl PaCCTOSTHUS Mex Ly Toukamu. [lokasa-
TEJBCTBO MOXKeT OBbITb MPOBEIEHO B MOJHOH aHAJIOTHH ¢ 0KA3aTelbCTBOM
TeopeMsl 3.4.

OproroHanbHble Npeo6pa3oBaHus B IPOCTPAHCTBE 00/1aaI0T CaeayIOLH-
MH CBOHCTBaMH.

1°. Ilocaedosamenvroe gvinoaneHue OpMO2OHANLHbLY Npeobpasosa-
HULl ABAAEMCA OPMO2OHAALHLIM NPeobpa3o8aniem.

2°. Tomdecmsentoe npeobpasosarnue x’=x, 4y’ =y, 2’ =2z — opmozo-
HaAavHoe npeobpasosarue.

3. [lpecbpasosanue, obpamnoe opmo2oHALbHOMY, MAKHCE OPMO20-
HAAbHOE.

§ 4. [IpoekTuBHBIE Tpeobpa3oBaHUudA

[Tpoexkmusroimu npeobpazosarusmu Ha MJIOCKOCTH Ha3bIBAIOTCA Mpe-
obpa3zoBaHKs BHA

P ap X +apy+ag ,_ Qg X+ Ayl + Ay

(3.46)

Q3 X + Azl + Ay Q3 X +aylY + agy

KOa(QULUHEHTBI @; KOTOPBIX YA0BJITBOPSIOT YCAOBHIO 4

G G 43

A=|a, ay ay,|#0.

a3 Qdzy  dgg
[Tpu npoekTuBHOM npeobpazoBaniu (3.46) njaockocTH ocodyI0 pPoJib UrpaeT
npsaMasi L, onpenejisiemMas ypapHeHHeM

aalx + a32y + a33 = 0

L5 ToUeK 3ToH NPAMOH 3HAMEHATEJIH B BIpaXKeHUAX 115 x " 1 ¢’ (cM. (3.46))
ofpauianTcs B HYJb, H TO3TOMY npeofpasoBanue (3.46) He onpeeneHo L
TOUEK 3TOH NPAMOH.

') TeomeTpuueckH 3T0 yC/a10BMe 03HAYAET, UTO TPH NPAMEE @y X +d oy + a;3="0,
@g X + @glf + Gy3 = 0 W @y x + Azl + ay3 = 0 He nepecexanTcs B oAHOM Touke (cM. 1. 5§ 2. 3).
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OTMeTHM, UTO NMPOEKTHUBHOE NMpeodPa30BaHHE HHBAPHAHTHO OTHOCHTEb-
HO BbIOOpA IeKapPTOBOM CHCTeMbI KOODJMHAT, TaK Kak (opMyJibl epexoja oT
OIIHOH [1eKapTOBOH CHCTEMbl KOODAHHAT K JAPYTrOH JIMHEHHBbI H [I03TOMY I1PH
nepexoje K HOBOH CHCTeMe KOOpAMHAT BUI npeobpa3oBaHuil (3.46) He
MeHsieTcsi. HermocpeacTBEHHO! NPOBEPKOH MOXKHO YOEIUTLCS, UTO MOC/Ie-
JoBaTeNbHOE MpOBeJeHHe ABYX MPOEKTHBHHIX NpeoOpasoBaHUi ABASETCS
NPOEKTUBHBIM Npeofpa3oBaHueM, TOXKAECTBEHHOe Npeodpa3oBaHue U
npeobpasoBaHue, 00paTHOE TPOEKTHBHOMY, — TaKKe MpOeKTHBHbIE MPeos-
pasoBanus. [1pu npoeKTHBHBIX NpecOpasoBaHUAX TOUKH, JexKalllie Ha Tpsi-
MOH, epexodaT B TOUKH, TAKXKe JeKallHe Ha NPIMOH.

OCHOBHBIM HHBAPUAHTOM IPOEKTHBHOIO npeoﬁpaaoBaHHH ABJAAETCH TAK
Ha3biBaeMoe cAoxMeHoe (aneapmonuteckoe) omuowenue (ABCD) mobuix
yereipex Touek A, B, C v D Ha npamoli, KoTopoe onpejieisieTes Kak 4acTHoe
IBYX TMPOCTBIX OTHOLIEHHH!

(ABCD)=(ACB) : (ADB).

HHBapHaHTHOCTB C/103KHOTO oTHOLIeHHs (ABCD) yeTbpex ToueK NpsMoi
MoKeT ObiTh 000CHOBaHA TaK e, KAK H HHBAPHAHTHOCTb MPOCTOIO OTHOLLIE-
HHA Npu apPUHHBIX TpeobpasoBaHHSX.

[lpoexmusHoimu npeodbpasosanuamu 68 NPOCMPAHCMEE HASHIBAIOTCS
npeo6pa3oBaHHs BHAA

s GuXtapytagztay,

s
anx + QoY + 32 + Qyy

Ao X + Qoo lf +a932 + Ay

y:

:
ByX + Ayl + 8,32 +ay,

,_ Ay X Fagplyt+asztay,

)
anx + QoY + Q32 + Qgy

[J1S1 KOTOPBIX YeThIpPe MJI0CKOCTH
apx+apy+a;z+a,=0,
A9\ X + Qoolf + @932 + A9y =0,
Ay X + Ayl + A332 + a3y =0,
Ay X+ Qqolf + Ag32 + a4y =0

He MepeceKalnTcs B OJHOH To4Ke.
OTmeTHM, YTO MPOEKTHBHOE NpeofpasoBaHHe B POCTPAHCTBE He OMpe-
AeJIeHO /15 TO4YeK MJAOCKOCTH, ONpe/easeMoH ypaBHeHHeM



94 [TPEOBPA3OBAHHE INEKAPTOBbIX TPAMOYTOJIbHbIX KOOPIUHAT [T, 3

HenocpencTeeHHOH MPOBEPKOH MOXKHO yOeIHUTHLCS, UTO TOC/E/J0BATE b
HOE NpOBeJieHHe IBYX NPOeKTHBHBIX NpeolpasoBaHHi, TOX/AeCTBEHHOE Tpe-
06pa3oBaHue U npeodpa3oBaHie, 06PATHOE NPOEKTHBHOMY, — TaK:Ke [POeK-
THBHble Npeobpa3oBaHus. [IpH MpoeKTHBHBIX NpeoOpa3oBaHUAX TOUYKH, Je-
AKallle B OJIHOH IJIOCKOCTH, [ePexolsT B TOUKH, TAKKE Jexallue B O1HOH
MJAOCKOCTH, a8 TOUKH, JIeKalHe Ha TPAMOH, MepexoiiT B TOUKH, JeXKalllie Ha
MpPAMOH.

OCHOBHLIM HHBAPHAHTOM NPOEKTHBHOr0 Mpeofpa3oBaHHs B POCTPAHCTBE
sBJsieTcs caoxHoe oTHoweHue (ABCD) = (ACB): (ADB) mo6bix yeTbipex
touek A, B, C u D Ha npaMon.



FTABA 4

YPABHEHHUE JIMHHH HA ITJIOCKOCTH.
YPABHEHHS IIOBEPXHOCTH
H JIMHHUH B ITIPOCTPAHCTBE

B sTo#i rnase paccMaTpuBaeTCs OAMH M3 BAXKHEHIIHX BOTMPOCOB aHAJIM-
THYECKOH FeOMETPHH — BOINPOC 00 aHaiumu4eckom npedcmasienii Ai-
Hillk G NAOCKOCMY U NOBEPXHOCMY U AUKLL 8 NPOCMPAHCMSE NPU. NOMO-
WU ypasrenuil, c8 A3blBarouux ux koopdunamet '). O6CyKaa0TCA NpoCTei-
IMe 3aflaul, CBA3aHHble C TAKHM aHAaJUTHUECKHM MpelcTaBJeHHeM, H
NPUBOJMTCH KAAaCCH(pHKALKA TJOCKHX JUHHH M MoBepxHOcTeH. JlokasbiBa-
eTCsl, YTO NOPSA0K airedpanueckod JUHHH (M COOTBETCTBEHHO I10BEPXHOC-
TH) He 3aBUCHT OT BbIOOPA 1€KAPTOBOW NPAMOYTOJbHON CHCTEMBI.

§ 1. YpaBHeHHe JHHHH HA NJIOCKOCTH

1.IlonaTHe 06 ypaBHeHUH NHHUH. [Ipeino/10KNUM, 4TO HA IJIOCKOCTH TU
HaMm 3ajiaHbl: 1) 1eKkapToBa NpsaMoyrobHas cuctema KoopauHat Oxy u 2) He-
KOTOpast JuHUs L. paCCMOTpHM HEKOTOpOe ypaBHeHHe, CBA3bIBAIOLIEE JBe
rnepeMeHHbIe BeJHYHHBL X U I %)

d(x, y)=0. (4.1)

Onpedearenue. Ypasnenue (4.1) Hazoiaemcs ypasHenuem A u-
Huu L (omHocumenavHo 3a0anHOl cucmembl KOOPOUHAM), ecAl IMOoMY
ypasueuuo yoosiemseopaiom Koopduname. X U y Aw060L mMouKy, rexa-
ugell Ha aunud L, u He ydosaemeopaiom KOOPOUHAMbL X U i KU 0OHOU mou-
KU, He aexcawiel na Aunuu L.

C TOUKH 3peHHs 3TOTO ONpefeseHHs caMa JUHHA L npencraBaser coboi
(B 3a1aHHOH CHCTEMe KOODIMHAT) 2COMEMPULECKOe MECMO MOUeK, KOop-
dunamor kKomopulx ydosaemsopsom ypasreruto (4.1)

Ecau (B 3aaHHON CHCTeMe KOOPAMHAT) paccMaTpuBaeMoe YpaBHeHHe
Buja (4.1) siBasieTCsl ypaBHEHUeM JIHHHH L, To Mbl 6y1eM FOBOPUTh, YTO 3TO
ypaBHeHHe onpedeasem Aunuio L.

D o NOBOLY CaMOTO MOHATHSA JHHHH (WJIH COOTBETCTBEHHO MOBEPXHOCTH) OTChIIAEM YH-
tateqs K ri. 11 Beim. 1 HacTosiero Kypea.

?) Pasencreo d(x, y) =0, rne D(x, y) — sanaHHas GyHKUKS ABYX NEPEMEHHBIX X W If,
Ha3blBaeTCs YypasHeHuem, eCld 370 PABEHCTBO CMPaBeLJIHBO He [/l BCEX Map BellecTBeHHbIX
yrcen x, y. Pasenctso @(x, y) =0, cnpaBeanBoe 115 BCeX Map BEIIECTBEHHBIX YHCRN X, Y,
HasblBaeTcs moxdecmaon.
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3ameuanue. HerpynHo ykasate Takoe ypasHeHHe Buaa (4.1), koro-
poe nu60 onpeneaseT reoMeTpUHecKHi 06pa3, OTAHYHBIH OT TOTO, YTO MBI
TPUBLIK/IH NIOHUMATh [0Jl TEPMUHOM «JIMHHS», JJHOO Booﬁme He orpejeJser
HHKAKOro reoMeTpHueckoro o6pasa. Tak, ypaBHeHue x° + y° = 0 onpeeJis-
eT Ha maockoeTH Oxy muuib oauy Touky (0,0), a ypaBHeHHe % +y +1=0
BooO1le He onpefeseT HHKaKOro reoMeTpuyeckoro obpasa. Jlas toro uro-
Obl ypaBHeHHe BHIA (4.1) onpenensisio reoMeTpuyeckuil obpas, oTBevaw-
IIHH HalleMy NPHBBIYHOMY TIpeJCTaB/JAeHHIO O IHHHH, cJeayeT, BooOLle ro-
BOPS, NOAYHHHUTL QYHKUHIO P(x, ) HEKOTOPBIM OrpaHHYEHUSIM (HATIpUMEp
TpeGOBaHHI OJHO3HAYHOH pa3pelIMMOCTH (DYHKUHOHAMBHOTO YpaBHEeHHS
(4.1) oTHOCHTE/ILHO OIHOH U3 NepeMeHHbIX). DTH OrpaHHYeHHs BEIACHAIOT-
¢l B Kypce MaTeMaTH4yecKoro aHanusa (cum. Bein. 1, ra. 15, § 2, 1. 3).

[Tpume p. Y6enumes B TOM, 4TO YpaBHeHHe

(x—af+y-bf=r’ (4.2)

SIBJISIeTCS YpasHeHuem okpyxcnocmu paguyca r > 0 ¢ HEHTPOM B TOUKe
My(a, b). B camom neqie, Touka M (x, i) J1€2KHT Ha YKa3aHHOW OKPYKHOCTH
TOrja M TOJIBKO TOr/a, KOrja paccTossHue mexay Toukamu M (x, y) u My(a, b)
paBHO 7, T.e. TOrjJa U TO.HbKO Torua, KOI‘IIa KBagzpa'r pacCcTosdAHMlA Mexx1y yKa-
3aHHBIMH TOUYKaMH (X — a) +(y— b) paBeH r?. Takum 0o6pa3oM, KOOpIHHA-
Tl 1100001 Touku M (x, y), Jexaleld Ha yKasaHHOH OKPYKHOCTH, YIOBJeT-
BOPAIIOT yPaBHeHHIO (4.2), a KOOPAHHATEI JII000H TOUKH, He Jiexalllel Ha yKa-
3aHHOH OKPYKHOCTH, He Y/IOBJETBOPSIOT ypagHeHHio (4.2).

Y paBHeHHe OKPYKHOCTH paguyca r >0 ¢ LeHTpOM B Hayaje KOOPAHHAT
MMeeT GoJiee MPOCTOH BHJ, 8 HMEHHO

Zayt=r2 (4.3)

2. [lapamerpuyeckoe npejacTaBjiedde JUHUMA. [l aHaIHTHUECKOTO
npecTaBIeHns JHHHH L yacTo GbiBaeT y106HO BeIpaXKaTh NMepeMeHHbie KO-
OPIMHATHL X H Y TOUEK 3TOH JHHHH IIPH IIOMOLIH TPeTheH BCIOMOraTe IbHOH
nepeMeHHON (M napamempa) t :

x=0 (), y=y(), (4.4)

rie GyHKIMH @ (1) 1 () npeinosaraiores HelpepbIBHLIME 110 napaMeTpy ¢
(B HeKoTOpPOH obJacTH {f } uaMeHeHHs 3Toro napamerpa). MckiwoueHue u3
NIBYX ypaBHeHHH (4.4) napameTpa { NPUBOAHT K PACCMOTPEHHOMY BHIllIE YpaB-
Henuio Bua (4.1) ).

[TapameTpuueckoe mpeacTaBjaeHHe JHHHHM Ha TJIOCKOCTH €CTECTBEHHO
BO3HMKaeT, ec/iM 3Ty JHMHHIO paccMaTpUBAaTh KaK MyTh, NMPOHJIEHHBIH MaTe-
pHaNBHOH TOYKOH, HeNpepblBHO ABMKYLIEHCH MO ONMpeeNeHHOMY 3aKOHY.
B camom neJie, eciii epeMeHHasi ¢ npeacTtasaseT co00i BpeMsl, OTCUHThIBaE-

") Takoe HeK/I04EHHE 3aBE10MO BOSMOXHO, €C/IH XOTS Gbl OJ1HA U3 (hyHKUMH X = @ ([) U1K
y =Wy () umeeT 0GpaTHYIO (10CTaTOUHLIE YCJA0BHA 418 3T0ro cM. B . 4 § 2 rai. 15 Bein. 1).
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MO€ OT HEKOTOPOTrO Ha4aJbHOTO MOMEHTA, TO 3alaHHe 3aKOHA IBHMKEHUS W
npeacTaB/sieT co00H 3aaHue KOODAUHAT X U i ABHXKYILEHCH TOUKH KaK He-
KOTOPBIX HelpephlBHLIX QYHKUUHA X = @ (f) U y = (f) BpeMeHH {.
[Tpumepsol 1) YeTaHOBUM NMapaMeTpUyecKHe YpaBHEHHS OKPYXKHOCTH
pamuyca r >0 ¢ ueHTpoM B Hauase KoopauHar. [Tyers M (x, y) — mobast Touxa
ITON OKPYXXHOCTH, a [ — yToa Mexay paadycoM-sektopom OM u ockio Ok,
OTCUHMTHIBAEMBIH NPOTHB 4acoBOH cTpeskH (puc. 4.1). O4yeBuaHoO, 4TO

x=rcost, y=rsint. (4.5)

YpaBHeHus (4.5) ¥ npeacTaBAsOT cOO0H NapaMeTpHUYeCcKHe YpaBHeHUs pac-
cMaTpuBaeMoH okpy:kHOCTH. [lapameTp { MoKeT MpUHHUMATE JI00BIe 3HAYe-
HH$, HO /14 Toro 4To6sl Touka M (x, ) oauH pa3 o0olua1a OKPYKHOCTh, CJe-
LyeT OrpaHHyKuTh 00J1aCTh H3MeHeHUs napaMeTpa noaycermentom 0 < f < 2.
3amMeTHM, UTO /I HCKJIOYEHHs MapameTpa ¢ U3 ypaBHeHHH (4.5) mocTaroy-
HO BO3BECTH B KBaJPaT W CJOXKHTb 3TH yPAaBHEHHA; Mbl TOJYUHM NPH ITOM
ypaBHeHHe (4.3) npeblIyIIero nyHKTa.

2) ¥YcTaHOBHM NapaMeTpHYecKHe YpPaBHEHHS TaK Has3blBaeMOH yuKAOU-
dout, KOTOpAs ONpee/feTcst KAK MyTh, OMHCHIBAEMbIH OJHOH H3 Touek M ox-
PYKHOCTH, KaTslleHcs 6e3 CKOMbKeHH 110 HelIoABHKHOU npamoi. [Tpuvem
3a ocb Ox [IeKapTOBOW TPSAMOYTOJBHOH CHCTEMBI Ty MpPSIMYH0, IO KOTOPOH
KaTHTCH OKPYKHOCTB, 32 Ha4aJo KOOPAMHAT — OJHY M3 TOYEK, B KOTOPBIX
Toyka M KaTslleHcs OKPYKHOCTH BBIXOJUT Ha YKA3aHHYIO NPAMYI0, H Ha-
npaeum och Oy Tak, uTOOH ee M0J0KHMTe/bHAA N0NYOCh JexKala 0 Ty XkKe
cropony oT Ox, 4TO W KATAIAACS OKPYHKHOCTh (pHc. 4.2).

Puc. 4.1 Puc. 4.2

duKcupyeM NPOH3BOIbHOE NOJI0KEHHE KATSLUIEHCS OKPYXHOCTH U 000-
3HAYMM IS 3TOTO TojoxeHHsd OykBoi C 1eHTp, a 6YKBOH A TOUKy Kaca-
Hus ¢ ocelo Ox. [Ipumem 3a napameTp f yros, Ha KOTOpPBIH MMOBepHYJIaCh
KaTalasacs OKPYKHOCTb NPH TepeMelleHHH U3 M0J10KeHHS ¢ TOUKOH Kaca-
HUS B Hayase KoopauHat O B NOJIOKEHHUE ¢ IJaHHOU TouKoH Kacanusi A. Tak
KaK KaueHWe MPOHCcXoauT 6e3 ckoabxkeHus, to OA = Rt, rne R — paauyc
OKPY#HOCTH.

B cusy Toro, 4To AeKapTOBLL NPSAMOYTOJbHbIE KOOPAHHATBL X H ¢ TOUKH M
paBHbI MpoekiysiM Bektopa OM Ha ocH KoopauHat (em. m. 9 § 1 . 2), us
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CHJIY THHEHHOTO CBOHCTBA NMPOEKIMH BeKTopa HAa ocb (M. . 8 u 9 § 1 1. 2)
MOJYyUHUM

xznpx@=npxa+npxﬁ+npxﬁ, (4.6)

y=np, oM =1p, 0A +1p, AC +1p, CM.

YuurteiBas, 4o yroa ACM, orcunTeiBaeMblil 0T BekTopa CA B HalpaBJeHHH
110 4acoBOH cTpesKe (pHc. 4.2), Moocem omauuamocs om yeaq t Auulb Ha
BeAUMUNY, KpamHuyro 2T, Oy1eM UMeThb

np, OA =R, np, AC =0, np, CM =—-Rsin t,

np, 0A =0, mp, AC =R, np, CM =-R cos t.

Berapaisist 311 3HaYeHHs B (hopmyiibl (4.6), OKOHYATEJIBHO MOJYYUM Napa-
MEeTpHYECKHEe YPABHEHHSI LIHKJIOHIE!

x=R(t-sint), y=R(f—cost). (4.7)

ITapameTp ¢ B ypaBHeHHsX (4.7) MOXKeT IPHHUMATh KAKHe YTOJHO 3HAYEHHH.
3ameuanue. Yacro munuio L onpegensioT He ypaBHeHueM (4.1), a
paspeleHHLIM (HanpHUMep, OTHOCHTEJNBHO ) YpaBHeHHEM

y=[(x). (4.8)

[TopguepkHeM, 4TO onpejejeHHe JHHHH pa3pelleHHbIM ypaBHeHHeM (4.8)
npejacTaBJseT cod00i YaCTHBIH c/yyal napamMeTpriecKoro onpejie/ieH|s 3ToH
JHHHH (MpH x =1, y =[(1)).

3. YpaBHeHHe NIHHHUH B pasJHYHBIX CHcTeMaX KoopiuHAT. Bux
ypaBHEHHs! TUHUH L 3aBUCHT He TOJbKO OT BHAA CaMOM JMHHMU L, HO U OT
BbIOOpA CHCTEMbl KOOPAMHAT. Y pABHEHHE JIMHMM MEHSIeTCsl Kak NpH rnepe-
XO/e OT OfHOH 1eKapTOBOH CHCTEMbl KOOPAHHAT K APYTOH, TaK U TpPH nepe-
XOfle OT IeKapTOBBIX K KaKMM-HHOYIb IPYTHM KOOPIHHATAM.

Ecan (4.1) npeacrasasier co00H ypaBHeHHe JHHHH L. OTHOCHTEJBHO Je-
KapTOBOH NPAMOYTrOJbHOH CHCTeMbl KOOpAHMHAT Oxy, TO, YTOObl MOJYUHTD
ypaBHEHHE TOH e JTHHUHM L OTHOCHTE/BHO 000 ApYyrod CHCTeMbl KOOPIH-
HAT, AOCTATOYHO MOACTABHUTHL B (4.1) Ha MeCTO X W y MX BbIpaXKeHHs Yepe3
HOBBIE KOOPJHHATHI.

Tak, nanpumep, auuus L, onpenensemas B 1exapToBok cucteme Oxy ypas-
HenueM (4.1), B nojsipHo# cucTeMe H 6yneT onpenensiTbesl ypaBHeHHEM

Dy(p, 9 =0,

e BBejeHo obosnauenne @, (p, @) = P(p cos ¢, p sin @) (cM. dopMmysl nepe-
X0/1a OT 1€KaPTOBLIX KOOPAHHAT K MoJsApHbIM; . 1, § 4).

') Koweuno, TNPH 3TOM MpPeANoaaraercs, 4To Nojae COBMELIEH ¢ HAYal0M 1eKapTOBbIX KO-
OpIHHAT, a NoJgpHas ocb — ¢ ocblo Ox.
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Henosnb3oBanue 118 onpefeseHdst HEKOTOPbIX JUHUH HeJeKapTOBbIX CH-
CTEM KOOPAMHAT OGBACHSAETCH TEM, YTO YPABHEHHE JIHHUH UMeeT MPH 3TOM
foJee MpOCTOH BUA.

ITp ume p. Ipeanookum, 4To och 4 Bpalaercs (IPOTHB YACOBOH CTpeJ-
KH) BOKPYT HenoABH:KHOH ToukH () M 1o 3TOH Bpalaouledcs 0cH IBHKeTCs
Touka M Tak, uto gjuHa p Bektopa OM npornopuroHalb-
HAa YIJy ¢ NOBOPOTA OCH i, OTCHUTLIBAEMOMY OT HEKOTO-
poit HenoaeHxHOH ocH Ox (puc. 4.3).

JluHuA, onuceiBaeMas Toukod M, HasblBaeTca criu-
parsto Apxumeda.

Ecai BBeCTH NMOJSIPHYIO CHCTEMY KOOPAMHAT, lOMec-
THB NoJioc B TouKy O W HanpasHB MOJSPHYIO OCb BAOJb
ocu Ox, TO 110 caMOMy OTpeJieIeHHI0 ciupaiu Apxume-
14 ee ypaBHeHHe UMeeT BHL

p=ao, (4.9)

Tae p — MOJSAPHEIA Paglyc, ¢ — MOJAPHBIA Yyroa, @ — KO3(HIMEeHT npo-
MOPLHOHAJIBHOCTH, KOTOPBIH OyIeM CUMTATh OTJIHYHLIM OT Hy 4. Ha puc. 4.3
CTJIONIHOM JTHHKWEeH H300parkeHa yacThb ciipaii Apxumena i cayyvas a > 0,
a ITPHXOBOH JHHUeH — YacTh cnupau ApxuMesa s caydas a <0 ).

YpasHenue (4.9) cniupann Apxumena B NOJASPHOH CHCTEME KOOPAHHAT OTJIHUYAETCH upes-
BbluaHHoH mpocToTol. Jl1s TOoro 4To6b! UHTaTEAb YORIHICS, HACKOIBKO CI0ZKHO BLINIALHT yPaB-
HEeHHe TOH e cnHpanH ApxuMenia B 1eKapToBOH MPSAMOYTOIBHOA CHCTEMe, TPHBEEM 3TO yPaB-
HeHue Aas caydas a > (. Mmes B Uy, uto

arctg£+2n:n npu x>0,
X
p=yx+y?, = arclg%+n+2ﬂn npu x <0,
T
Esgny-i-QTtrz npu x =0,

rne n=0, %1, +2, .., Mbl noayuum, uTo 418 cayyas @ > 0 cnupans Apxumena onpeaeasercs cie-
aylolei GeCKOHeHHOR CHCTeMOR ypaBHeHHH (Homep n npuHuMaet sHavenus 0, £1, £2, )

N =a[arctgy~+27m) npu x>0,
X
2

x?+y? =a(arctg£+n+2ﬂ:n] npu x <0,
X

|y\=a(§sgny+21m) mpu x =0,

') Koneuno, npu HeorpanuueHHOM H3MeHeHHH yria @ (8 cayuae @ > 0 B IOI0KHTENBHYIO,
a B cayuae g < 0 B OTPULATEBHYIO CTOPOHY) KAK CILIOWHAS, TAK ¥ WITPUXOBAS CHUPAIH OyLyT
HUMeTh OeCUMCIEHHO MHOTO 3aBHTKOB, He H300pa)eHHBIX Ha pHc. 4.3.
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4. ]Ipa Tna 3ajay, CBA3aHHBIX ¢ AHAJTUTHYECKHM MPEACTABJIEHHEM
JHUHHH. B CBA3H ¢ aHaIMTHYECKHUM Npe[CTaBaAeHHeM JJHHHH BO3HHKAIOT 3a/1a-
Y4 ABYX THINOB. 3aJaul NepBOro THNA 3aKJHOUAITCH B U3YUeHUU
CBOLCMB AURUU NPU NOMOWL 3apanee JaHH020 YPABHEHUS IMOIL AUHILY.
Takoe usyueHue NpOBOAUTCS CPECTBAMU MATEMATHUECKOIO AHA/IM3A U BHIXO-
JHT 32 paMKH aHaJMTHYeCKOH reoMeTpuu. B camom Jene, ypaBHeHHe JHHHH
YCTAHABIMBACT (YHKUUOHANOHYIO 3QBUCUMOCHT MEXLY KOOPAHHATAMH TO-
YeK 3ITOH JIMHHWHM H 3ajlaya MepBOro THIA, MO CYIIeCTBY, NMpeACTaB/seT coOou
eceomempuueckoe uccaedosanue epaguxa pyrrxyuy (eM. ra. 9 Bei. 1).

3anaun BTOPOTO THIA 3aKIIOUAITCS B B6I800€ YPABHEHU MUKW, 3apaHee
sadanHol ceomempuyecky (HaTpUMep, JHHHH, 3a1aHHOH Kak ceomempuyec-
Koe Mecmo mouex, YIOBNeTBOPAIOLIHX HEKOTOPLIM YCIOBHSM).

[IpriMepaMu 3a1a4 BTOPOTO THIA MOTYT CJYXKHTb BCé PACCMOTPEHHbIE B
nm. 1-3 3agauu (BLIBOX ypaBHEHHST OKPYKHOCTH, LIHK/JIOMAL H criupann Ap-
XuMena).

5. Knaccupukanua naockux auaui. Mexonas U3 aHanuTHyeckoro
NIpe/ICTABIEHHSA JHHHH OMHOCUMEAbHO 0eKapmosolx NPAMOY20AbHbLX Cll-
cmem Koopduram, YCTAHABIMBAIOT CJAEIYIOLULYI0 KAACCH(OUKALMIO MIO0CKHX
JIHHHH.

Onpedeserue 1. Jlunua naszwieaemcs anrcebpauvecKol, ecau
8 HeKomopoL 0ekapmosoll NP AMOY20AbHOI cucmeme KoopduHam oHa on-
pedensemcs ypasHeHuem

D (x, y)=0, (4.1)

8 komopom Qpyrkuus ® (x, y) npedcmasasem coboi areebpauyeckut no-
Aurom ).

Onpenenenne 2. Beakas HeadareOpanyeckas JHHHA HA3blBaeTCd
TPpaHCULeHAEHTHOH.

Onpedesenue 3. Arcebpauteckas AUHUS HA3LIBACMCA AU H W el N o-
pAadKa n,ecau 8 HeKomopol 0exapmosoll NPAMOY20AbHOU CUCMEME KO-
opduram ama Aurus onpedeisemcs ypasHeruem (4.1), 8 komopom QyHk-
uua P (x, y) npedcmasasem coboil areebpauiecKul NOAUHOM N-il CMenemi.

WHbIMK cl0BaMu, AuHuel n-20 nopadKa Ha3biBaeTCs JHHNL, OTpejessie-
Masi B HEKOTOPOH [JeKapTOBOH NPSIMOYTOJbHOH CHCTeMe aieebpauteckim
YPABHEHUEM CMenenu n ¢ 08YMs HEUIBECTHbIMU.

Jlna ycTaHOBAEHUS KOPPEKTHOCTH onpeaeseHui |, 2 u 3 HeoBXoauMO
[I0Ka3aTh CcJaeflylolliee yTBepkIeHHe.

Teopema 4.1. Ecau aunusa 8 HeKomopoii 0ekapmosol npamoyeons-
HOl cucmeme Koopdurnam onpedeasemcsa ar2ebpauiecKum YpasHeHuem
cmenenu n, mo ama AuKUS 1 8 110001 Opyeoli dekapmosol npamoyeoLs-
Hotl cucmeme Koopdurnam onpedeasemcsa ar2efpaudecKum yYpasHeHuem
MOl JHee cmenenu n.

') To ecTb cyMMy KOHEUHOTO YHCJa CaraeMblX BHAA ayxy' re kul — uense HeoTpu-
LaTe/IbHbIE YHCIE, dy — HEKOTOPbIE TIOCTOSHHbIE.



§1] YPABHEHHE JIMHHMKW HA [JIOCKOCTH 101

HokasateabcTso. [Ipeanosoxum, 4to JUHUS L B HEKOTOPOH Je-
KapTOBOH NMPSMOYrOJILHOH CHCTEMe KOOPAHHAT ONpeJesieTcsl ypaBHeHHeM

D (x, y)=0, “4.1)

JieBasd 4aCcTb KOTOPOro npeacrabJjser coboi aﬂreﬁpanqecmﬁl [NI0JIHHOM CTe-
MeHH 1, T.e. CYMMY CJiaraeMblX BHA

k1
QX Y,

rae k u [ — ue/ble HeOTPULATEbHbIE YHCI4, TPUUeM HaUGobIIee 3HaUeHHe
CYMMBI £ + [ paBHO 7, @, — HEKOTOpPble NOCTOSIHHLIE, TPHYEM XOTS OBl 175
OIHOH Tapbl £ W [, COCTABJSIIOLIHX B CYMMe 7, MOCTOSIHHAS @y OTJIMYHA OT
HY QIS

Bo3bMeM Ha TOH Ke MJIOCKOCTH J100YI0 HOBYIO I€KAPTOBY TPAMOYTOJb-
Hylo cuctemy Koopaunat O “x "y’ Torna, kak fokasano B § 1 rai. 3, s xoop-
AMHAT JI060H TOUKH B CTAPOH M HOBOH CHCTEMaX CIpaBeHBLL (DOPMYJILI
npeobdpasoanus (3.7). YUToObl MONYyUUTE YpaBHeHHe JUHUM L B HOBOH CHC-
teme O'x’y’, IOCTATOUHO OACTABUTE B JIEBYIO UacTh (4.1) Ha MeCTO X U y UX
3HaueHusd, onpejensemsie hopmyaamu (3.7). Ml noayuum npu 3Tom cymmy
cJlaraeMblX BUa

r Ik ’ l{
(@ + 0y x" + 09 y")" (b+ 0ox” + Ogoy”) .

Ortciona siCHO, 4TO YpaBHeHUe JHHHHU L B HOBo# cucteMe O'x’y’ Oyner npen-
CTaBJSITH C0OOH anrebpandyecKoe ypaBHEeHUE CTEMeHH He Bblule, 4eM f.

Ecny B MpoBeNeHHBIX PaCCyKICHUAX MOMEHATh PONAMH cHcTeMbl Oxy 1
O’x"y’, To Mbl yOeIUMCS B TOM, YTO YKa3aHHOe anre0paHyecKoe ypaBHEHHe
(B cucteme O’x’y’) uMmeeT creneHs He Hudce wem n (MHade nepexon ot O'x’y’
K Oxy nosbicus1 6bl cTeneHb ypasHenusi). Takum o6pasom, munus L onpene-
Jsietcst B HOBOK cucteme O'xy” anrebpandecKuM ypaBHEHHEM CTENeHH, pas-
noil n. Teopema 4.1 noxasaHa.

IMpumepom anredpauvyecKOHW JUHHH BTOPOTO MOPSAKA MOKET
CIYKHTb OKPY?KHOCTb, ypaBHeHHe (4.3) KOTOPOH B HEKOTOPOH JeKapTo-
BOHW TPSAMOYTOJbHOH CHCTEMe SiBJASeTCs anarefpanueckuM ypaBHeHHeM
BTOpO# cTeneHu. [IpumMepoM TpaHCLEeHAEHTHOH JHHHH MOXKET
CJYHTL CIHpatb ApxuMmea, ypaBHeHHe KOTOPOH B I1€KapTOBOH MpsSMOY-
TOJLHOH CHCTEeMe He fiBasercs aarebpandeckuM (cM. 1. 3).

Jameuanne. Bynem HasbiBaTh anreGpanveckyio JuHHI0 L pacnadaoujeics, ecd a-
reGipauueckuii nonusom M (x, y) crenedu n 2 2, CTOALULHN B 1eBOI YaCTH .yPABHEHHS 3TOH JIH-
HUH, pacnanaercs Ha npouaseserne ®(x, y) Py(x, y) ABYX anrebpanyeckHx NOJHHOMOB
D (x, y) 1 Pox, y) creneneit k= 1 nn—k =1 coOTBETCTBEHHO.

W3 pasenctsa D(x, y) = P (x, i) Ps(x, y) O4UEBHAHO, YTO KOOPAHHATLI X H Y ToUKH M ynos-
NeTBOpALT ypasHenuio P(x, y) =0 Toraa H TONbKO TOrA, KOrIa 3TH KOOPIHHATH YA0BJIETBO-
psIOT X0T4 Gl 0iHOMY W3 ypasHeHHid D, (x, y) = 0 uan Py(x, y) = 0. ITo 03Hauaer, uto AuHKus L,
onpeneasiemasn ypasHendem P(x, y) =0, pacnapaercs Ha ABe JMHHU: JHHHK L,, onpepense-
myto ypasHenneM @(x, y) =0, u muHu0 Ly, onpenensiemyio ypasHeHuem @y(x, y) = 0.
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Tak, IMHUS YeTBEPTOro NOPAAKa, onpeje/seMas ypaBHeHHeM
gt ey byt d =Pyt - (P Hy -4 =0,
pacnajaeTcd Ha Be OKPYKHOCTH, oTipefieiseMble ypasHerusmi x° +y° — 1 =0ux’+y” — 4 =0.
Jlunus YETBEPTOro nopsiaKa, onpeaensgemMas ypapHeHHeM
At oo -t 1=yt - 1) =0,

pacnanaeTcs Ha [Be «CJAHBLIHECH» OKPYXHOCTH, oTipedesdeMbie ypaBHeHHEM BTOPOTO TIOPsSd-
2 2 P o

Ka x"+y" — 1 =0. B orHomenuy 3T0H nocaegHed JHHHH caeayeT AOTOBOPHTBLCH, KaKOe W3

yuces 2 unu 4 Mol ()}‘ﬂEM [NOHUMATb 11011 ee MOPAAKOM,

6. O nepeceyeHny ABYX JUHHUH. BaXKHYIO poJib B aHATUTHUECKOH Teo-
MeTPHMH MrpaeT 3ajadya 0 HaXOXKIeHHH TOUeK [epecedeHns IByX IPOH3BOJb-
HBIX MUHUH L) 1 Ly, onpenensiemMsix ypasHeHusMu O (x, ) =01 Dy(x, 1) =0
COOTBETCTBEHHO. Tak KaKk MCKOMBIE TOUKH MepeceyeHus B CAyYae, eci OHH
CYLLECTBYIOT, J0/KHBI OJHOBPEMEHHO JIeKaTh KaK Ha JHMHUM L, Tak W Ha
JIMHHH Ly, TO KOOPAUHATBI STUX TOUEK JOJMKHbBI YIOBJIETBOPSATH KaXKAOMY U3
ypaBHeHHi @ (x, ) =0 u Py(x, y)=0.

Taxkum obpasom, A1 HaAXOXKAEHHS KOOPAMHAT BCEX TOYEK MepecevyeHHs
CJIeyeT PellnTh CUCTEMY ypaBHEeHHH

Dy(x, y)=0, Dy(x, y)=0. (4.10)

Kaxnoe peuwenne cuctenmsl (4.10) onpefensieT TOUKy nepeceueHHs JH-
HUH L, ¥ L,. Ecau cucrema (4.10) He uMeeT pelleHHH, TO JUHUK L U L, He
nepeceKalnTCH.

Tak, 1151 HaX0XKAeHH: TOUEK NepeceyeHHs ABYX OKDYKHOCTEH, onpee-
nsieMbIX ypaBHeHHAMH x” + y° = 1 u (x — 1)’ + y? = 2, pemmaem cucTeMy ypas-
HEHHH

x2+y2—1=0, (x—1)2+y2—2=0. (4.11)

Beruras us nepsoro ypaBHenus (4.11) Bropoe,
nosyunm 2x =0, orkyna x = 0. Berasasis 310 3Ha-
M,(0,1) YeHHe X B [IepBOe ypaBHeHHe, Haliiem, uto y ==*1.
[Tosnyuaem nBe Touku nmepeceuenus M,(0, 1) u
My(0, =1) (puc. 4.4).

MoxHo 10Kasate, uTo ecau L, u L, — nBe Hepacnaaaw-
wgecs anrebpanyeckHe JTHHUH MOPAAKOB M W 1l COOTBETCTBECH-
HO M ECJIH 0JIHA M3 3THX JIMHHH He COMLE PIKUTCS LETHKOM B IpY-
FOH, TO 3TH JIMHWH HMEIOT He BoJlee 4eM m - n To4YeK nepecede-
Puc. 4.4 HHSA (€M. JI060H Kype BbicLieH aaredpbl).

§ 2. YpaBHeHMe NOBEPXHOCTH U YPaBHEHHS JUHHH
B MPOCTPAHCTBE

1. IlonaTue 06 ypaBHeHHH NOBepPXHOCTHU. [Ipeanonoxum, uto Ham
3aJiaHbl: 1) 1ekapToBa NpsaMoyroJbHas cueTeMa KoopauHat Oxyz B IpocTpaH-
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cTBe M 2) HeKoTOpas MoBepxHocTh S. PaccMOTpUM HEKOTOpOe ypaBHeHHe,
cBfi3bIBalOIEe TPH MepeMeHHble BeJHUHHBL X, i U 2!

D (x, y,2)=0. (4.12)

Onpedeaenue. ¥Ypasnenue (4.12) Hasvigaemes yp agHeHuem no-
gepxHocmu S (OMHOCUMENbHO 3a0aHHOL cucmembl KOOPOLHAN),
ecAu IMOMY YpasHeHuro yoosiemsopawm Koopduramet x, y u 2z Aw0boil
mouku, Aexcaujel Ha nogepxrocmu S, u He ydosiemeopatom KoopouHa-
Mol X, Y U 2 Hi OOHOI MOYKU, He AeXaujel Ha NOBePXHOCMU S.

C TOYKH 3peHHd 3TOT0 ONpejie/leHHs caMa NoBepPXHOCTh S MpeAcTaBiseT
coGoH (B 3alaHHOH CHCTEMe KOOPJMHAT) 2e0MEMPUUECKOe MECMO MOUEK,
Koopduramel Komopelx yoosaemsopsaom ypasnenuro (4.12).

Ecau (B 3ajaHHOH cHCTeMe KOOPIHMHAT) paccMaTpHBaeMoe ypaBHeHHe
(4.12) aBnsieTcs ypaBHeHHeM TOBEPXHOCTH S, TO Mbl OyIeM rOBOPHTB, UTO
3TO YpaBHEeHHE onpedeisem nosepxHocms S.

KoneuHo, He BcsKOe ypaBHeHHe ¢ TpeMs NepeMeHHbIMH BHAa (4.12) on-
pefessieT reoMeTpHUECKH 00pas, OTBEYanIHi HalleMy IPUBLIYHOMY Npeji-
CTABJEHHUIO O MOBEPXHOCTH (H BOOGILE onpenensiet peasbHbIH reoMeTpHyec-
Kui1 06pa3: paccMOTpHTe ypaBHeHHe x° + i + 2° + 1 =0). UTo6bl ypaBHeHUe
Buja (4.12) onpeseisiiio reoMeTpUUeCcKHi 00pas, 0TBeUAIOIWH HALLleMY TIpeji-
CTaBJIEHHIO O OBEPXHOCTH, CJelyeT, BOOOILEe rOBOPA, MOAYHHHTDL (DYHKIHIO
D(x, y, 2) HEKOTOPLIM OrpaHHUEHHAM (HarpuMep, TpeGOBAHHIO OTHO3HAUHOH
paspelumMocTd PyHKUHOHAJNBHOTO ypasHeHus (4.12) oTHOCHTEIBHO OHON
U3 NMepeMeHHbIX). DTH OrpaHHYeHHs BBIICHAITCSH B KYpPCe MaTeMaTHUeCcKOoro
aHaau3a (cM. Beim. 1, ra. 15, § 2).

AHaJIOTHUHO ONpeensieTcsl ypaBHeHHe IOBEPXHOCTH S B /11060 Apyroi (He
0053aTe/IbHO 1eKapTOBOH MPAMOYTOJNBHON) CHCTeMe KoopauHaT. Ecau (4.12)
npeicTaBJsieT co60l ypaBHeHHe NOBEPXHOCTH S B 1eKapTOBOH MPSIMOYTO/LHOK
cucrTeme KoopauHat (Jxyz, To, YToOkl MOJYUHTE YPAaBHEHHe TOH e NoBepXHoc-
TH S OTHOCHTEJIBHO JII0OO0H JIPYTOH CHCTeMBbl KOOPIHHAT, A0CTATOYHO MOJCTa-
BUTb B (4.12) Ha MeCTO x, i U 2 X BblpazKeHHe Yyepes HOBble KOOPJAHHATHL.

HMcnonb3oBanue 1J1s onpeleseHns HeKOTOPBIX TTOBEPXHOCTEH HefeKap-
TOBBIX CHCTEM KOODAHHAT 00BACHAETCS TeM, 4TO YPaBHEHHE NMOBEPXHOCTH
HMeeT MpH 3ToM OoJsiee MPOCTOH BHIL,

Jlerko ybeiMTbCS B TOM, 4TO B IeKapTOBOH PAMOYTO/IbHON cucTeMe Oxyz
ypaBHeHue cepsl panuyca R >0 ¢ ueHTpoM B Touke My(a, b, c) umeet By ')

x-al+@-b2+@-cP=R2 (4.13)

B camom nene, Touka M (x, y, 2) IeXKUT HA YKa3aHHOH cdepe Toraa | ToJb-
KO TOTJa, KOrjla KBaJpaT paccTossHUA Mexay Toukamu M (x, y, 2) u My(a, b, ¢)

=-a+(y-b°+(z-c)*

1) 3ra cqepa onpenensercs Kak reomerpuueckoe Mecto Touek M (x, y, 2), paccTOsHHe
Ka)<IoH H3 KOTOpbiX oT ToukH My(a, b, c) paBHo R.
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paBen R”. B ciyuae, koraa nentpoM M, chepbl CAYKHT HAYAI0 KOOPAHHAT
(r.e. a=0, b=0, ¢ =0), ypapHenue (4.13) npuHumaer GoJjiee NpoCTOH BUJ:

Z+y?et=R2 (4.14)

Ecuau BBecTH chepruecKue KOOPAUHATLL 1, B, ¢, CBSI3AHHbBIE ¢ JeKaPTOBbI-
MH KOOPIHHATAMH Tak, Kak yka3aHo B m. 3 § 4 ra. 1, To ypaBHeHHe cdhephl
paguyca R ¢ IeHTPOM B HavyaJje KOODAHWHAT MPUHUMAeT BUA r = R.

10 nocaefHee ypaBHeHHe, Cpa3y BbiTeKalollee U3 reoMeTPHUeCKOro ol
pefeeHus chepel, MOXKET ObITh MOJYYEHO W MOCPEICTBOM MOACTAHOBKY B
(4.14) Ha MeCTO X, y H Z UX BBIPAXKEHHH Yepe3 c(hepHIeCKHe KOOPIHHATHI.

2. YpaBHeHHs JMHUH B IpocTpaHCcTBe. JIHHUIO B IPOCTPAHCTBE ecTe-
CTBEHHO PaccMaTpUBATh KaK IlepeceyeHne IBYX I0BEPXHOCTEH, T.e. KaK eeo-
MempuiecKoe Mecmo movex, Haxodauuxcs 00HoBpeMERHO Ha JBYX NOo-
BEePXHOCMAX.

Ecan ®(x, y, 2) =0 u Py(x, y, 2) =0 cyTb ypaBHEHHH ABYX [OBEPXHOC-
Teli, NepeceueHHeM KOTOPHIX IBJsIeTCS JaHHAs JUHHSA L, To: 1) KOOpAHHATLI
JA1000H TOUKH, JexkalleH Ha JHUHHH L, yI0BAeTBOPAIOT 000HM YKa3aHHBIM
ypaBHeHHSIM; 2) 000MM YKa3aHHBIM YPaBHEHHSIM He YJIOBJIETBOPSIOT KOOp-
NMHATHI HU OJHOHM TOUKH, He Jexalllel Ha JUHHH L.

Taxkum ob6pasom, dsa ypasHerus

D (x, y, 2)=0, Dy(x,y, 2)=0 (4.15)

COBMECMHO ORPedessom AURUK L, T.e. ABISIOTCH YDABHEHUSIMH 9TOH JIMHHH.
Pasymeercsi, JaHHYI0 JHHUIO L MOKHO NpeICTAaBHTb ABYMsl YPaBHEHHSIMH
GecyuC/IeHHbBIM MHOXKECTBOM CIOCOB0B: BMECTO JaHHBIX IBYX TOBEPXHOCTEH
MOKHO B3SITh JIOOYIO [apy OB PXHOCTEH, NepeceKaloMxCes 110 TOH e JUHHK L.
AHa/IHTHUECKH 3TO 03HAYAET, UTO BMECTO CHCTeMBl (4. 15) MOXKHO B34Th /08YI0
9KBHBAJEHTHYIO CHCTEMY.
Hanpumep, ypaBHeHHs] IBYX cep

L+y?+22=1, L+y?+@-32=10

COBMECTHO ONIpeaeJifgloT Jexdalulylo B MJ0CKOCTH Oxy OKPYXHOCTb pajguy-
COM, PABHBIM €JIHHHIIE, C [IEHTPOM B HaydaJje KOOPIHHAT. Ty Ke CaMYK OK-
PYXKHOCTb MOZKHO OIpeleJUTh H IBYyMSl YPABHEHHAMHU!

b D ¥ D) D D 2 b
x2eylel=1, x2+yz+(z—v'R2—1) = R?,

BO BTOPOM H3 KOTOPBLIX B KauecTBe R MOXKHO B3Tb ji060€ BellecTBeHHOe
YKCJI0, NPeBOCXojsllee eHHHLY.

3. lluauHapuyecKre U KOHHYeCKHe noBepxHocTH. [Ipennoaoxum,
YTO B MPOCTPAHCTBE 3a1aHa N€KAPTOBA MPSAMOYTOJbHAS CHCTEMA KOOPAMHAT
Oxyz.

Onpedenenue I. [losepxinocme S nazvisaemca yuaunopuiec-
Kol noeepxHocmbio ¢obpasywowei, napaiieivroil ocu 0z, ecau
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oHa obaadaem ciedyroujum C8OUCMBOM: KaKo8a bbl HU Obira sexcauias
na amoti nosepxrocmu mouka Mo(xg, Yo, 20), NPAMAR AURUS, NPOXOOA-
uias yepes amy mouky u napairesvnas ocy Oz, 4eiuKom Aerum Ha no-
gepxHocmu S.

Jl106y10 e HKOM J1eXKalLy10 HA LMIMHAPHUECKOH TOBEPXHOCTH S NPSIMYI0
HAa3BIBAIOT 00pasytoujel TOH NOBEPXHOCTH.

CoBepLIeHHO aHAJOTHYHO ONPeNe/sIOTCs LHIMHIPHYeCKHe TTOBepPXHOC-
TH ¢ 06pasylolMMH, napasienbHeiMi ocsaM Ox wiau Oy.

Onpedeasenue 2. [Tosepxrnocms S Haswieaemes KOHUYECKOL ¢
sepuiurol 8 Havare Koopdurnam O, ecau oHa obaadaem cAedyowum ce0oi-
cmeom: Kakosa 6vl HU ObiAQ A€HAULAS HA IMOU NOBEPXHOCMU U OMAUY-
Has om Hawara koopounam mouka My(Xo, Yo, 20), NPAMAR AUHUA, NPOXO-
dawasn yepes mouky My 1 uepes navaro koopdunam O, yeaukom iexcum
Ha nosepxHocmu S.

[Tocrapaemcsi BEISICHHTD, KAKMMH YPABHEHHSMH ONPeesioTCs UHAHHI-
pHYecKHe M KOHHYEeCKHe MOBEPXHOCTH.

Panu onpefeseHHOCTH OyeM paccMaTPHBATh LHJIMHAPHUECKYIO TIOBEPX-
HOCTB ¢ oBpasyloliei, napaanensHoi ocn Oz,

JlokaxkeM, 4To BcAKOe YpasHerue suda

F(x, 4)=0, (4.16)

caazvleaioulee 0se nepemenHole X U Y u He codepicawee z, onpedeiem
YUAUROPpUYECKY 10 nosepxHocms ¢ obpasyioweil, napaiieivnoi ocu Oz.
[Tyete My(xo, Yo, 29) — 1100as TOUKA, JexKallas Ha TOBEPXHOCTH S, onl-
pejeasiemMoil ypasHenueM (4.16). Torga KoopaMHATEL 3TOH TOUKH JOJKHBI
YIOBJIETBOPAThL YpaBHeHHIO (4.16), T.e. cpaBelHMBO paBeHCTBO

F()CO, y()):O. (417)

JlocTaTouHo noKazaTh, 4To aiobas Touka M npaMoH, npoxoasien dyepes
M, u napaisenbHol ocu Oz, TakKe JeXKHT Ha MOBEPXHOCTH S, T.e. HMeeT
KOOPIHHATHI, YI0BAETBOPSIOMIHE ypaBHeHUO (4.16).

Kakopa 6bl Hu Obl1a Touka M npsamoi, npoxoasueid yepes My(xg, Yo, 2o)
U napanjienbHor oc Oz, ee abcuncca W OpaHHATa TE Ke, UTO U Y ToukH M,
T.e. PaBHBI COOTBETCTBEHHO X U Yy, 4 ATIIIHKATA 2 HMeeT KaKoe YroJHO 3Ha-
yenHe. Ho B ypaBHenue (4.16) BxonaT TosbKo abeiucca 1 OpaHHATa, a OHU B
cHJly paBeHcTBA (4.17) yI0OBJAETBOPSIIOT ITOMY YPABHEHHIO.

TeM campiM 10Ka3aHO, YTO S — LHJIMHAPHUECKAs IOBEPXHOCTh € 00pa3yio-
1ieH, napaniensHon ocu 0z.

3ameTHM, 4TO Ha KOOPAMHATHOH miockocTH Oxy ypaBHeHud (4.16) onpe-
[eJISIeT IJIOCKYIO JIMHHIO, KOTOPYI0 OOBIYHO HA3BIBAIOT HaANpasAsoujel pac-
CMaTpHBaeMoH LMJIHHAPHUECKOH MoBepXHOCTH. B nmpocTpaHcTBe 3Ta JHHHSA
onpejeseTcss ABYMS ypaBHEHHSIMH:

F(x,y)=0, 2=0,
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nmepBOe W3 KOTOPHIX OMpeJensger paccMaTPUBAeMYK HHJIHHAPHYECKYIO
MOBEPXHOCTh, a BTOPOE — KOOPAHHATHYIO l'l.i'lOCKOCTb Oxy 3.

B kauecTBe mpHMMepa NpHBeNeM ypaBHeHHe x”+ y” =’ onperensioiee
KPYTVIbIH LMAKHID ¢ o0pa3yiolilel, napasiebHol ocd Oz, U ¢ HaMpaBJsioLLeH,
NpeacTaBJsIolel cofoH JexKallylo B 10cKocTH Oxy OKPYKHOCTD €JMHHUHOTO
paguyca ¢ IIeHTPOM B Hauajse KOOpAMHAT.

[lepefinem K BBISICHEHHIO BHId YPaBHEHHS KOHHYECKOH IMOBEPXHOCTH.

Hanomuum, 4to onpesneneHHas a/s J0ObIX 3Ha4eHHH apryMeHTOB (DYHK-
uust F(x, y, 2) HasbiBaeTCsi 00HOPOOHOW PyHKYUel (cteneru n), ey, Ka-
KOBO Obl HH ObLI0 BellleCTBEHHOE YHCJ0 R, CIIPaBeJIHBO PaBEHCTBO

F (kx, ky, kz)=k"F (x, y, 2). (4.18)

Jlokaxewm, uro ypasHerue
F(x,y, 2)=0, (4.19)

8 komopom F(x, y, 2) asagemca 00HopodHoil yHKkuuel rwoboll cmene-
HU N, Onpedeisiem KOHUYECKY NOBEPXHOCMb.

[Tycts My(xo, Yo, 29) — M06ast OTAHMHAS OT Havaja KOOPAMHAT TOYKA,
Jiexxallas Ha noBepxXHocTH S, onpeensemoi ypasHenuem (4.19). Toraa cnipa-
BE/JIMBO PaBEHCTBO

F (xg, 4o, 29)=0. (4.20)

JlocTaTouHO 10Ka3aTh, 4TO, KaKoBa Obl HH Oblia Touka M (x, y, 2), Jexauas
Ha NpAMOH, poxoasier uepes Touky Mo(xo, Yo, 20) ¥ UEpe3 HAYaJI0 KOOPIH-
Hat O, KOOPAHHATHL X, iy H 2 9TOH TOUYKH YIOBJIETBOPAKT ypaBHeHHIO (4.19).

Tak kak BektTopel OM 1 OM;, KoanHHeapHbl (KaK Jexallhe Ha OJHOH
NpsIMOH) U BEKTOp OM SABJSIETCS HEHYJEBbIM, HAHAETCS (B CHIY Teope-
Mbl 2.1) BelllecTBeHHOe YHCJI0 R Takoe, uTo OM = k-OM,, . Ha ocHoBaHHH
JIMHEHHBIX CBOHCTB KOOPAHHAT BeKTopa (cM. 1. 8 § 1 11, 2) MOKHO yTBEpXK-
JaTh, YTO KOOpAHHATH BeKTopa OM paBHBHI COOTBETCTBYIOLIMM KOOpPAHHA-
tam BekTopa OM; , YMHOMKEHHBIM HA YHCJIO R, T.e.

x=kxy, y=Rky, z=kz.

M3 nocnennux paBeHCTB H U3 TOTO, uTO F (X, y, 2) (KaK ofHOpoaHAs QYHK-
LS HEKOTOPOH CTeNeHH n) YAOBJAeTBOPAeT cooTHoeHHIO (4.18), monyunm

F(x, y, 2) =F (kxg, kyg, k2p) =k "F (xg, Y9, 20),
a orcioaa B cuay paeerctBa (4.20) okoHuaTe IbHO OYIEeM HMETh
F(x,y,2)=0.

JlokasaTesbCTBO TOTO, UTO MOBEPXHOCTE S, onpejiensemMas ypasHeHeM (4.19)
¢ OIHOPOAHOH (yHKUMeH F (x, y, 2), ABAsIeTCS KOHHUECKOH, 3aBepILIeHo.

I) Hoo YPdBHCHHIO 2 = 0 YAOBJCTBOPAKT KOOPAHHATDI JII0B0H TOYKH, JexalleH Ha TI0CKO-
CTH Oxy H He YA0BJeTBOPAIOT KOOPAHHATLI HH O[HOH TOYKH, He JiexKalleHd Ha 3TOH IUI0CKOCTH.
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3aMeTHM, 4TO NPSAMBIE, LEeJHKOM JeXallie Ha KOHHUYeCKOH MOBepXHOC-
TH, HA3bIBAKOTCA ee 00pasyoujusmi 1 4To Bce 00pasyioliHe (Kak 9T0 BUIHO
M3 NPOBEIEHHOTO J0KA3aTebCTBA) NPOXOAAT Hepes Hauano KoopauHat O.

[TpocTedimum npUMepoM KOHHYECKOH MOBEPXHOCTH MOXKET CJIYXKHTb KPYT-
JBlii KOHYC, OTpefiesisieMblit ypaBHeHueM x° +y° —2z° = 0. 3Ta l'EOBerHOCTb
ucenenyercss B M. 4 § 3 ra. 7. ®yukimsa F(x, y, 2)= = x° +y , 3ajato-
a5l ee ypaBHeHHe, ABJAsSeTCSH OJHOPOAHOH (PYyHKUMEN BTOPOTO HOpFUlKa.

4. IlapamMeTpHyecKrne ypaBHeHHs JHHUH H MOBEPXHOCTH B Mpo-
crpanctBe. B . 2 Mbl paccMaTpuBaIy IMHUIO B IPOCTPAHCTBE KaK Nepeceye-
HHE JBYX MOBEPXHOCTEH. BO3MOXKeH U 0UeHb eCTECTBEH ¢ KMHEMATHUECKOH
TOYKH 3PEHHS H APYTOH MOAXO0/ K NOHATHIO IMHUK B IIPOCTPAHCTBE, OCHOBAH-
HBIA Ha PACCMOTPEHHM 3TOH JIMHHK Kak MYTH, MPOHIEHHOr0 MaTepHalbHOH
TOUKOH, HelpepeIBHO JBHKYIIEHCS 110 Onpe/ie/leHHOMY 3aKOHY.

Kaxk # s cayyas niocko# JHHUH (eM. 1. 2 § 1), 3TOT NoAXo NPUBOAHT K
napamempuuecKkomy NpeicTaBJeHUI0 JHHHH B IPOCTPAHCTBE, 3aKIH04alo-
LIEMYCH B TOM, YTO KOOPAMHATBI X, i H 2 JIOOOH TOYKH JIAHHOH JIMHUM 3a/a-
I0TCSl KaK HempepbiBHEIE QYHKIMH HEKOTOPOTo MapameTpa t (NMpeacTaBisio-
uiero cob6oi Bpems). Mrax, npu takom noaxoje KOOpAMHATHI X, ¥, 2 J10OOH
TOYKH JHHHH L 3a7al0TCsd KaK TPH (QYHKIHU

x=0(), y=vy), z=x), (4.21)

onpeje/ieHHble H HeNPepbiBHbIE B HEKOTOPOM MPOMEKYTKe U3MEHEHHs ma-
pametpa f.

KUHELIHO, 3TOT crnocod onpeneJeHusa JHHHH B IPOCTPAHCTBE YKBHBAJIEH-
TEH OMpeJle/IeHHI0 ee B BHJE NepeceyeHus IBYyX nopepxHoctei. Utobel y6e-
OUTBCS B 3TOM, MPEANOJ0XKHM, YTO XOTH Obl OHA (HANIpUMep, TPEThsi) U3
¢dyuxuui (4.21) nonyckaet obpatHyio. B TakoM caydae W3 TpeTbero paBeH-
crBa (4.21) nonyuum, uto t = x”(z), H, MIOJCTABRJSAS 3TO 3HaUeHHe { B [TepBble
1Ba paBeHcTBa (4.21), nonyunM ypaBHeHHs JABYX MOBEPXHOCTEH

x=0[" 2], y=vyl" @),

nepeceyeHHeM KOTOPBIX CAYXKHUT JaHHAadA JHHHSA.
B kauecTBe npumepa npueeieM napaMmeTpUUecKie ypaBHEHHS OKPYKHO-
cTu paauyca r> 0, jJexanledl B KOOPAUHATHOH MJIocKoeTH Oxy H UMeloLlei
LeHTP B HAauaJ/e KOOPAHHAT. B 1eKapToBOH NpsMOYTo/IbHOM CHCTeMe Ha ioc,
KkocTH Oxy TaKas OKPY>KHOCTh OTPe/Ie/IieTCs OHHM YpaBHeHHeM X° + iy = r”
(cm. m. 1 § 1), B mpocTpaHCcTBe e 3Ta OKPYXKHOCTh ONpelesieTcs ABYMs
YPaBHEHHSIMH:

L+y’=rt 2=0,
TIepPBOE H3 KOTOPHIX OMpe/e/seT HHIHHAPHIECKYIO MOBePXHOCTD, HATPaBJSI0-
el KOTOPOH CJY2KHT paccMaTpHBaeMas OKPYKHOCTb M 00pasyollas KoTo-

poii napasiebta ocu Oz, a BTOpoe ypaBHeHHe ONpejesieT KOOPIHHATHYIO
mrockocth Oxy.
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Han 2§ 1 Ml yxe SHJHEM uTO Ha MJIOCKOCTH Oxy napameTpuyecKue
ypaBHEeHHS OKPYKHOCTH x° + y”° = r” UMeIOT BUA X = r COS {, y = r sin ¢, e
0<t<2m.
OueBHIHO, Ta K€ OKPYXKHOCTh B IPOCTPAHCTBE 3aJaeTCsl TpeMs ypaBpHe-
HUSMH:
x=rcost, y=rsint, z2=0,

npuyem napametp ¢ npoderaet noaycerment 0 < ¢ < 2m.

Jlns mapameTpHuYecKoro 3aaaHus NOBEPXHOCTH KOOPAHHATH MI000H TOY-
KH 3TOU MOBEPXHOCTH JOJ2KHBL ObITh 3alaHbl KAK (PYHKIMU He OJIHOTO, 4 084X
napamempos p ¥ g. Y 0eHMCsl B TOM, UTO TPH ypPaBHEHHUs

x=0(p, q), y=vy(pp, q), z=Xp, q) (4.22)

OIPeLeST B IPOCTPAHCTBE HEKOTOPYH IIOBEPXHOCTD.

J17151 3TOTO IPEANON0XKHM, UTO XOTs Obl O1HA Tapa W3 TPeX ypaBHeHHH (4.22)
MO2KeT ObITh pa3pelieHa OTHOCHTENbHO NapamMeTpoB p U q. JlonycTHM, Hanpy-
Mep, YTO U3 NePBLIX JIBYX YpaBHeHHH (4.22) p 1 g MOTYT GbITb BbIpaxKeHbl Kak
Gynkwn x 1 y: p=P(x, y), g=Pyx, y).

BeraBnisis 9TH 3HaueHHsl p U g B TpeThe ypaBHeHHe (4.22), Mbl MOJYUHM
ypaBHeHHe ¢ TpeMs MepeMeHHbIMH:!

2 = x[Py(x, ), Polx, Y] =0

onpefesioniee, KaK HaM H3BECTHO, HEKOTOPYIO NOBEPXHOCTD ).
B kauecTBe mpumepa NpHBeLEM MapaMeTpHuyecKue ypaBHeHH: cdepsl
paguyca r>0 ¢ LeHTPOM B Hayaje KOOPAHHAT:

x=rcos@sin@, y=rsin@sing, z=rcoseQ.

3nech mapameTpel © U @ MpeACTaB/AIOT cOGOH yrioBLle cepHUecKHe Koop-
JIMHATHI (JOTOTY U LIHPOTY) TOUeK rnoepxHocTH cdepnl (cm. § 4 ra. 1). lna
TOro 4ToObl BCe TOUKH chepbl 06XOIHIHCH OJHH pas, cjaelyeT OrpaHHYHThb
oBJacTh H3MeHeHHs napamMeTpoB npoMexyTKaMH 0 <0 <2x, 0< @ <m.

5. Knaccudukanusa nopepxsHocted. B nojiHoi ananoruu ¢ kiaaccu-
(huKauHen MJI0CKHX KPUBBIX YCTAHABAHBAIT CJEAYIOULYI KAaCCHDUKALHIO
MOBEpPXHOCTEH.

Onpedeaenue 1. [Tosepxnocme nasvisaemcaarzebpauuecK o,
ecau 8 HeKomopoil dekapmosol npAMOY20LbHOUL cucmeme KoopoOUuHam oxa
onpedeasiemcs ar2ebpautecKum YpasHeHIem ¢ mpems nepemerHHolmu.

Onpenenenne 2. Becakas ne ateebpauieckas nOepXHOCMb HA3bL-
saemca mparHcyenHdenHmHuoil.

Onpedenenue 3. Ancebpauueckas NoBepxHOCMs HA3bl8aeML A
nogepxHOCmMbio NOPAIKA N, eCAu 8 HeKOMOpoll dekapmosol
NPAMOY20AbHOU cucmeme KoopouHam oHa onpedeisemcs areedbpaudec-
KUM YPABHEHUEM CMENexu N ¢ mpems nepemerHHolmLL.

1) Koneuro, npu 3ToM TpeGyIOTCS HEKOTOPBIE OTPAHHIEHHS.
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JI1st yeTaHOBJIEHHST KOPPEKTHOCTH 3THX OMpefeneHHH HeoOXO0IUMO J0-
Ka3aThb CJeaylollee yTBepKIeHHe.

Teopema 4.2. Ecau nosepxHocme 8 HeKOmMopoil dekapmosoL npsamo-
y2oAbHOl cucmeme Koopdunam onpedessemcs ai2e0pauieckum ypase-
HUem cmenexu n, mo ama nosepxHocms u 8 4060k dpyeoii dekapmosoil
NPAMOY20A6HOL cucmeme Koopdurnam onpedeisemcs arzebpaudeckum
YpaBHEHIeM Mol He Cmenexu n.

JlokazaTesbCTBO TeopeMbl 4.2 BIOJHE aHANOTHYHO /1I0KA3aTeNbCTBY TEO-
pembl 4.1 1 onupaeTcs Ha JoKa3aHHOe B§ 211, 3y TB e p 3 /1 eH U e: KaK0sbL
bot Hu Goraw dse npousgoisHble 0eKapmossl APAMOYE0AbHbLE CUCMEMbL KO-
opdunam, Koopouramol X, Y U 2 41000l MOUKU NPOCMPAHCMBA OMHOCUMENb-
HO Nepsoll cucmemol ABALIOMES AUHCUHBIMU PYHKUUAMU Koopouram x’, i’
u 2’ moi e mouxkw omHocumesvHo 8mopoll cucmemot. C NOMOLLBIO 3TOrO
YTBEPXKIAEHHA W PACCYKAEHUH, MOMHOCTHIO AHANIOTHYHBIX TEM, KOTOpPBIE Mpo-
BOASITCSI TIPH I0KA3aTeNbCTBE TeopeMbl 4.1, Mbl MOJYUUM, YUTO €CJH N0BepX-
HOCTb S B HEKOTOPOH eKapTOBOH NPAMOYTroJibHOH cHcTeme Oxyz onpe-
peasieTcst anredpanyecKUM YpaBHeHHeM CTeleHH 7, TO 3Ta NOBEPXHOCTb B
moGoi Apyroi AeKkapToBoi npsMoyroaeHol cucteme O'x’y’z” onpenenser-
csl anredpanuyeckKUM YPaBHEHHEM cTelleHd He Buiwme 7. [lomeHsas poas-
MH cHeteMbl Oxyz u O'x’y’z’, MBI 3aBePIINM JI0Ka3aTe/IbCTBO TeopeMsl 4.2.

3ameuanue |. Tax ke Kak H B c/yuae MJIOCKOH JHHUH, BBOAHTCS
nousiTHe pacnadaroweics anredpanuecKol NoBepPXHOCTH.

3ameuanue 2. [IlpocTpaHcTBeHHAs JHHUS HasblBaeTcs aszebpau-
4ecKoll, ecJy OHa MOKeT ObITh ONpejeeHa Kak nepecedeHue IByx aiarebpa-
MYeCKHX MMOBEPXHOCTEH.

Besikast He anrefpanueckast JUHUSI HA3BIBAETCS MPAHCUEHOCHMHOLL.

6. O mepeceyeHNH MOBEPXHOCTEH M THHUH B mpocTpaHcTse. s
OTBLICKAHHS TOUEK MepecedeHns MOBePXHOCTEH WK JHHUH (MM NOBEPXHOC-
TeH W JIMHUH) CJIe/lyeT pacCMOTPETh COBMECTHO YPaBHEHHUS, OTlpe/ie/ifiol1e
VKasaHHble reoMeTpHuecKre 00beKThl. PellleHNe NoyueHHOH IpH STOM CHC-
TeMbl M OMpele/qHT HaM KOOPAHHATHI BeexX Touek nepecedenus. Ecau noay-
UeHHasl CUCTeMa He HMeeT PelleHHH, TO ToUeK NepecedeHHs Her.

Tak, HanpuMep, eCJTH 3a1aHbl IBe JHHUH, TePBast H3 KOTOPLIX OTIpeJieseT-
cs1 ypaBHeHUsIMH D(x, y, 2) =0 u Dy(x, y, 2) =0, a BTOpass — ypaBHeHHS-
MU D3(x, iy, 2) =0u Dy(x, y, 2) =0, ToO KOOPAHHATLI TOHUEK MepeceyeHHst ITHX
IBYX JIMHUH (B cJyude, ecyld TOUKH [1epecedyeHusl CYLeCTBYIOT) 00513aHbl ObITh
pelleHHeM CHCTeMBl Y e Thli P e X YPaBHeHHH ¢ TpeMs HeH3BeCTHBIMH:

D(x, y, 2)=0, Dy(x, y, 2)=0,
Dy(x, y, 2) =0, Dyx, y, 2)=0.

Tak Kak 4MC/I0 HEH3BECTHBIX MeHbllIe YHCJa ypaBHEHHﬁ. TO NnocJieJHAA CHC-
Tema, Boobie roBOpH, HE UMeeT pemeﬂnﬁ, T.e. iBe JIMHHH B NMPOCTPAHCTBE,
BOOOIIIE roBops#d, He TiepeceKarTCH.
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7. 3aKJIOUHTEJbHbIE 3aMeyaHud. JIMHHH U NMOBEPXHOCTH BhILIE BTO-
pOTo MOpSIJKA He BXOAAT B yueOHBIE KYPChl aHAMUTHYECKOH TeOMETPHH (MM
TMOCBSIIIeHb! CTIelUabHBle KYPChl). B Hallem Kypce Mbl OTpaHHYHMCS H3YUe-
HHEM TJIOCKHX JTHHUH W TTIOBEPXHOCTEH TTePBOTo U BTOPOTO MOPSAIKOE.

B ryi. 5 6yayT paccMOTpeHbl JIMHKH M TOBEPXHOCTH TIEPBOro MOPsiiKa (KX
HA3BIBAIOT TAKKe AuHeilHoimu ob6pasamu ')). B ri. 6 usyyanoTes miockue
JIMHUK BTOPOTO TOPSIIKA, B IJl. 7 — MOBEPXHOCTH BTOPOrO MOPSIIKA.

b TepMUH «iHHEeHHBIH» 0OBACHSIETCS TEM, YTO B JIEBOH YACTH YPABHEHHUS [1€PBOrO NOPSif-
Ka CTOMT JHHeHHasa (yHKIHA.



TTABA 5
JIMHEHUHBIE OBPA3bI

Jrar/jaBa NocBsLeHa BCeCTOPOHHEMY H3YYeHHIO NPSIMbIX JHHHH HA IJ10C-
KOCTH M MJIOCKOCTEH M NPAMBIX JHHHH B IPOCTPAHCTBE.

YO6eIUBIIHCh B TOM, YTO 3THMH 00bEKTaMH HCHEPNLIBAIOTCH BCE JHHEH-
Hble 00pasbl (T.e. reoMeTpuyeckue 00BEKTHl, OnpejelisieMble JHHeHHBIMH
ypaBHeHHSIMH), Mbl BBOIUM B pacCMOTpeHHe pa3/JHUHble BH/Abl yPaBHEHHH
NPSMOH H TIJIOCKOCTH M OCTAHABJIMBAEMCH HA WX HCMOML30BAHKH s pere-
HHUSI BaXKHEHUIIHX 3a71a4.

§ 1. PazinuHble BHABI YpABHEHUS NMPAMOK
Ha IJIOCKOCTH

1. O6mee ypaBHeHUe IpaAMo. JloKaxkeM cHauafa, 4To ecAu Ha NA0C-
Kocmu T 3a0aHa NPOU3BOALHASL NPAMAR AURUS L u uKkcuposana npous-
goavHaa dekapmosa npamoyeosvHasn cucmema Oxy, mo npamasa L onpe-
deasiemcs 8 3moil cucmeme YypasHernuem nepsoll cmenexu.

IlocraTouno foKasaThb, UTo TpsiMasi L onpeesseTcs ypaBHeHHEeM NepBoil
CTEMNEHH NPU KAKOM-MO 0OHOM CReyualbHOM 8ulGope NeKapToBOH MpsaMoy-
TOJILHOH CHCTeMbl Ha IJIOCKOCTH T, 100 TOraa 0Ha OyAeT Olpefe/sTbCs ypas-
HeHHeM MepBOH CTeleHH U IpPH J00oM BblOOpe 1eKapTOBOH MPAMOYToabHOH
CHCTeMBl Ha TJI0CKOCTH T (B cuaty Teopemsl 4.1). Hanpasum ocb Ox Brosb npsi-
Mo# L, a och Oy nepneHaUKyasSpHO K Hel. Torna ypaBHeHHeM npsiMoid Oyaer
ypasHerue nepsoii cmeneru y=0. B caMom gene, 3TOMy ypaBHEHHW OyayT
YIOBJETBOPSATE KOOPAHHATHI JMIOO0H TOUKH, JexKallel Ha npsamMoH L, U He Oy-
IYT YAOBJIETBOPSATL KOOPAHHATHL HH OJHOH TOUKH, He JiexKalllel Ha npsiMoi L.

YTBepxIeHHE TOKA3aHO.

Jlokakem Ternephb, YTO €cAu HA NAOCKOCMU T PUKCUPOBAHA NPOUSEOLb-
Haa dekapmosa npamoyzoivhas cucmema Oxy, mo 8caAKoe YpasHeHue
nepsoll cmeneni ¢ 08yYMs NEPEeMEeHHbIMIL X 1L [f Onpedeisiem OmHoCUmeNb-
HO 3MOIL CUCMeMbl NPAMYK AUHILIO.

B camom nese, nycTh (pMKCHpOBAHA MPOM3BOJbHAA 1€KapTOBA MPsSMOY-
rojbHas cucteMa Oxy W 3aJaHO YpaBHeHHe NepPBOH CTeleHH

Ax+By+C=0, (5.1)

B KoTOpoM A, B n C — KakHe yrofHo NOCTOSHHLIE, MPHYEM U3 NOCMOSHHLLX
A u B xomsa 6ot 00Ha omauyHa om HyAs. Y paBHeHHe (5.1) 3aBeIoMO HMeeT
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X0Ts OBl OHO pellieHHe Xg, Yo ", Te. CcyliecTByeT XOTS Obl OJHA TOUKA
M(x, Yo), KOOPAHHATH! KOTOPOH VAOBJAETBOPSIOT ypaBHeHHwo (5.1):

Axy+ By, +C=0. (5.2)
Boiuntas us ypasHenus (5.1) ToxKaecTBo (5.2), Mbl IOJYYHM ypaBHeHHe

axeusanenmuoe ypasneruro (5.1). JlocTaTouHo 10Ka3aTh, UTO ypaBHeHHe
(5.3) onpejeqasieT OTHOCHTEJbHO cHcTeMbl OXy HEKOTOPYIO npsamyio. Mel
NMOKaxeM, 9To ypasHerue (5.3) (a ctano 6with, U (5.1)) onpedeasem nps-
myto L, npoxodauyyio wepes mouxky My(xg, yo) U nepneHouKyLapryO 6€K-
mopy n={A, B} (tak kaxk A 0 B 0IHOBpeMeHHO He paBHbBI HYJIIO, TO BEKTOP N
HeHYAeBOLl).

B camom geqe, ecan Touka M (X, y) neKUT HA YKa3aHHOH NMpAMOH L, To ee
KOOPIHHATHI YAOBJAETBOPSIIOT YpaBHEHHIO (5.3), MO0 B 9TOM CJydae BEKTOPHI
n={A, B} u MyM ={x—xy, iy — Yo} OPTOrOHAJLHBEI H HX CKaJsipHOE Mpo-
H3BeJleHHe

A(x = xq) + Bly — yp) (5.4)

pasHo Hymo. Ecau xe touka M (x, y) He JexHUT Ha yKa3aHHOH npamol L,
TO ee KOOPJHHATHI He Y/I0B/JeTBOPSAIOT ypaBHeHHWO (D.3), HGO B 3TOM Clly-
yae BeKTOpbl N 1 MyM He OpTOroHaJ/IbHBEI, H NOITOMY MX CKajspHOe Npo-
u3BefeHue (5.4) He paBHO HYMI0. Y TBepPKIEHHE T0KA3aHO.

¥pasuenue (5.1) ¢ npoussoronoimu koagpuyuenmanu A, B u C maxu-
Mmu, umo A u B He pasHol HYAO OOHOBPEMEHHO, HA3LIBACMC 0 6 U U M
ypasrHernuem npamoil MblJI0Kazanu, uto npamas, onpedeiaenas
obujum ypasreruem (5.1), opmoeonarsra k sekmopy n = {A, B}. dror noc-
JIeIHHH BEKTOP MBI OY/leM Ha3blBaTh HOPM QA bHOLM BEKMOPOM
npamoi (5.1).

3ameTHM, 4T0 ecau 0sa obujux ypasnenus Ax+By+C=0 u
Ax+ By + C, =0 onpedeasrom oduy u my #e npamyro, mo Haidemcs
makoe HicAo t, 4mo cnpasediusol paseHcmsa

A1=At, Blth’ C1=Ct‘ (55)

m.e. Koaguyuenmor Ay, B, C, 8mopoeo ypasHerus pasrsl coomsem-
cmsyrouum koagguyuenmam A, B u C nepgoeo ypasHenus, yYymHoMeH-
HbIM HQ HEKOMOpoe 4ucio .

B camom gese, 1o yc/oBHIO NpsiMble, ofpejeseMble YpaBHeHHAMH
Ax+By+C=0wu Ajx+ By + C, =0, caupaorcs. Crano 6bITb, HOPMaIb-
Hble BeKTopel n = {4, B} un, = {A,, B|} koanuHeapHsl. Tak Kak, KpoMe TOTO,
BEKTOP N HeHYJeBOH, HaligeTcs (B cuiy TeopeMsl 2.1) uncao f Takoe, UTO

') B camom nene, A u B ONHOBPeMeHHO He paBHbl HyJ10. [lycTh, Hanpumep, B # 0. Toraa,

A c
B3SIB [IPOM3BOJIBHOE Xp, MBI IOJYUHM M3 ypasHeHHs (5.1) yy = ~3 X - B
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n, =nf, a 0TCIOIA ¥ U3 JHHEHHOTO CBOHCTBA KOOPAMHAT BEKTOPA BBITEKAIOT
nepBble 1Ba U3 paBeHCTB (5.5). [lokaxeM cnpaBelqMBOCTL U MOCJAEIHETO pa-
BeHCTRa (5.5). CaMBLIMecs TpsMble MMeOT 00110 Touky My(xg, g), TaK 4To
Axy+ Byg+ C=0wu A, xy+ By + C, =0. YMHO)KasA epBoe H3 3THX PABEHCTB
Ha { U BBIUHTAsi M3 HErO BTOpOe paBeHCTBO, Gynem umeTb (Af — A )xg + (Bt -
— By + (Ct — C,) =0. Orcrona B cuny nepebix ABYX paeeHcTB (5.5) Ct — C, =0,
FELCEIGE

2. HenonHble ypaBHeHHA NPAMOH. Y paBHeHHE NPAMOM B OTPe3Kax.
Obujee ypasnerue npamotl (5.1) Hazvisaemcs n oA H bl M, eCAU BCE €20
Koaghpuyuenmor A, B u C omauunor om nyas. Eciu xots Gbl OUH U3 yKa-
3aHHBIX KO3((HUINEHTOB PABEH HYJ/I, YDAaBHEHHE HA3BIBAETCS HENOAHbIM.

PaccMoTpuM Bce BO3MOKHbIE BH[Ibl HETIOJNHBIX YPABHEHHH.

1) C =0, ypasuenue Ax + By =0 onpeesser NpsaMyio, MPOXOAALLYO ue-
pe3 Hayamno KOOPAMHAT (MOCKOMbKY KOOPIAHHATEl HA4a/1a YI0BJAETBOPRIOT ITO-
MY YpaBHEHHIO).

2) B=0, ypasHeHHe Ax + C =0 onpenensieT npsMyio, napasiefbHYIo
ocu Oy (MOCKOJBKY HOPMaJbHBIH BeKTOp 3T0H npsmoi n = {A, 0} oprorona-
nieH ocu Oy).

3) A=0, ypaBrenue By + C =0 onpeneaser npsMyio, napanielbHYIO
ocH Ox (MOCKOJBKY HOPMaJbHEIE BeKTOp 3T0H npsamon n = {0, B} oprorona-
sier ocu Ox).

4) B=0u C =0, ypaBuenue Ax =0 onpenenser ocb Oy (B caMoM fede,
9Ta npsiMas napajenbHa ocd Oy W NPOXOAUT Yepes Haya/lo KOOPAHHAT).

5) A=0, C=0, ypaBuenue By =0 onpenensier ocb Ox (160 31a npsmas
napasnJe/bHa ocd OX ¥ MPOXOJMT Yepe3 Hayalo KOOPAHHAT).

PaccMoTpuM Teneps noAxoe ypaBHeHHe npsiMoit (5.1) W nmokaxkem, 4To
OHO MOKET ObITb IIPHBEIEHO K CJeIyIOlEeMy BHIY:

X
LA AN | (5.6)
a b
Ha3blBaeMOMY YpPaBHEHUEM ﬂpRMOli 8 ompes3Kax.
B camom nese, Tak Kak Bce kKosdpuunentsl A, B 1 C OTIHYHLL OT HYJIS,
Mbl MOXKEM Mepenucath ypasHenue (5.1) B Buge

X
LY

—C/A /B :

" 3ateM nojaoxutb a =-C/A, b=-C/B.

3aMeTHM, YTO B YpaBHEHHH «B 0Tpe3kax» (H.6) uucaa a u b umeroT npo-
CTOH reoMeTpHYEeCKHH CMBIC/: OHH PaBHBI BeJHYHHAM OTPe3KOB, KOTOpbie
orcekaet npaMas Ha ocsix Ox W Oy COOTBETCTBEHHO (OTPe3KH OTCUMTHIBA-
I0TCS OT Hayasa KoopauHar, puc. 5.1). UroObl yOeuThcs B 3TOM, I0CTATOY-
HO HaHTH TOYKH MepecevyeHus NMpsAMOoH, onpeaeaseMoi ypapHenHeM (5.6), ¢
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ocAMH KoopauHat. Hampumep, Touka nepeceueHHs ¢ ocbio Ox onpenenser-
Csl H3 COBMECTHOTO pacCMOTpeHHs ypaBHeHHs MpsiMoit (5.6) ¢ ypaBHeHHeM
y =0 ocu Ox. Mbl noNy4yuM KOOpPAMHATHEL TOUKH NepeceveHus x=a, y=0.
AHaJIOTHYHO yCTaHAB/MBAETCH, YTO KOOPAUHATH TOYKH MepeceyeHUs Mps-
Mo# (5.6) ¢ ockio Oy umetor Bua x =0, y=b.

YpaBHeHHe TIPSMOH B BHJIe «OTPE3KOB» YA0OHO HCMOJb30BAThL S MO-
CTPOEHHUS ITOH NMPSAMOH Ha YepTerke.

3. Kanounueckoe ') ypapuenue npamoit. J11060i
HEeHYAEBOL BEKMOpP, NAPAALEAbHbLL JAHHOL NPAMOL,
bydem Ha3bl8AMb HANPABAAOULUM BEKMOPOM 3MOLL
npAMo.

[TocraBum nepen coboi 3anavy: Halmu YpasHerue
npamoi, npoxodauiel wepes danuyo mouky M (x, y,)
U umernujel 3a0aHHbLI HANPpasAARU UL BeKmop

Puc. 5.1 q=1{l, m}.

Ouepuano, Touka M (x, i) J1eAKUT HA YKA3aHHOH MPAMOH TOM/1d H TO/BKO
Torna, Korga Bektopsl M|M ={x—x,, y—y,} u q={[, m} KoJdnHHeapHE,
T.e. TOMJA U TOJbKO TOrAa, KOrja KOOPAHHATHI 3THX BEKTOPOB MPOMOPLHO-
HaJbHBI (CM. cJecTBHe U3 TeopeMsl 2.17):

= . (5.7)

Ypasrenue (5.7) 1 eCTb HCKOMO€ ypaBHEHHe NPAMOH. TO ypaBHEHHe Ha3bl-
BalT 00BIYHO KAHOHUYECKUM YPABHEHUEM NPAMOLU.

3aMeTHM, YTO B KAHOHHYECKOM YpaBHeHHH (5.7) OAMH U3 3HaMeHaTeeH [
HJH M MOXeT 0Ka3aThCsA PABHBIM HYJI0 (00a yucaa [ M m paBHATLCHA HYJIO
He MoryT, H00 BeKTOp q = {/, m} HeHyJeBoH). TaK Kak BCAKYHO TIPOMOPLHIO
a/b=c/d Mbl OTOBOPHIHCH TOHKUMATh KaK paBeHCTBO ad = be, obpaujenue
8 HYyLb 00H020 U3 3namenamenel 8 (5.7) osnauaem obpauerue 8 HyLb u
coomeemcmsyouie2o Hucaumens. B camom nese, ecqu, Hanpumep, [ =0,
To, nockoJbky m # 0, U3 papeHctea [ (y —y,) = m(x — x;) 3aK/10uaeM, 4TO
x—-x,=0.

B sak/0ueHHe salHlIeM ypasHerue npamoil, npoxodauel yepes dee
dannele mouku M (x,, y,) u My(x,, i/») (KOHEUHO, 3TH TOYKH CUHTAIOTCH OT-
JIMYHBIMH APYT OT Apyra). Tak Kak 3a HanpaBJ/sOLIKI BEKTOP TaKOH NpsMOH
MOXKHO B3ATbh BeKTop q = MMy ={x,—x,, y,—y,} u npamas npoxogut
uyepe3 Touky M (x|, y,), TO U3 KAHOHMUYECKOrO ypaBHeHHs (5.6) mosyuum
ypaBHEeHHEe HCKOMOH TIPSMOH B BHJE

X=X _Y-4

Xog =X Y=l

(5.8)

') TepMHMH «KaHOHHUECKHii» (0T TPEYECKOT0 KOVOY — MPaBHIO, TPeINHcaHHe, 06pasel)
NMOHHMAeTCH 3/1eCh KaK «THI'II’)BOﬁ’), «Tpaﬂﬂ[[HO]-ﬂ-le;l».
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4. IlapameTprueckue ypapHeHHd npamoin. [lapamerpuueckue ypage-
HeHHs MPAMOH 3JeMeHTapPHO MOJY4aloTCs M3 KAHOHHYECKOro YPaBHEeHHS 3TOH
npsimoii. [Tpumem 3a napametp ¢ BeJIMUMHY, CTOSIILYIO B JIEBOH U B IPABOH yac-
19X (5.7). Tak KaKk oMH U3 3HaMeHaTes el (5.7) OTIHYEH OT HYJs, a COOTBET-
CTBYIOLIHH YHCIUTENb MOKET NIPUHUMATD KAKUE Y200H0 3Hawenus, To obJa-
CTBIO M3MEeHeHHs napaMeTpa { ABAsSeTCs BCA BellleCTBEHHAS 0Ch: —00 < f < 00.

Mgl nonyunm x — x; =1f, y — y, = mi WM OKOHYATEbHO

x=x+1lt, y=y,+mt (5.9)

YpaBHeHHd (5.9) H eCTb HCKOMBIE napamMempuiecKue YpasHenua npa-
mod. YpaBHeHHS (5.9) 1oNyCKAIOT HATAAHYIO MeXaHHYECKYI0 HHTepIpe-
tauuio. Ecau cyuTaTh, 4TO napamMeTp { — 3TO BpeM#, OTCHUTLIBAEMOE OT
HEKOTOPOro HavyaJbHOr0 MOMEHTa, TO apaMeTpHyec-
KHe ypaBHeHH: (5.9) onpeaensioT 3aKOH IBHKEHHS Ma-
TepHaJbHOH TOUKH 110 NPAMOH JHHHUH C MOCTOSIHHOH
ckopocTbio v = VI* +m” (TaKoe ABUIKeHHE MPOUCXO-
JUT MO WHEPLHH). -

5. lIpsimasi ¢ yrioBeIiM KoadpuuuenTom. Pac- 0|/A T
CMOTPHM J100yI0 NpAMYI0, He napasieavryto ocu Ox.

Beenem nousiTHe yria Hak/JoHa 3TOH npsimMoil K ocH Ox. Puc. 5.2
[Ipeanonokum, 4To paccMaTpuBaemas npamas nepece-

KaeT ocb Ox B Touke A (puc. 5.2). BosbmeM Ha ocH Ox NPOM3BOJBLHYIO TOU-
Ky M, JeKaliyio no Ty CTOPOHY OT To4YKH A, Kyaa HanpasJeHa ock Ox, a Ha
paccmaTpHBaeMod NpAMOH NPOH3BOJBHYIO TOUKY N, JiexKallyio no Ty cTopo-
HYy OT To4uKH A, Kyz1a Hanpas/ieHa ock Oy. Yron o= £ NAM nasosem yerom
HakaoHa darHol npamol k ocu Ox.

Ecau npsmas napadienbia ocd Ox WK COBNALAET C HEH, TO yroJ HAKJIO-
Ha 3TOH NpsAMOi K ocH Ox Mbl Gy1eM CHHTATh PABHBIM HY.IIO.

Taneenc yena naxaona npamoli k ocu Ox HA308eM Y 2408 bIM K O-
apuyuenmom amod npsamoi Ecin o6o3Haunth OYKBOH R yT-
J0BOH KOa({HIHEHT TaHHOU NpsaMOoH, a GYKBOH Ol yros HaK/JIOHA 3TOH nps-
MoH K oct Ox, TO 110 onpeeNeHHI0 MOXKHO 3anHucaTh £ = tg o.

3amMeTHM, 4TO A/19 TPAMOH, apa/aeabHol ock Ox, yrioBoH Ko3(hQHIHEHT
paBeH HYJIO, a A5 NPAMOH, epneHARKyaapHoH ocH Ox, yrioeo# Koaddu-
IIMEeHT He CYLIeCcTBYeT (B MOCJeJHeM cJ/yuae HHoraa (popMaJabHO FOBOPSAT,
YTO yrI0BOH Ko3d(puumeHT «obpaiiaercs B O6CKOHEUHOCTb?).

BriBesem ypaBHeHHe NMPAMOH, MPOXOAAlLIeH yepe3 JaHHYI TOYKY
M, (xy, y,) ¥ UMelolLeH JaHHBIH YTJI0BOH KO3 PHIHEHT k.

Jls aToro 1oKaXxem cHavaJa caeiylolee Y TB e DK 1 e H U e: ecau nps-
masa He napasreasvra ocu Qy u umeem Hanpasiawujul sexmop q = {1, m},
mo yeao8oi Koagduyuenm amoi npamoi k pasen k=m/l.

[TycTs 00 — yrost HakaoHa npsMoil k ocu Ox, a & — yroJ HakJ/OHa Ha-
npasastomiero Bekropa q = {/, m} k ocu Ox. Tak Kax npsMas MoxKeT ObITh

N
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HakJoHeHa K ocH (X MOJ OCTPEIM WJIM TOJL TYTIBIM YIJIOM W ee HarnpasJsio-
IIMH BEKTOP q MOXKeT MMeTh JIBa NPOTHBOMOJOKHBIX HalpaB/aeHHs, TO BO3-
MOXKHEI UeThIpe cayuast, u300paxeHHuIX Ha puc. 5.3. B cayuaax 1) u 3)0=o
M 1J151 TPOEKLMH Ha OCH BEKTOPA q CNpaBeIuBL (hopMyibl

[=]|q] cos®,

m =|q|cos[g—9)= | q|sin®.

B cayuasx 2) 1 4) 0 =1 — o ¥ 1/iA IPOEKLMHA BEKTOPA ( ClpaBeduBbl (op-
Myl [=|q]|cos 0, m=~|q]sin6.

Taxum oGpasom, B cayyaax 1) u 3)
tgb=tgoum/l=1tg0, a B caydaax 2) u4)
tg@=—tgoum/l=-tg0.

Crano ObITb, BO BCEX HETBIPEX Cayydasix
tgo=m/l, u yrBepxIeHHE N0KA3aHO.

JI1s1 TOro 4TOObI BHIBECTH YPaBHEHUE np f-
Mmoil, npoxodauiel wepes 3a0aHHYIO MOUKY
M(x, y,) u umerowel sadannblii Yyer080l
Koagguyuernm R, yMHOXKHM 00e YaCcTH KaHO-
HHYECKOro ypaBHeHHs (5.7) Ha m u yuTeM, uTo

Puc. 5.3 m/l=k.
[TosyuuM HCKOMOe ypaBHeHHe B BHJE
Y=y =kR(x—x). (5.10)

Ecau renepp 0603HauuTh Yepes b MOCTOSHHYIO b =y, — kx|, TO ypaBHeHHe

(5.10) npumeT BHJ
y=kx+b. (6.11)

Ypasuenue (5.11) HasbBaeTCH ypasHenuem NPAMOL ¢ Yy2A08bIM KO-
¢uyuenmon. B sTom ypaBHeHuH k 0603HauaeT yriaoBoi KO3 GULIHEHT 1aH-
HOH npaMOoH, a b mpeacTaB/geT cobol geauduny ompes-
K@, omcekaemozo JaHHOoll npaAMol Ha ocu Qy, Hawu-
Haa om Hadaia koopduram. UToObl yOenUuThCA B 3TOM,
L0CTAaTO4HO PacCMOTPeTb COBMECTHO ypaBHenue (H.11)
¥ ypaeHenue x =0 ocu Oy ¥ HaWTH KOOPAMHATH TOYKH
nepecedeHus ocu Oy u npamod (5.11): x=0, y=»5
(puc. 5.4).

6. ¥Yron mexay nBymMs NpSMbIMHU. Y CJOBUSA NapajielbHOCTH U
NePNeHINKYJAPHOCTH IBYX NPAMBIX.

a) Ilyctb cHavana dee npamoie Ly u L, 3adarnst obugumu ypasreHuamu

Puc. 5.4
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Tak kak HOpMa/JbHLIM BEKTOPOM NIPSAMOH L, siBsetcs Bektop ny =4{A,, B},
a HopMaJibHbIM BEKTOPOM MpAMOH L, gBasieTcsd Bektop ny ={A,, By}, 1o 3a-
naua o6 onpefesNeHHH YI/1a MeXIY NpsSMbIMH L H Ly CBOIMTCS K OmpeneJe-
HHIO YT/Ia @ MeXKLy BEKTOPaMH 1, H 1y ).

M3 onpepenenus cKa/ispHOro NpoM3BeJeHHs nny=|n, || ny| cos @ 1 u3
BLIPaXKeHHUA B KOOPAMHATAX [JVIHH BeKTOPOB N U Ny H UX CKAJASPHOrO MPOH3-
BeJIeHUS MOJAYYHM

AA, + B,B,
JA? + B2 A} + B}

cos( = (5.12)

Hrak, yeoa ¢ mewcdy npameimu L v L, onpepensiercs ¢ NoMouibio hopmy-
Jibl (5.12).

YcnoBue mapannenbHOCTH NPAMBIX L H Ly, SKBUBANEHTHOE
YCJIOBHIO KOJJIMHEAPHOCTH BEKTOPOB M) U Ny, 3aKJIIOUAETCSI B PONOPLHO-
Ha/JILHOCTH KOOPAMHAT 3THX BEKTOPOB, T.e. HMeeT BHJL °)

A B,
/I (5.13)
A, B,
YcnoBHe NMepneHAHKYJASAPHOCTH NpaAMBIX L; U L, MoxKeT
ObIThL H3BJeUeHO U3 Gopmyabl (5.12) (npu cos @ = () UIK BLIPAKEHO paBeH-
CTBOM HYJIIO CKa/JsIPHOTO MPOM3BEIEHHS 1+ y. OHO UMeeT BUL

AiA2+B|Bz=O. (514)

6) [lyctb Teneps dse npamete L u L, 3a0arnbl KAHOHUYECKUMU YPABHe-

Huamu
Ak _FTY " roXy _ Y~ Y
1 m, Iy my

Tax xak HanpaBJSOLIHUMH BEKTOPaMH NMPAMBIX L; H L, cayXKaT BeKTOpH
q, =10, m} nqs={ly, my}, TO B NOJHOH aHAJIOTHH CO CJIYYaeM a) Mbl TTOJYIHM
1) popmyay ansa yeaa @ mexwdy npamoimu Ly 1 Ly

Ll + mym
cosp = 12A 117 ;
V2 +m2 1} +m?

2) ycaosue naparresvrocmu npamoix Lyu Ly:

(5.12")

L. I (5.13)

Ly m,

1) MioGie ase nepeceKkarwimecs npaMeie o6pa3yIoT ABa yria, B cymme pasHuix 1. Ham no-
CTaTO4YHO (mpe,ue:mn OAHH H3 HHX.

%) [Tpu 3TOM, Kak W Bhlle, Mbl NOHMMAaEM NMPONOPUKI0 @/b=c/d B cMbIC/Ie paBeHCTBA
ad = bc.
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3) ycaosue nepnendurkyaaprocmu npamerx Ly u Ly
1112 + Mty = 0. (514’)

B) IlycTb, HakoHel, dge npamvie L, u L, 3a0aHsl YpasHeruamu ¢ yeno-
8bIM KO3Puyuermonm

Yy=Rx+b, U y=Rox+ by

Ecau o 1 0y — yriibl Hak/I0Ha NpsaMbIX L) 1 L, kK ocu Ox, a ¢ — OHH U3
YIJIOB M@y STHMH NPSAMBIMH, TO H3 3JIeMeHTapHLIX coo0paxkeHuH (pHc. 5.5)
BBITEKAEeT, UTO

Q=0 = 0.

Taxum o6pasom,

tgo, —tgoy _ ky =k,

tgp=tg(oy—oy)= :
gp=tg(® ¥ l+tgaytgo, 1+ Rk,

Mbel nostyyaem clieayoLLyo GopMydty st olpele/ieHus yeia ¢

-k

tgo= : 5.12"
go L+ kok, ( )

Ecau B 3T0H hopMyile MOMEHATb MeCTAMH £ U Ry (OT
yero (paKTH‘-IECKH JIMIIb H3MEHHTCH 3HAK Ha TMPOTHBO-
NOJIOXKHBIH), TO 3Ta (hOpMyJsa ONpeesHT HaM Opyeoil
Y204 MeXIy NPSIMBIMH, CMEKHBIH 110 OTHOLIEHHIO K
NpeKHeMy YIJ1y (9TH [Ba yIJa B CyMMe COCTABJAT Tt U
TAHTeHCHl HX OTJHYAKTCA JHLIb 3HAKOM).

[IpsiMble mapaJjienbHbl, KOTa TAHTEHC Yra Mex-
Iy HUMH paBeH HYJIO, T.e. JCA08UE NAPAAIEALHOCTU
umeem 8ud

ky = ky (5.13")

(ipu aToM urcauTe b B (5.12”) paBeH HyJ/I0, 2 3HAMEHATENb CTPOTO MOMOMKH-
TeJleH).
YcnoBue nepneHIHKYJISPHOCTH NPAMBIX L) H Ly TAKIKe MOXKHO TIONYUUTh
13 (5.12”). OHo oTBevaeT caydalo, KOrjla TAaHTEHC YIJa ( He CYIIecTBYerT,
T.e. cayuan obpaiieHus 3HaMmeHartest popmyabl (5.12”) B vyab: ks + 1 =0.
Hraxk, ycrosue nepnendukyaapuocmu npamsix L, u L, iMeeT BUI

ky=-1/k,. (5.147)

7. HopmupoBaHHoe ypaBHeHHe npaMoil. OTKJI0OHEHHE TOYKH OT
npsamoil. PaccMoTpuM Kakyio yrogHo npsimyio L. Tlpoeenem depes Hawalso
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KoopauHat O NpaMyio n, neprneHUKyaspHyio L, u o6ozHauum 6ykeok P rou-
Ky repeceueHHs yKasaHHbIX paMbIX (puc. 5.6). Ha npamoii n BosbMeM efiu-
HHUYHBIH BEKTOP N, HANPaBJIeHHe KOTOPOTo COBMa-
I4eT ¢ HarpaBJeHHeM oTpeska OP (B cayuae co-
Brazenus Touek O W P HanpasieHue n BeibepeM
[1POU3BOJILHO).

[ToctaBuM nepen co60H Leb — BbIpA3UMD
ypasrenue npamoll L uepes dsa napamempa:
1) daurny p ompeszka OP ; 2) yeoa 6 mexoy sek-
mopom n u oceio Ox.

Tak Kak N — eIMHHYHBIA BEKTOP, TO €r0 KOOPAHHATHI, COOTBETCTBEHHO
paBHbIe ero NPOEKIHAM Ha OCH KOOPAMHAT, MeloT Bua ')

n={cos 0, sin 6}. (5.15)

Puc. 5.6

OueBuano, mouxa M(x, y) aexmum na paccmampusaemoii npamot L
moeda u moavko moeda, Koeda npoexkyusn sekmopa OM Ha oce, onpede-
AREMYFO BEKMOPOM N, PABHA P, M.e. NPU YCAOBUU

np, OM =p. (5.16)

TE[K KdKk n — EJI}'[HH‘-IHbII;] BeKTDp, TO B CHJIY OHPELLE.HEHHH 2 CKBJIF[pHOI‘O
npoussesenus (M. n. 1 § 2 1. 2)

npnm=n-m. (5.17)

Hwmes B Buay, uto OM = {x, y}, a BeKTOp n OnpeneaseTcs paBeHCTBOM (5.15),
MBI TIOJIYUHM CJeaYIollee BhipaxeHHe s CKaJsipPHOTO MPOH3BEIeHHS STHX
BEKTOPOB: -

n- OM =x cos 8+ y sin 6. (5.18)

M3 conocraBnenus (5.16), (5.17) u (5.18) BeiTekaet, uto mouka M (x, y)
aexcum na npamoil L moada w moasko moada, koeda KoopduHamet 3moil
MOUKL YOOBACMBOPAIOM YPABHEHUIO

xcosO+ysin®—-p=0; (5.19)

(5.19) ¥ ecTb HCKOMOE ypaBHeHHe MPAMOH L (BeIpaXKeHHOe Yepes JBa napa-
Metpa: 6 u p). DTO ypaBHEHHE HA3BIBACTCH HOPMUPOBAHHLIM YPABHEHUEM
npamou.

Beenem Tenepb GyHAaMEHTANbHOE NIOHSATHE OMKAOHEHUS NPOU3BOALHOLL
mouku M om dannoi npamoi L. [Tycts uncno d o603Hadaet paccTosiHue 0T
Toukn M no npamoii L. Hazosem omkionenuem dmouku M om
npamoitl L uucro+dscayuae, koeda mouka M u nauwaro koopdunam O
aexcam no pasuole cmoporel om npamoi L, u uucao —d 8 cayuae, koeda M
u O aexcam no 00wy cmopony om L.

') B ciaty Toro, uTo nmpoekius BeKTOpa Ha M0GYI0 0Ch PABHA MOAY.TI0 TOFO BEKTOPA, YMHO-
KEHHOMY Ha KOCHHYC YT/ HakaoHa K ocH (cm. m. 8 § 1 rr. 2).
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Ecau e Hauano xoopauHat O JeXKHT Ha MPSAMOH L, MBI OJOXKUM OTKJIO-
HEHHE PaBHBIM +d B cayuae, Koraa M JiexuT no Ty CTOpoHy oT L, Kyga Ha-
MpaBJ/eH BEKTOP N, H PaBHEIM —d B MPOTHBHOM CJyuae.

BobisicHuM reoMeTpHYeCKHEH CMBIC/ JE€BOH Hac-
TH ypaBHeHUs (5.19) npu m06bIX X U 4.

Teopema 5.1. Jlesas uacms HOPMUPOBAHHO-
20 ypasuenusn npamoi (5.19) pasna omxaone-
nuto mouku M ¢ koopdunamamu x, i om nps-
moli L, onpedeasemou ypasrenuem (5.19).

JlokaszarteabcTso. CnpoenupyeMm To4-

Puc. 5.7 Ky M Ha ocb, onpejessiemyto BektopoM n. [Tyersb

Q — npoekuus Toukd M. OTKIOHeHHe & TOY-

ki M ot npamo# L paBHo PQ, rae PQ 0603HauaeT BeJHUUHY HATIPaBJIeH-

HOTO 0Tpe3ka PQ ocu, onpeaensieMoi BeKTopoM n. Jlanee, H3 OCHOBHOTO
ToxaecTBa (cM. 1. 1) o4eBHAHO (puc. 5.7), 4TO

0=PQ=0Q - 0P=0Q —p. (5.20)

Ho OQ =np, OM , a nocaefusis npoekuusi B cuay popmya (5.17) u (5.18)
paBHasi x cos 0+ y sin 0. Mrax,

0Q =xcos 0+ y sin 6, (5.20"
Conocrasass Gopmyast (5.20°) 1 (5.20), noayyum

d=xcosB+ysin®-p. (5.21)

Teopema nokasana.

Teopema 5.1 NpHBOAHMT HAC K CJeLYyIOWEMY N P a B U J1Y: das Haxoxde-
Hus omraoHerus & mouku M (xq, yo) om npamoi L caedyem 8 aesyrw wacmo
HOPMUPOBAHHO20 YPABHEHUS NPAMOILL L nodcmasums Ha MECmo X u i Ko-
opdunamol xq U Yo mouxu M.

Pasymeercs, 9T0O NPABUJIO M03BOJSET OTHICKUBATD H PACCMOAHUE OT TOY-
K M 1o npsmMoi L, u6o paccTOsIHHE paBHO MOJYJII0 OTKJIOHEHHS.

B 3akjioueHune yKaxeM ajJropuT™ NpUBeleHust 001Iero ypaBHeHHs 1ps-
Mol Ax + By + C =0 x HopMupoBaHHOMY BUAY (5.19).

Tak Kak ykasaHHoe odliee ypaBHeHHe U ypaBHeHHe (5.19) 10/KHBI OTpe-
LeJATE OAHY H TY JKe NPSAMYI0, TO (B CHJY 3aMeuaHus B KOHLe 1. 1) HaligeTcs
YHCJIO [ TaKoe, UTo

tA=cos B, tB=sin®, {C=-p. (5.22)

BosBbilllasi B KBapat nepebie IBa PaBEHCTBA H 3aTeM CKJalbBast HX, T0JY-
B o 2
unm 12(A% + B =1, otkyna

t = iﬂ. (523)
+
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OcraeTcst yTOYHHTDL, KaKOH M3 3HAKOB * clelyeT BaATh B opmyae (5.23).
Tak Kak Mo cMbICy PACCTOSIHHE p BCeraa HeOTPHLATEJbHO, TO H3 TPETbero
paBeHcTBa (H.22) 3akiouaeM, UTo 3HaK [ npomusonoioscer snaky C.

Wrak, das npusedenus obweeo ypasrenus npamoi Ax+ By+C=0«
nopmuposannomy sudy (5.19) caedyem ymHoM UMb €20 HA HOPMUPYIOUYLL
mHOKMcumenb (5.23), 3nak komopoeo npomugonoioicer 3naky C.

8. YpaBHeHune nyyka npaMbiXx. COBOKYIHOCT JIEJKAIINX HA JaHHOH
MJAOCKOCTH T IPAMBIX, MPOXOJSALIUX Yepe3 HeKOTOPYIO TOUKY S 9T0H M/10CKO-
CTH, IPHHATO HA3BIBATb NYUKOM NPAMBLX C UEHMPOM 8 S.

Lentp S myuka npsiMbIX NOJHOCTBIO ONpefesisieTcsl 3adaHHeM IBYX pas-
JIMYHBIX MPAMBIX 9TOTO My4yKa. 3Has UEHTP mydka S (x|, y,), JErkKo HAMHCaThb
ypaBHeHHe JM1000H NPAMOH 9TOr0 Mnydka: s 9TOro MOXKHO, HallpUMep, Hc-
No/Mb30BaTh ypaBHeHHe (H.10) npsamoi, npoxofsuiel yepes Touky S (x, )
M MMelolleH 3aAaHHbli yra0BoH Koa(huumeHT k. OfHaKo NMpH pelleHHH 3a-
gay npeacTtapaseTcsl YA0OHLIM yMeTh NHCATh ypaBHeHHe J1000H NpsaMoH,
NPOXOJALLEH Yepe3 TOUKY [epeceyeHHs IBYX JaHHBIX IPAMBIX, He BBIUHCAASA
KOOPAMHAT 3TOH TOYKH MepeceyeHHs.

B 3TOM nyHKTe W pelaeTcs 3aa4a 0 HAXOM/IeHHH ypaBHeHHs MydKa Ips-
MBIX, HEHTPOM KOTOPOI'O CJAYXKHT TOHKA nepecedHeHus IBYX JaHHBIX NMPAMbBIX,
orpefie/sieMblX ypaBHEHHAMH

A|x+Bly+C|=0 H A2x+32y+C2=0.

JlokaxkeM CJeyIOLLY 0 OCHOBHYIO TEOpeMy.

Teopema 5.2. Ecau Ayx+ By + C,=0 u Ayx+ Boy+ Co =0 cymo ypas-
HEHUS 0BYX PASAUMHLLY NPAMBLY, NEPECEKAIOUUXCS 8 HEKOMOPOL mouKe S,
a o.u P — kakue y2o00Ho He pasHble OOHOBPEMEHHO HYAI0 YUCAA, MO

o (A x+By+C)+P(Asx + Boy+ Cy) =0 (5.24)

ecms ypasrerue npamol, npoxodaweil veped mouky S. boaree moeo, Ka-
Kosa 66l Hu Goiaa Haneped 3adarHan npoxodawas dyepe3 mouky S npa-
mas, ona onpedeasemcs ypasrenuem (5.24) npu nekomopoix o u p.

HNokxaszaTteabcTso. [Ipexae Bcero ycTaHOBUM, YTO MPH JIOGBIX O
H [, He paBHBIX OHOBPEMEHHO HYJIIO, pasencmso (5.24) npedcmasasem co-
b0l ypasHerue nepsoeo nopsadka (T.e. B 3TOM PABEHCTBE XOTsI Obl OAHH U3
KO3((ULHEHTOB TIPH X WJH TPU 4 He paBeH Hynw). Cobupas B paBeHCTBE
(5.24) ko3 ULUMEHTEl IPH X H y, MepenHIleM 3TO PABEHCTBO B BHJE

(A + BAy) x + (0B + BBsy) y + (aC, + BCy) =0. (5.24")

Eca 661 nMesi MecTo pasercTBa oA, + BA, =0 u oB, + BB, =0, T0 U3 aTHX
paBeHCTB, Npe/rnoarasi, Hanpumep, uto ov# 0 '), Mbl noayunIM Gbi

A\/Ay=-Bfo, Bi/By=-B/o, Te. A/Ay=B/B,.

") Mo ye0BHI0 0AHO U3 YMCE O M P OTIHYHO OT HYJISI,
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[Tocniennee paBeHCTBO (CM. . 6) eCcTh yca08uUe NAPAANEALHOCMU TIPSMBIX,
onpeaeaseMbx ypaHeHusaMH A x+ By +C, =01 Aox + Boy+ Co=0, 1
MPOTHBOPEUHT MPEANOJOKEHHIO O TOM, YTO ITH TPAMBIE TIepeceKalnTes 1 He
COBNanaloT.

HMraxk, (5.24) npu /mobbIX ¢ ¥ B, He paBHBIX OIHOBPEMEHHO HY/IO, Mpej-
crapasier cob0i ypaBHeHHE MePBOH CTeNeHH, onpeaesioniee (B CHIY pe3yJb-
TATOB M. 1) HEKOTOPYIO MPAMYIO.

Ora npsiMas 3aBe10MO MPOXOIHT Hepes TOUKY S (X, o) NepeceueHus AByX
NPSMBIX, OTpeeNseMbIX YpaBHEHHAMH

B camom nene, Tak Kak S (xy, yo) NPUHANIEKHUT KaXKI0H U3 IBYX yKa3aHHBIX
MPAMBIX, TO CNpaBelIMBE PaBeHCTBA

Aixﬂ+Bly(]+Cl=0 H A2x0+82y0+62=0,
M3 KOTOPBIX BHITEKAET, UTO MPH JIOGHIX 0. U B
o (A xg+ Byyg+ C) + B (Agxg + Boyy + Cy) = 0,

T.e. KOOPAUHATH X U Iy TOUKH S yIOBJETBOPSAIOT ypaBHeHHUIO (5.24).

OcraeTcs 10Ka3aTh, YTO, KAKOBA OBl HH OBLTA HAaTepen 3alaHHad
MPOXoAsilias yepes TOUYKY S npsiMas, oHa onpese/sieTcs ypasHeHHeM (5.24)
TpU HeKOTOPHIX . U B. Hanepen 3agannas npoxoasiias yepes Touky S (xq, o)
mpsiMas OJHO3HAUHO OMpeeNsieTcsl 3alaHueM ellle OHOH OTJIUUHOH OT S
Touku M* (x*, y*), el npunagnexaieid. Takum o6pa3oMm, 10CTATOUHO 10Ka-
3aTh, YTO He PaBHbIE OJHOBPEMEHHO HYJIO O U [ MOXKHO BHIOpPATH TaK, uTO
KOOPIHHATH X*, y* HATlepes 3alaHHO# ToukH M * ByIyT yIOBJIETBOPSATE YpaB-
HeHHIo (5.24) npu atux o u . [Toacrapass B (5.24) Ha MECTO X U Y KOOP/IH-
HaThl X* H y* Touku M*, Moay4YHM paBeHCTBO

o (A + Biy*+ C)+ P (Asx* + Boy* + Cy) = 0. (5.25)

[Tpexcne Bcero sameTm, uto (5.25) npesctapaser coboi ypasneHue OmHocu-
menvro o. i 3. B caMoM fieie, 06a BbIparKeHHs B KPYIVILIX CKOOKAX, ABJSIONHe-
¢ KoahHIHeHTaMH [IPH OL 1 B, 06paTHTLCS B HYJIb He MOTYT, HOO 9TO 03HAYAI0
Gbl, 4TO ABe MpsiMble, onpefensemble ypaBHeHusaMu A x+ By + C,=0u
Agx + Byy + C, =0, npoxonar yepes tTouky M *, (ITocienHee HeBO3ZMOXKHO B
CHJIY TOTO, YTO 3TH IpPSAMblE He COBMAJAIOT U MPOXOAAT Yepes TOUKY S, 0T-
AHYHYIo ot M *.)) Mtak, XoTa Obl 0OHA U3 KPYrabiX cKoBok B (5.25) otinuHa
ot uyJas. [lyers, Hanpumep, A x* + B,y* + C, #0. Torzna, 3a1aB NpoH3BOJb-
Ho B # 0, Mbl onpeneauM U3 ypaBHeHHs (5.25) Ko pULHEHT O

Ay x* + Byy* + G,
Ax*+ By + C )
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TTpy yKasanubix o ¥ } npsAmas, onpejenseMas ypasHennem (5.24), npoxoaut
yepe3 Touky M*(x*, y*). Cayualt, KOra OTJHUHA OT HYJISI BTOPAasl H3 KPYTJILIX
cKoOoK B (D.25), paccmaTpuBaeTcs aHaJorHuHo. Teopema noKa3aHa.

3ameuanue. Tak Kak B ypaBHeHHH nyuka (5.24) xorsa Obl 0IHO W3
YMCEJ1 O M B OTJIHUHO OT HYJIsl, TO MOXKHO 3alMChIBATh YPABHEHHE TYUKa He ¢
Osyms koshduuredramu o u B, a ¢ odnum KOIDPULHEHTOM A, PABHBIM HX
OTHOLIEHHIO. TaK, ec/li OTIHYHO OT HYJIs O, TO, NOAeJNHUB (5.24) Ha O H 10JI0-
#HUB A =[3/0, MBI TOJIY4UM YpaBHEHHE My4Ka B BHe

(Ax+Biy+C)+A(Agx + Boy+ Cy) =0. (5.26)

Crenyet, 0fHAKO, OTMETHTB, UTO ypaBHeHHE (5.26) comepKHT BCe MpsMbIe,
NPOXOISLIHE Uepe3 TOUKY MepecedeHus NPSMbIX, ONpeie/sieMblX YPaBHeHHU-
avMd A x+ By + C, =0u Aox + Byy + C,=0, 3a uckarwueruen 00Hoil nps-
Mol — npamoil, onpedeasiemoil ypasrenuen Asx + Boy + Co=0 (oHa He
noJyuuTes U3 (5.26) HU NMpH KakoM A).

§ 2. HekoTopble 3aiau Ha NPAMYIO JHHHIO
HA MJOCKOCTH

Beie yxxe Obl1 pacCMOTpeH PsAJ 3ajad Ha NPAMYIO JHHHIO Ha MI0CKOCTH
(HaxoXAeHHe Yr/ia Mexay ABYMsl PSAMBIMH, YCTAHOBJ/IEHHE YC/JIOBHH napaJ-
JIEJIBHOCTH U NePIeHAHKYASPHOCTH ABYX NPAMBIX, BLIUMCAEHHE OTK/JIOHEHHS
U PACCTOSAHHS TOYKH OT MPSIMOH, HaXOXK/IeHHe ypaBHeHUs NPAMON, IPOX0oas-
el yepea TOUKY nepeceyeHHs ABYX JAHHBIX NPAMBIX).

B atom naparpade Mel paccMOTPHM PsijL 3a/1a4, pasBUBAIOLIUX H yray6Js-
IOIIMX MATepHa/l NpebIyIlero naparpadga.

1. HaxoxaeHHe NpAMOM, NPOXOAANEd Yepe3 NaHHYIO TOUKY
M(x,, y,) u cocTaBadAOmel 3aJaHHBIH Yyroa ¢ ¢ JaHHOH NpAMoOH
y =Rk + b,. byzem HcKaTb ypaBHeHHe NPSMOH, NPOXOASLIEH Yepe3 TOUKY
M (x,, y,) ¥ cocTaBasOLIeH 3a1aHHBIH YTOJI @ ¢ IPSIMOH, onpenensieMoi ypas-
HeHHeM y =k x + by, B opme (5.10):

Y=y =k(x—x)).

[Mpsimas (5.10) npoxoaut vepes Touky M,(x,, i), ¥ Ham ocTaeTcsi BbIOPaTh
ee yrJ0BoH Ko3(pOUUHEeHT £ Tak, 4TOObl OHA COCTABJSANA YroJ ¢ ¢ NPSMOid
Yy =k\x + b). 3aMeTHM, 4TO, B3sIB YpaBHEHHe HCKOMOH npsiMoi B Buze (5.10),
MBI HCKJIIOYaeM H3 PacCMOTpPeHHS NMPAMYIO X = x|, TPOXOASALLYIO Uepes3 TOUKY
M(x,, y,) n nepnenaukyaapuyio ocu Ox. Tak Kak uckoMas mpsmas
y=kx+(y, — kx|) unpamas y = kx + b COCTABJAIT yTOJ ¢, TO B CHIY (op-
MyJbl (5.127)

ttgg =
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M3 nocsnennero ypagHeHus onpeaensieM yraoBoH KoahUIHEHT £ HCKOMOH
npamon: k — ky =+ tg @+ kk,tg @, u, crano 6uiTs, npu (1 £ £, tg ¢) # 0 no-
JYUYHM

_ktige

. (5.27
IFRtge ;

B cayuae, ecau 3HaMeHatesns B opmyse (5.27) obpauiaercst B HyJb, YIJ0-
BOH KOI((PUIIMEHT He CYLIeCTBYeT, H HCKOMYIO NPSMYIO, OUeBHIHO, CaelyeT
Olpe/lesIUTh YPABHEHUEM X = X|.

HMrtak, oKOHYaTe/bHO, TIOJydYaeM YPaBHEHHS IBYX HCKOMBIX MPSMBIX:

R +igo ki —lgg
Dy-p=r———(x- = X=% kitgo#t1;
) Y=y l—k,tg(p(x N)uy-y = l+klg ————(x—x,) npuk, tg ¢

Ry +1
Q)y‘.L/l:]—g(p(x—xl)Hx=x1npnk£tg(p=_1;

2
Bx=xiny—y =2 E(v—x) np ki tg o=

2. HaxoxaeHue GUCCEKTPHC YIJ10B, 00pa30BaHHBIX JAHHBIMH NIPH-
MBIMH. 3andileM ypaBHeHHs ABYX NPAMBIX B HOPMHPOBaHHOM BHe. [TycTh
3TO OyOyT

xcosO+ysin®-p=0 u xcosO +ysinB —p =0.

JleBhle 4acTH 3THX YpaBHEHHH PaBHbLI OTKJIOHEeHHAM &) U &, Touku M (x, y)
COOTBETCTBEHHO OT NE€PBOH M OT BTOPOH npsiMbix. Ha ognol 13 Guccextpuc
(oTBeuamLlel TOMY YTy, B KOTOPOM JI€XHT HAYal0 KOOPAMHAT) 3TH OTKJO-
HEeHH$ PaBHbl H 10 MOJYJIIO, H 110 3HAKY; Ha APYrod GMCCeKTpHCe OTKJAOHE-
HUsI O, H O, PaBHbI MO MOIYJIO H MPOTHBOTIOJNOKHEI 110 3HaKy. Takum obpa-
30M, YPaBHEHHUS] HCKOMBIX OUCCEKTPHC UMEIOT BUJL

(xcosO+ysin®—p)—(xcosO;+ysinB, —p)=0,
(xcosO+ysin®—p)+(xcosB;+ysinB, —p;)=0

3. YcaoBusd, NIpH KOTOPBIX JaHHAsd NpAMas NepeceKkaeT JaHHBIH
oTrpe3ok AB. 3anuumem ypaBHeHHEe NPAMONH B HOPMUPOBAHHOM BUOE:
xcos B+ ysinB®—p=0 u, NOACTABHB B JIEBYIO 4acThb MOCJELHEro ypaBHe-
HUS CHayasla KOOPAMHATH TOUKH A, a 3aTeM KOOpPAHHATHI TOUKH B, HaineM
OTKJIOHEHHs 8, U Oy COOTBETCTBEHHO Touek A U B oT naHHo# npsmoi. s
Toro uroObl JaHHas [psMast repecekana oTpesok AB, HeoGX0IMMO U 10CTATOY-
HO, 4TOOk! TOUKH A 1 B J1exKanu 1o pasHble CTOPOHLL OT 3TOH NPSMOH, T.e. Heol-
XOJIMMO H JOCTATOYHO, YTOObI OMKAOHEHUS O U O UMEAU PA3HBIE 3HAKU.

4. OnpeneneHue MeCTONOJOXKEeHU JTaHHOHM TOUKH M 1 Hauasia Ko-
opauHat O OTHOCUTEJBHO YIJOB, 00Pa30BAHHBIX ABYMS JaHHBIMH
npamMeIMHE. [TycTb 3agaHbl ABe nepecexalolinecs npsMsle H TpedyeTcs omn-
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pelenuThb: B OHOM, B CMEXKHBLIX HJIH B BePTHKAJILHBIX YI1aX, 00Pa30BaAHHIX
THMH NPAMBIMH, JeXKaT faHHas Touka M v Hadaso KoopauHat O. 3anuiem
YPaBHEHHS TaHHEIX NPSIMbIX B HOPMHPOBAHHOM BHJE W, TIOACTABHE B JIEBHIE
YACTH YKA3aHHBIX YpaBHeHHMH KOOPIMHATHL TOYKH M, BBIUMCIHM OTKJ/IOHE-
HUst &, H &y TOUuKkKH M OT nepBoil U BTOPOi npsiMbixX cooTBeTcTBEHHO. [To onpe-
JeJeHHI0 OTKI0HeHHs Touka M i Hauamno KoopanHat O Jiexat 8 00HoM yaay,
ec/d 002 OTKJIOHeHHs &; U O, OTPHLATE/BHEL, 8 82DMUKANLHBLY YeAdX, eCH
OTK/IOHeHHs 8, U 8y 00a TOJOKHTEJBHEI, U 8 CMEHHOLY YeAax, eCln &, 1 O,
UMEIOT pasHble 3HAKH.

5. YcaoBue mepeceyeHus TPeX MPAMBIX B OJHOH Touke. Haiinem
ycJ/10BHe, HeOOXOAHMOe H L0CTaTOYHOE /IS TOTO, YTOOL! TPH MPAMEIE, Orpe-
feJifieMble YpaBHEeHHAMH

nepecekaaucy 8 00HOI U MOALKO 8 00HOI MouKe.

Tax KaK Mbl HLILEM YCJOBHSA, TIPH KOTOPBIX TOYKA NMEPeCceyeHHss T 01 bK 0
O JlH a, TO HeoOXO0IHUMO NpeAnoJaratb, YTo H3 TpeX AaHHBIX MPSAMBIX Ka-
Kue-nubyodv dse npamvie nepecekaiomcs 8 00Hoi mouxe (160 B TPOTHB-
HOM CJlydae y Tpex NpsIMbIX MO0 BOBCe He OYeT TOUeK NepecevueHus, JU60
Oymer ux GeckoHeuHo MHOro). Takum oGpazom, HeoOXOAUMO TPeOOBATH,
uTOBEl U3 mpex onpedeiumeneil 8Mopoco NopadKa

A B
A, B,

A B
Ay By

A, B,

4, B, (5.28)

»

xoms 6ot 00UR OblA OMAUYLEH OM HYAS.

Panu onpeaeeHHOCTH IPEANOI0KHM, UTO Nepasle 08€ U3 YKA3aHHBIX TPEX
NPSIMBIX MEPECceKalnTcs B OJHOH TOUKe (T.e. MPeAnooKHM, YTO OTJIHYEH OT
HyJisi niepBbid U3 onpenendteden (5.28)). Toraa, ajis Toro 4ToObl TpH nps-
Mbl€ TTepPeceKaqHCh B OTHOH TOUKE, HeoOX00umo i docmamotno, 4To0bl Tpe-
Thet npsiMas Asx + By + C3 =0 npuHagiexana nydxky, o6pasoBaHHOMY Tep-
BBIMH ABYMS TIPSIMBIMH

U(A]X+Bly+cl)+ﬁ(A2x+Bgy+ C2)=0.

B cuay 3ameuanusi B konue n. 1 § | Hainerca HekoTopoe uncsno (0603Ha-
UMM €ro —y) Takoe, 4To Bce KO3 (HUIHEHTEl NOCAeIHEr0 YPAaBHEHHS paB-
HBEl COOTBETCTBYIOUUM Koadduunenram ypasuenus Azx + By + C3=0,
YMHOXEHHBIM Ha TO YHCJIO, T.€.

(114] +BA2=_YA3’ C(.Al +BA2+YA3=O;
oB,+ BBy, =-yB;, wmn oB|+pBy+yB;=0,
O(C|+BC2=-—’YC3. C(.C| +BC2+’YC3= 0
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[TocneaHue paBeHCTBA MPEACTABASIOT CO00H OHOPOAHYIO CHCTEMY TPeX ypas-
HeHHI OTHOCHTEJBHO TpeX Heu3BeCTHLIX o, B 1 Y. Tak kak obpasyioliue nyyoK
KO3(DOHULIHEHTEl oL ¥ B He pasHbl HYAHD 00HOBPEMEHHO, TO YKa3aHHAs CHCTe-
Ma o0s3aHa UMeTb HempusuaAbHoe pellieHHe, 1Ji Yero HeoOX0AMMO U 10CTa-
TouHo (cM. JlonosnHenue k ra. 1, 1. 8), uToGbl onpegesuTeNb 3TOH CHCTEMBI

A A, Ay |A B ¢
B, B, By|=|4, B, ¢, (5.29)
C C C| |A4 By ¢,

Obl/1 paBeH HYJIO.

Hrak, das moeo umobel mpu npameie, onpedersiemole YpasHeHUAMU
Ax+By+C =0, Asx+ Boy+ Cy=0 u Ayx + Bsy + C; =0, nepecexkanucey
8 00HOI U MOAbKO 8 00HOU mouke, Heobxodumo u docmamouro, 4mobsl
obpawyaics 8 Hyib onpedesumens (5.29) u Ovia omauuer om HYAS XOMS
06t 00uH us onpedeaumeneil (5.28).

Mbl NPHILIK K 3TOMY YTBEPKAEHHIO, NIPEANOJ0KHE, YTO NepBbie JBe H3
YKa3aHHBIX TPeX MPAMbIX epeceKaloTcs B 0HOH TouKe. K 9TOMY Ke pe3yiib-
TATY MPHBOJUT U [PELNONONKEHHE O TOM, 4TO NePeceKalnTcs B OLHON TOUKe
Jo0ble Apyrue ABe U3 YKa3aHHbIX TPeX NPSAMBIX (BIPOYEM, Noc/elHee ICHO
M3 co00paKeHHH CUMMETPHH).

6. Haxoxaenune npsamMoi, npoxoaaniei yepe3 TOUKY NepeceyeHu s
JBYX NaHHBIX NPAMBIX U YAOBJETBOPHIONIEH ellle 0JHOMY YCJIOBHIO.
[TycTs TpebyeTcs HalTH ypaBHeHHe MPAMOH, NPOXOAALLEH Yepe3 TOUKY me-
peceyeHHs BYX HEKOJJIHHEApHBIX ') MPAMBIX, ONpe/e/eMbIX ypaBHeHHs-
MH A x + By + C,=0n Ayx + Boy + C, =0, H, Kpome TOro, yAOBAETBOPSO-
el OIHOMY H3 CJEYIOLHX TPeX YCJA0BHiH: a) 0TCEKAIOWEeN Ha 0CAX OTPE3KH
paBHOH AJHHBI; 0) MapannenbHOH 3ajaHHON npaAMol Azx + Byy + C;=0;
B) MepneHHKYyASpHON 3a1aHHOH npsaMol Azx + Byy + C3=0.

HMckomas npsiMas NpHHAIJIeKUT MyUuKy

o (A x+ By +C))+P (Aex + Byy + Cy) =0. (5.30)

JI1st onpeieieHust MOCTOSTHHBIX OL H B (2 TouHee, WX OTHOIIeHHS) GyIeM Hc-
M0J/b30BaTh JIONONHHTENBHOE YCJIOBHE.

B cayuae a) mbl gomkHel cofpath B (5.30) KoahUIIHEHTH IPH X H y U
MPHPABHATE APYT APYTY MOLYJH 3THX KOI(DOHIMEHTOB (MBI TTPHPABHH-
BaeM JIPYT IPYTY He caMH Ko3((HIHMEHTH NMPH X H ¥, @ HX MOJYJIH, TaK Kak
TpebyeTcsi, yToObl OTCEKaeMble Ha OCSX OTPE3KH HMeJIH paBHYIO JJIHHY, a He
BeTHUHHY). B pesyabrate monyunm ypassenue | oA, + BAy | =| BBy + oB, | wan
o(A; F B))=-P(A; T By). 3ameTnm, uto obe Kpyrible CKOOKH 06paTHTbCS
B HyJIb He MOTyT (TaK Kak npamble A x + Biy+C,=0u Ayx+ Boy + C, =0

l) ﬂpslele HA3bIBAIOTCH HeKOAAUHeaAPHBIMU, €CJIH OHH He NapaJiiesbHbl H He COBNAAAIOT.
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He KOJUIHHEeapHbl), |, CTan0 OBITh, W3 TOCJAEHEr0 PABEHCTBA, 3a/1aBas Mpo-
M3BOJBLHO OJHH H3 KO3 (ULHEHTOB O U 3, Mbl HalileM APYrod U3 3THX KO-
3(pduIHeHTOB.

B cayuae 6) y4ureM, 4To y [ABYX Napaie/bHbIX MPSAMbIX KO3(QHHULHEHTI
NMpu X ¥ y nponopiuoHanestsl (em. § 1, n. 6, ycaosue (5.13)).

TaxumM 00pasoM, Mbl OJTYHUHM

oA, +BA, ob +PB,
AS BS

nan oA B; - BAy) = B(ByAs - AyBy).

3aMeTHM, YTO B NOCJeHeM PaBeHCTBe 0be KPyribie CKOOKH He MOryT obpa-
THTbCS B HYJb (HHAue Obl npsimble A\ x + Bjy+ C,=0u Asx + Boy + C,=0
0Ka3a/MCh KOJJIMHEAPHBIMHK), U T0ITOMY M3 MOCJE/IHEr0 PABEHCTBA, 3aja-
Basi IPOH3BOJIBHO OIHH H3 KO3(D(QHIMEHTOB O U [3, Mbl HAHIEM APYTOH H3 ITHX
KO3 HHLUHEHTOB.

B caiyuae B) ucnosnbdyem nas npsmoi (5.30) u npsimont Azx + Byy + C3=0
ycaosue nepnerdukyaaprocmu (5.14) (em. § 1, n. 6). B pesyabrare nony-
uiM (A + PAy)A; + (0B, + BBy)B; = 0 (A Az + B, By) =—B(AsA; + ByBy).
3ameTHM, uTO oOpalleHHe B HyJib 00eHX KPYIJIBIX CKOOOK MOCJIeHEr0 PABeH-
B B,
+ C,=0uAyx + Byy + C, = 0 konnuueapHsl). TakuM o6pasom, 3ajaBasi B yKa-
32HHOM PAaBEHCTBE TPOM3BOJBHO OJHH H3 KO3 (HLHEHTOB o 1 B, MbI ompe-
IeJUM W3 HEero Apyroi u3 3THX K03 (HLIHEHTOB.

CTBa HEBO3MOKHO (MHAYe Mbl IOJIYUHIH ObL, 4TO unpambie Ax + By +

§ 3. PasauuHble BUJBI YPaBHEHNUS MJIOCKOCTH

1. O6mee ypaBHeHHe NJA0CKOCTH. CojieprKaHHe 9TOro NyHKTa MoJHOC-
ThIO aHAJI0rMuHO cofepkanuio . 1 § 1. Mbl 1oKaxeM [Ba yTBepHICHHUS.

1°. Ecau 8 npocmparcmee 3adana npou3goibHaS RAOCKOCMb T U IUKCU-
posaxa npoussoavHa s dekapmosa npamoy2oreras cucmema Oxyz, mo naoc-
KOCMmb T onpedeinemcs 8 Mol CUCmemMe YpasHeHuem Nepsoil cmeneri.

2°. Ecau 8 npocmparcmee QuUKCUPOBAHA NPOU3BOAbHAS JeKapmosa
npamoyeoavras cucmema Oxyz, mo 8CAKOe YpasHerue nepsoll cmeneru
C Mpems NePemenHbimu X, Y u 2 onpedeisem OmHoCUmesbHo 3mol cuc-
membl NAOCKOCMb.

Ilnisi foKa3are bCTBA [EPBOr0 YTBEPXKAEHHUS JOCTATOYHO YCTAHOBHTD, UTO
TJIOCKOCTD T OTPEAE/IAeTCS YPAaBHEHHEM MEPBOH CTENEHH npu KaKoM-mo
odnoMm cneyuasbHom svibope NeKapToBOH NPSMOYroNbHOH cHCTeMbl, HOO
TOT/Ia OHA ONpeJe/sdeTcs YPaBHeHHeM NepBoH CTeneHu U npu awbdom dpy-
2om svibope NeKapTOBOH MPSIMOYTOJIBHOH cHCTeMbl (B CHJIY TeopeMul 4.2).
Pacnonozxum ocu Ox u Oy B IIOCKOCTH T, a ocb Oz HaNpaBUM Te prieHIHKY s p-
HO 3TOH MmIocKocTH. Torna ypaBHeHHeM MJIOCKOCTH T GYIeT ypasHexue nep-
gotl cmenenu (z =0). B camoM esie, 3TOMy YpaBHeHHIO OYAYT YAOBIETBOPSTE
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KOOPJMHATH 000K TOUKH, JiexKalled Ha MJIOCKOCTH T, U He OYAYT YIOBJeT-
BOPSITE KOOPJHHATHI HU OJIHOH TOUKH, He JlexKallleld Ha MIOCKOCTH T, Y TBepPK-
nenue 1° nokasaHo.

Jlns nokasaTtenbCTBa yTBepKAeHUS 2° QHKCHPYeM NPOH3BOJBHYIO 1eKap-
TOBY NPSMOYTO/bHYIO ccTeMy Oxy2 U pacCMOTPHM IPOH3BOJIBHOE ypaBHe-
HUE NIepBOH CTelneHH

Ax+By+ Cz+ D=0, (5.31)

B KoTopoM A, B, C u D — kaxHe yroJHo NOCTOSTHHbLIE, IPHUEM U3 NOCMO-
aunvix A, B u C xoma bet 00na omauuna om Hyas. Y pasHenue (5.31)
3aBeJIOMO HMEeeT XOT$ Gbl OJIHO PeleHHe X, Yo, 2o '), T.€. CYLIECTBYET XOTS
6bl ogHA Touka Mg(Xg, Yo, 20), KOOPAUHATHL KOTOPOH YAOBJAETBOPSIOT YpaB-
geHuw (5.31):

Ax0+By0+ C20+D=O (532)
Bruntas us ypasHeHus (5.31) toxaectso (5.32), noay4uM ypaBHeHHe
A(x = x0) + By - yo) + C(z - 2) =0, (5.33)

aKksusarenmnoe ypasrenuto (5.31). JlocTaTo4HO 10Ka3aTh, YTO ypaBHeHHe
(5.33) onpepensieT OTHOCHTENBLHO cHCTeMbl OJxyz HEKOTOPYIO MIOCKOCTh. Mul
[OKaxeM, uTo ypasHerue (5.33) (a ctano ObiTh, H ypaBHeHHe (5.31)) onpede-
afem naockocme T, npoxodauyio yepes moury Mo(xo, Yo, 20) 4 nepnesouKy-
aapuyro sexmopy n ={A, B, C} (Tak Kax XoTs 05l 07IHa U3 IOCTOSTHHLIX A, B 1
C He paBHa HYJII0, TO BEKTOP N HEHY/IeBOH).

B camom neJte, ecou Touka M (x, y, 2) IeKUT HA YKA3aHHOH MJIOCKOCTH T,
TO ee KOOP/AMHATH YJOBJETBOPSAIOT ypaBHeHHO (5.33), 6o B 3TOM Ccayyae
sekTopel n=4{A, B, C} u MqgM ={x—xq, Yy =y, Z2— 2} OPTOrOHAJLHEI H
MX CKaJsIsipHOE MPOU3BeleHHe

Alx—xp)+B(y—yp)+C(z-2) (5.34)

paBHO Hy10. Ecain 2xe Touka M (x, y, 2) He JIe?KHT Ha YKa3aHHOH MJIOCKOCTH T,
TO ee KOOPAHHATELI He Y0BJAeTBOPSIOT ypaBHeHHIo (5.33), HOo B 3TOM cayyae
BEKTOPHl 1 H MM He OpPTOrOHAILHE! H IO3TOMY HX CKAaJISIPHOE IPOH3BEIE-
Hue (5.34) He paBHO HYJIO. Y TBep:xaeHHe 2° TOKa3aHO.

¥pasnenue (5.31) ¢ npoussosrvruimu Koappuyuenmamu A, B, C u D
maxkumu, umo u3 Koagguuuenmos A, B u C xoma 6ot 00un omauuen om
HYAS, HA3blBaemcs 0OUUM YPABHEHUEM NAOCKOCMU.

Mbl 10Ka3a/iu, UTo nA0CKocmy, onpedeisiemas obuum YypasHeHuem
(5.31), opmoeonansra k sexmopy n={A, B, C). D10T nocaeHuH BeKTOp
MBI OY/IeM Ha3bIBATh HOPMAALHbIM 8eKmopom niockocmu (5.31).

'} B camom nene, xorsi 61 onta u3 nocrosHubX A, B, C otauiua o1 Hyas. [lyers, Hanpumep,

A B
C#0. Torna, B3siB NPOH3BOJIBHBIE X H Yy, MOJYYHM H3 ypasHeHHs (5.31) 25 = —Exg _‘Eyo .
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3ameTuM, uTo ecau dsa obujux YpasHeHus
Ax+By+Cz+D=0, Ax+Bjy+Ciz+D,; =0

onpedeasiom 00HY U my e NAOCKOCMb, MO Haldemcs maxKoe Hicao t,
Umo cnpagediusul PaseHcmsa

m.e. koapuyuenmor Ay, By, C, u D, smopoeo ypasreHnus pasuol coom-
semcmeyouum Koagpuyuenman A, B, C u D nepsozo ypagreHus, ymHo-
HCCHHBIM HQ HEKOMOPOe YUcAo L.

JloKa3areqbCTBO 3TOrO YTBEPKIEHUS BIIOJHE aHAJOTHYHO J0Ka3aTe/lb-
CTBY YTBePKIeHHS, colepKallerocs B 3amedauu B kouue m. 1 § 1. Mul nipe-
JIOCTABJSIEM YHTATEI0 TPOBECTH €0 CAMOMY.

2. HenonHble ypaBHEHHS MIOCKOCTH. Y paBHEeHHE IJOCKOCTH B OT-
pe3skax. Obuee ypasHerue naockocmu (5.31) Hasoieaemcs no 4 H bl M,
ecau ace e2o koagppuyuenmor A, B, C u D omauunset om Hyas. Eciu Xors
OBl OJIMH H3 YKa3aHHBIX KO3(h(HIMEHTOR PaBeH HYJI0, YPaBHEHHe Ha3kBaeT-
Csl HeNOAHLIM.

PaccmoTtpum Bce BO3MOXKHbIe BH/bl HETOJNHBIX YPABHEHHH:

1) D=0, ypasuenue Ax + By + Cz =0 ornpegesier maocKoCTh, MPOXOIs-
LIYI0 Yepes3 HavyaJo KOOPJHHAT (MOCKOJIBKY KOOPAHHATHI HauaJ/a yI0BJIeTBO-
PSIIOT 9TOMY YPaBHEHHIO).

2) A=0, ypaBuenue By + Cz + D = 0 onpenensieT mJIocKOCTh, Tapasieb-
HYy10 ocH Ox (NMOCKOJbKY HOpMa/bHBEIH BeKTOP 3T0H miockoeTd n =1{0, B, C}
nepreHaAMKyasped ocu Ox).

3) B=0, ypaBuenue Ax + Cz + D = 0 onpepenser MJI0CKOCTE, Napajieb-
Hyw0 ocu Oy (MGO 3TOH OCH MepreHIUKYJAspeH HOPMaJdbHbIH BEKTOP
n={A,0, C}).

4) C =0, ypaBuenue Ax + By + D = 0 onpegensier JI0CKOCTb, Napaslieb-
Hyt0 ocH Oz (W60 3TOH OCH MeprNeHAHKYJ/JIApeH HOPMaJbHEIH BEeKTOp
n={A, B,0}).

5) A=0, B=0, ypaBHenue Cz+ D=0 onpesenseT NJI0CKOCTb, Mapal-
JeMbHYI KOOPIMHATHOH MaockocTH Oxy (160 3Ta MIOCKOCTb MapaliesbHa
ocam Ox u Oy).

6) A=0, C=0, ypasHenue By + D=0 onpenenser njiockocTb, napai-
JebHYI0 KOOPAMHATHOH MJockocTH Uxz (460 3Ta MJIOCKOCTh NapaliesnbHa
ocaM Ox u 0z).

7) B=0, C=0, ypaBuenne Ax + D=0 onpegensiet mI0CKOCTb, MapaJ-
JIeJIbHYI0 KOOPAMHATHOH mockoeTd Oyz (400 3Ta MJI0CKOCTh NapaliiedbHa
ocam Oy u 0z).

8)A=0, B=0, D=0, ypaBHenue Cz =0 onpepenseT KOOPAHHATHYIO
niockocTs Oxy (160 MIoCKoCTh Napannensia Oxy U NPOXOAHT Yepes3 Hava-
JIO KOOPJIMHAT).
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9) A=0, C=0, D=0, ypasuenne By =0 onpenenaser KOOPAHHATHYIO
miockocTh Oxz (M60 MIOCKOCTh MapasenbHa Ox2 U NPOXOJHT Hepes Hava-
JIO KOODIHHAT).

10y B=0, C=0, D=0, ypapuenue Ax =0 onpegenseT KOOPAHHATHYIO
njaockoetb Qyz (W60 NIOCKOCTb napasiensia Oyz v NpOXOAUT Yepes Hava-
J1I0 KOOPAHHAT).

PaccMorpuMm Tenepb noaxoe ypaBHeHue miockocTH (b.31) u mokaxkem,
UTO OHO MOXKET OBbITh MPHUBEIEHO K CJCAYIOIEeMY BHIY:

x z
S g, (5.35)
a b ¢
HAa3bIBACMOMY YpaABHEHUEM NAOCKOCTU 8 OMPE3KAx.
B camoM nene, Tak Kak Bee koadduunentsl A, B, C U D OTIHYHE OT HYJI4,
MBI MOJKeM NepenucaTh ypasHenue (5.31) B Buae

X % Y " z
-D/A -D/B -D/C

U 3ateM nonoxuts a =—D/A, b=-D/B, c=-D/C.

3aMeTHM, UTO B YPaBHEHHH «B O0Tpe3kax» (5.35) uncaa a, b u ¢ uMeloT
MPOCTOH reoMeTpHUUECKHI CMBIC: OHH PAaBHLI BEJMYHHAM OTPE3KOB, KOTO-
pble oTcekaeT muockocTh Ha ocax Ox, Oy u Oz coort-
BETCTBEHHO (OTPE3KH OTCYHTHIBAIOTCSA OT HAayasa Ko-
opAMHAT, cM. puc. 5.8). Utobbl y6eauTbcs B 3TOM,
JOCTATOYHO HAHTH TOUKH TepeceyeHus MI0CKOCTH, Ofl-
peneaseMol ypaBHeHHeM (5.35), C OCSIMH KOOPIHHAT.
Hanpumep, Touka nepeceueHns ¢ ocbio Ox onpenesnT-
CHl M3 COBMECTHOrO PACCMOTPEHHS yPaBHEHHS TJI0CKO-
¢t (5.35) ¢ ypaBHenusmMu y =0 1 2=0 ocn Ox. Mnl
MOJIYYHM KOOPAHHATEI TOUKH MepecedeHus x = a, y =0,
2 =0. AHaJOTHYHO YCTaHABJIMBACTCS, YTO KOOPAHHATHI TOUKH NepecedeHHs
MJI0CKOCTH (5.35) ¢ ockio Oy paeuel x =0, y=b, z=0 u ¢ ocbio Oz paBHH
¥=0,y=0,2=¢.

3. ¥ron Mexay ABYMSA MJIOCKOCTAMH. Y CJOBHS NapaieJbHOCTH
U NeprneHIuKYIAPHOCTH MIocKocTel. [1ycTh 1Be MJI0CKOCTH T, H T, 3a-
paHel 06muMH ypaBHeHUIMH A\ x+ B y+ Ciz+ D, =0 u Ayx + By +
+ Coz + Dy, =0. OueBuaHo, Bonpoc o ONpeiesleHHH YIia Mex1y yKazaHHbI-
MH TJIOCKOCTSIMH CBOJHTCS K OMPEIEJeHHIO YI/Ia () MeXKIY HX HOPMAJbHBIMH
Bektopamu n, ={A,, B,, C;} u ny={A, By, C5} ).

Puc. 5.8

I) Jlroobie ABe nepecexkarwluidecy MI0CKoCTH Gﬁpasyim ABd yrJia, B CyMMe paBHbBIX T. Ham
AOCTATOYHO ONPEAeJHTE OJHH H3 3THX YTJIOB.
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W3 onpe/iesieHusi cKaaspHOTo MpousseseHua nyn, = [n, | |n,| cos ¢ uu3
BBIPaXKEHHS B KOOPJAMHATAX J/IHH BEKTOPOB 1, M Ny M HX CKAJSIPHOTO MTPOM3-
BEJIeHHS, TIOJYIUM

Ay +B,B; € G/C;

, (5.36)
VA2 + B +C} A2 + B2 +C

cosQ =

Hrak, yeoa ¢ mexndy nAOCKOCMAMU Ty i Ty OTIPEEASETCS ¢ MOMOIIbIO
dopmyast (5.36).

Yenosue napasresvhocmu nA0CKoCcmeld Ty U Ty, IKBUBAJEHTHOE YCJIO-
BUIO KOJJIMHEAPHOCTH BEKTOPOB 11 H My, 3aK/I0YAETCS B IIPOINOPLUOHANBLHO-
CTH KOOPIMHAT ITHX BEKTOPOB, T.e. HMeeT BUI ')

—_—=—=—, 5.37
2 By G | /

Ta

Ycrosue nepnenduryasprocmu nAOCKocmed T, i Ty MOXKeT ObITb H3BJe-
yeHo u3 popmyasl (5.36) (pu cos @ = 0) UK BLIpaXKeHO PABEHCTBOM HYJII) CKa-
JISIPHOTO MIPOH3BeeHUS BEKTOPOB N U ny. OHO HMeeT BUJ

A1A2+B|BQ+C|C2:0. (538)

4. YpaBHeHHe NIOCKOCTH, NPOXOAAIEN Yepe3 TPU pas3jiHUUYHbIe
TOUKH, He Jexamue Ha ogHOU nmpsamon. [Toctasum nepes coboi neb —
BBIBECTH YPABHEHHE IIOCKOCTH, NMPOXOMASLLIEH Uepes TPH pasjuHble TOUKH
Mi(xy, Yy, 21), Mo(xa, Y, 25) 1 M3(x3, Y3, 23), He JexKalline Ha OJHOH NPIMOH.
Tak Kak yKasaHHBle TPH TOUKH He JIeXKAT HA OJHOH NMPSMOH, BEKTOPHI
MMy ={x9—x, =Y, 22— 21} ¥ M\M3 ={x3-x, Y3—4,, 23— 2,} He
KOJIJTHHeapHHl, a nostomy mouxa M (x, y, 2) aexcum 8 00HOI nA0CKOCmU
¢ moukamu M, My u My moeda u moaeko moeda, koeda sexkmopor MM, ,
MM; u MIM ={x—x,,y—Yy,, 2— 2} KOMnAQGHAPHbBL, T.€. TOTAA H TOJIb-
KO TOT/1a, KOT/la CMelllaHHOe TIPOU3BeieHHe 3THX TPeX BEKTOPOB PaBHO HYJII0
(cm. . 2, § 3, . 4).

Hcnoab3ys BelpaxKeHHe CMEIIaHHOTO TPOH3BEIeHHS B KOOPAHHATAX, MBI
MOJY4YHM HeoOXOIAMMOE W JA0CTAaTO4YHOE YCJOBHE NMpHHAaAJIeKHOCTH
M(x, y, z) K yKazaHHOU MJOCKOCTH B BUje (cM. ra. 2, § 3, n. 7)

X=X y-y z2-2
Xo =X, Yg—Y 2-2|=0. (5.39)

Xy =X Yz3—Y 23-23

') Mpu s1oM, Kak # BCIOLY BoILIE, Mbl TOHHMAEM BCHKYIO TIPONOPLHIO a/b = c/d B cMbICie
paseHcTBa ad = be.
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Y paBHenue nepeol crenenu (5.39) u sBAsSIeTCA ypaBHEHHEM HCKOMOH TLIOC-
KOCTH.

5. HopMupoBaHHOe ypaBHEeHHeE NJI0CKOCTH. OTK/IIOHEHHE TOUKH OT
NJI0CKOCTH. PaccMOTPUM KaKkylo yrofHo miockocTh . [IpoBenem yepes Ha-
4yano KoopauHat O npsaMyio n1, neprneHanKyaAsapHYIO
IJIOCKOCTH T, H 0003HauuM OYKBOU P TOYKy Nnepecede-
HHS IPAMOH 71 M TIocKocTH T (puc. 5.9). Ha npamoit n
BO3bMEM e0uHiYHbLIL BEKTOP N, HATIpaB/JIeHHe KOTOPO-
ro COBIajaeT ¢ HanpasJ/eHHeM orpe3ka OP (B caydae
coBnajfeHus Touek O U P HanpaBaeHHe n BeifepeM Mpo-
H3BOJILHO).

[ToctaBum mepea cob6o# 1e/1b — BHIPA3HThL ypaBHe-
_ HHeILJIOCKOCTH T Uepes cielyioliie napamerpsl: 1) aiu-
Hy p otpeska OP ; 2) yrasl o, B 1 Y HakgoHa BekTOpa n K ocsim Ox, Oy u Oz
COOTBETCTBEHHO.

Tak kak N — eJMHUYHBIA BEKTOP, TO €ro KOOPAHHATHI, COOTBETCTBEHHO
paBHEIE ero MPOEKIHAM Ha OCH KOOPIWHAT, HMeloT BHI *)

Puc. 5.9

n ={cos o, cos B, cos v}. (5.40)

Quesnano, mouka M (x, y, 2) 1exrum Ha paccmampueaemoil nA0CKo-
cmu © moada w moavko mozda, Koeda npoekyus sexmopa OM wa oce,
onpedensiemyto BEKMOPoOM N, PABHA P, M.e. NPU YCA0BUL

np, OM =p. (5.41)

Tak kax n — eIMHHYHBIA BEKTOP, TO B CHJIY ONpeeseHHs 2 CKaJsipHOTro
npouseeneHus (cm. n. 1 § 2 ra. 2)

np, OM =n- OM. (5.42)

HMwmes B Bumy, uto OM = {x, y, 2}, a BeKTOp n onpejejseTcsi pABEHCTBOM
(5.40), MBI NOJAYUUM CJEAYIOlIEe BhIPAXKEHHE JJIs CKAJSIPHOTO TPOU3Bejle-
HHS 3THX BEKTOPOB!

n- OM =x cos a+ycos P +2zcos Y. (5.43)

M3 conocrasaenns (5.41), (5.42) u (5.43) BuiTekaeT, 4to mouka M (x, y, 2)
Aexcum Ha naockocmu T moeda it moavko moeda, Koeda KoopouHamot
amoll mouKy yoosiemeopaom YpasHenLIo

xcoso+ycosP+zcosy—p=0. (5.44)

(5.44) 1 ecTb HCKOMOE ypaBHEHHe IJIOCKOCTH T, BHIPAXKEHHOE uepe3 napa-
MeTpHl p, O, B U . DTO ypaBHEHHe Ha3LIBAETCH HOPMUPOBAHHLIM yYpasHe-
HUEM NAOCKOCMIL.

') B cuny T0r0, 4TO NPOKLMS BEKTOPA Ha JI06YH0 0Ch PABHA MOLY.II0 3TOTO BEKTOPA, YMHO-
JKEHHOMY Ha KOCHHYC yrila HakaoHa K ocd (em. 1. 8 § 1 r. 2).
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Beenem teneps (hyHnaMeHTaNbHOE NOHATHE OMKAOHEHU S NPOUSBONALHOIL
mouku M om dannou naockocmu . [lyeTs uncao d o603HauaeT paccros-
HKe OT TOUKH M [0 MIOCKOCTH T

Hasosem omrkaonenuen &mouku Mom naockocmu T 4ucao +d
8 cayuae, Koeda mouka M u Hawaao koopdurnam O aexcam no pasuoie
CMOPOHBL OM NAOCKOCMU T, U 4ucao —d 6 cayuae, koeda M u O aexcam no
00HY CMOPOHY OM T.

Ecau e Hauano koopauHaT O JIEXKUT Ha TJIOCKOCTH T, TIOJIOXKHM OTKJIO-
HeHHe PaBHBIM +d B cayuae, Koraa M J1exKUT 1o Ty CTOPOHY OT T, KyJa Ha-
[paBJ/eH BEKTOP M, U PABHBIM —d B MPOTHBHOM CJydae.

Hmeer MecTo caeyiollee BaKHOe yTBEepPKAeHHE.

Teopema 5.3. Jlesasn wacmo HOPMUPOBAHHOZO YPABHEHUS NAOCKOCTU
(5.44) pasra omkaonenuo mouku M ¢ koopdunamamu x, y, 2 0m RAOCKOC-
mu m, onpedeasemoll ypasguernuem (5.44).

JlokaszaTteabcTso. Cnpoennpyem Touky M Ha ocbh, onpeaensemMylo
sektopom n. [lyers Q — npoexius toukd M (puc. 5.9). OtkaoHeHHe & Tou-
KH M oT 1miockocTH T paHO PQ, rie PQ o6o3HavaeT BeJHYHHY HalpaBJeH-
Horo oTpeska PQ ocH, onpenensieMoii BekTopom n. llanee, H3 OCHOBHOTO
TOXK/AeCTBA (CM. T/1. 1) oueBuaHO (cM. puc. 5.9), uto

8=PQ=0Q - 0P=0Q-p. (5.45)

Ho OQ =1p, OM , a noc/efHsist TPoeKiHst B chy popmya (5.42) u (5.43)
paBHa x cos oL+ y cos B+ 2 cos . Mrak,

0OQ =x cos ot+y cos p+2z cos v. (5.46)

Conocrapaas GopMyasl (5.45) u (5.46), nosyunm &= x cos o+ y cos f+
+ z cos Y— p. Teopema noKa3aHa.

Teopema 5.3 NpUBOOMT HAC K C/eIyIOWEMY P a B U JY: dag Haxoscde-
Hus omkaonenus & mouku My(xy, Yo, 20) 0m naockocmu T caedyem 8 ae-
BYK HACKMb HOPMUPOBAHHOZD YPABHEHUA NAOCKOCMU T NOJCMAsUmMb Ha
MECMO X, Y U 2 KOOPOUHAMbL Xq, Yo U 2o mouku M.

Pasymeercs, 3T0 NpaBUJIO NO3BOJAAET OTHICKHBATE M PACCTOSAHHE OT TOY-
KH M 110 niocKoeTH T, G0 paccTosHUe PaBHO MOYJIIO OTKJIOHEHHS.

B 3ak/oueHue yKakeM aIrOpUTM NpHBeIeHUs 0OLLIETO VPABHEHHS MJIOCKO-
cTH (5.31) k HopMHpoeaHHOMY BHAY (5.44). Tak Kak ykasaHHoe ofliiee ypaBHe-
HMe U ypaBHeHHe (5.44) NT0/KHEL ONpeJensiTh 00KY 1 My e nA0CKOCMb, TO (B
CHJIY 3aMeuaHus B KoHLe 1. | 3toro naparpada) Haigercs ukeo { Takoe, UTo

tA=cos o, tB=cosP, (C=cosy (D=-p. (5.47)

BosBeiast B kBagpar nepsble TpU paBeHCTBa (5.47), CKIAABIBAT UX U YUNTHI-

Bas, UTO CyMMa KBAJPATOB HANPAB/AIOLIMX KOCHHYCOB DaBHA eIMHHIE (CM.
242, p2_ 2

n.9 § 1 2), nonyunm {“(A°+ B“+ C~) =1, otkyna

P S (5.48)

Jai+Br+ct
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OcraeTcs yTOUHHUTBL, KAKOH M3 3HAKOB + ciefyeT B34Th B dopmy.e (5.48).
Tak Kak 1o cMBICJIY pacCTOSIHHE P BCErja HeOTPHLATENLHO, TO H3 TOCJIeIHe-
ro paBeHCTBa (5.47) 3aKj04aeM, YTO 3HAK | npomusonoioxer 3Haxky D.

Hrak, daa npusedenus obujeeo ypasrenus niockocmu Ax + By +
+ Cz+ D=0 k HopmuposarHomy sudy (5.44) caedyem ymHomums €20 Ha
HopMupyrowul mHoxcumens (5.48), 3HaK KOMOPoOeo NPOMUBONOLOHEH
anaky D.

6. IIyuku ¥ cBA3KH naockocTerd. CosoKynHocms 6cex naockocmetl,
npoxodsuux yepes 00y U my xe npamyro L, Ha3eleaemcs ny 4K oM
naockocmeil (¢ yenmpom 8 L).

B nosiHo# aHasoriy ¢ TeopeMoi 5.2, 0THOCSLIEHCS K YUKy HPAMBIX, 10-
Ka3blBaeTCs CJaeylollee YyTBepXKIeHHe:

Ecau Aix+Biy+Ciz+ D=0 u Asx + Boy + Coz + Dy =0 cyme ypas-
HeHUs 0BYX PASAUUHBLY U He NAPAANeAbHbLY NAOCKOCMEl, Nepeceyenuem
Komopoix cayxcum vekomopas npamad L, a o u p — xakue yeodHo ne
pasHole 00HOBPEMEHHO HYAID HUCAA, MO

ecms ypasrenue naockocmu, npoxodawel vepes npamyro L. Boaee moeo,
Kakosa Ovi Hu Goira Haneped 3adanHas npoxodau,as yepes npamyro L naoc-
Kocmb, ona onpedeasemca ypasreruem (5.49) npu Hekomopoix o u .

JlokasaresbCTBO 9TOrO YTBEPAIEHHS (He cojeprKallee N0 CPABHEHUIO C J10-
KasaTesbCTBOM TeOpeMbl 5.2 HHKAKHX HOBBIX HIeH) MpelcTaB/sieM YHTATE/IO.

CcopMyaHpoBaHHOE yTBePXKAEHHE MO3BOJSAET 3aaBaTh NPAMYIo L, sB-
JISIOILYIOCS JIMHHEH TepeceyeHHs ABYX He COBMAJA0IIUX H He napaJJeb-
Hex maockoeTedl A\ x+ By +Ciz+ D =0u Ayx+ Boy+ + Coz+ Dy, =0,
He TOJbKO ABYMS YpaBHEHHAMH 3THX TMJOCKOCTEH, HO M JIOOBIMH ABYMS
pas/M4YHBIMH ypaBHeHHSIMH NyuKa (5.49) (nosy4eHHBIMH NPH KAKHX YTOJ-
HO O H ).

CosokynHnocmes scex naockocmel, nPoxXo0auux 4epes OaHHYIO0 MOUKY
Mo(xg, Yo, 29) Ha3biBaemca c8 A3 K0 nAocKocmeli (¢ uyeHmpom
8 MQ)

Jlerko ybenuTbcsd B TOM, 4YTO YpPaABHEHUE CBA3KU C UEHMPOM 8
My(xq, Yo, 20) umeem sud

A(x—x0)+B(y—-y)+C(2-29=0, (5.50)

rae A, B u C — KaKkue yroJHO YHC/a, He paBHBIE OJHOBPEMEHHO HYJIIO.

B camom gese, Besikasi MJOCKOCTD, OonpefessemMast ypaBHeHHeM (5.50),
MPOXOAHT uepes Touky My(Xo, Yo, 20). C IPYroil CTOPOHBI, eCJu T — Harnepes,
3aJlaHHas MJ0CKOCTb, poxoasiias dyepes Touky My(xo, o, 20), TO 3Ta TJ0C-
KOCTb OIHO3HA4HO OIpeiesieTcs 3ajauueM, Kpome Touku My(xq, Yo, 20), elie
HOpMasbHOrO BekTopa n={A, B, C} u notomy onpejensiercss ypaBHeHHeM
(5.33) (cm. m. 1 3aToro maparpaca), COBMafaimuM ¢ ypaBHeHHeM (5.50).
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§ 4. Ilpsamas JMHUSA B MPOCTPAHCTBE

1. KanoHnyeckne ypaBHeHHd NPAMOH B mpocTpaHcTBe. Boiule (cm.
1. 6 npenpiayiero naparpada) yxe 0TMeYaJqoCh, YTO NPAMYIO JHHHIO B MPO-
CTPaHCTBe, ABJSAIOLIYIOCH THHHEH nepeceyeH s ABYX Pas/IHYHbIX H He napaJ-
JIeJIHBIX [JIOCKOCTEH, onpesesieMbiX ypapHeHHsMH A x + By + Ciz+ D =0
uAyx + Byy + Coz + Dy =0"), M0KHO 3212BaTh IHG0 IBYMS yPaBHEHHAMH STHX
MJIOCKOCTEH, JIHOO 08YMA A100bIMIU PASAUYHBIMU YPABHEHUAMU NYUKQ

a(Ax+Biy+Ciz+D)+P (Aox + Boy + Coz+ Dy) =0

(OTBEYAIILIMMH TIPOU3BOJBHO B3ATHIM UHCAAM OL U ).

[Tpu pemenun MHOTHX 32134 Gosiee YIOGHBIM SBJSIETCS CIeIHANbHBIH BH]
ypaBHEHUH NPSIMON B MPOCTPAHCTBE, K BLIBOJLY KOTOPOrO Mbl U TePEXOIUM.

JloroBopumMcs HasbBaTh J1060H HEHYIEBOH BEKTOP, MapasljebHbH 1aH-
HOW NpPAMON, HANPABASIOUUM BEKMOPOM ITOW NPAMOK.

BoiBenem ypasuenus npamoll, npoxodauel wepes 0arnyo mouKy npo-
cmpancmsa M (x, y,, 2|) u umerowjei 3a0aHHbLI HANPABAROULULL BEKMOP
q={l, m, n}. Ilna sroro sametH™, 4to Touka M (X, y, 2) JIeXKUT Ha yKasaH-
HOH NPAMOM TOI/1A K TOJIBKO TOMAA, KOraa BeKTopel MM ={x—x, ¥y -y, 2—2,}
U q={/, m, n} KOLIMHEAPHBHI, T.e. TOTAa H TOJbKO TOrJia, KOT1a KOOPAHHATEL
3THX BEKTOPOB NPONOPLHOHA/bHBL (CM. CIeICTBHe U3 TeopeMbl 2.17)

e e (5.51)
[ m n
YpaBHeHus (5.51) cyTb HCKOMBIE YpaBHEHHUS MPSAMOH, MPOXOAALIEH uepes
Touky M,(x,, 4, 2|) ¥ KoaJIMHeapHOH BeKTopy q = {/, m, n}. D14 ypaBHe-
HHS IPHHSTO HA3blBATb KAHOHUHECKUMU YPUBHEHUAMU TIPAMOH.
3aMeTHM, UTO B KAHOHHUECKUX ypaBHeHHUsiX (5.51) 0JHO /M [1BA U3 YH-
ceq [, m W n MOTYT OKa3aTbCsl PABHBIMH HYJIIO (BCe TP uucaa [, m ¥ n pas-
HSTBCS HYJIIO He MOTYT, TaK Kak BekTop q ={/, m, n} HeHyseBo#). Tak Kak
BCAKYIO MPONOPUKI0 a/b=c¢/d Mbl 1OTOBOPHJIKNCH OHHMATh KaK PABEHCTBO
ad = be, obpawenie 8 HYyAb 00H020 U3 snameramenei 8 (5.51) osnauaem
obpaujenue 8 HYAb U coomsemcmsyoweeo yuciumens. B camom neae,

nycte, Hanpumep, [ =0, a n#0 (xoTs Gbl OIHO U3 TpPex uMces [, m U n He
X =X =2
| 1

paBHo HyJ/10). Torga U3 nponopuuu

n
CTBY (x — x|)n=(z — 2)l, 3axkawuaeM, urto x —x, =0.
B 3akJ/iodeHue NoKaxeM, KaK MpsAMY1o, 3aJaHHYI0 YpaBHEHHSAMH ABYX
PA3JHUHBIX W He NMapaielibHbIX I0CKOCTEeH

Ax+By+Ciz+D, =0,
A2X+82y+C22+DQ=0,

, 9KBHUBAJIEHTHOH paBeH-

(5.52)

) Ma n. 3 §3 caenyer, uto aas Toro, 4T0GH MIOCKOCTH, ONPeesieMble yPaBHeHHAMH
Ax+Biy+Ciz+ D =0uAsx + Byy + Coz + Dy =0, He coBnajanu 1 He OblIH napaJiie/lbHbl, Heol-
XOIMMO H JI0CTaTOUHO, yTo0Bl HapyLlanack Xota Obl 04Ha K3 nponopuuid A, /A, = B, /B, = C/C;.
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NPHBECTH K KaHOHHUecKoMy BHAY (5.51). loctarouno HalTh: 1) x0T Gbl 01HY
Touky M,(xy, ¥y, 21), 4epe3 KOTOpYIO POXOAUT npsiMas (5.52); 2) Hanpassiio-
i Bekrop q ={/, m, n} npsmoi (5.52).

HauneM ¢ HaxoxaeHHst KOOPAMHAT Xy, 4, 2| TOUKH M, uepe3 KoTopyio
npoxoaut npsMas (5.52). Tak Kak njaockocTH, onpefessiemMble YpaBHEHHAMH
(5.52), He mapanyenbHBE H He CJIMBAIOTCH, TO HApyIIAeTcs XOTs OBl OHA H3

L Al BI Cl
MPONOpPUHH — = — = — . ITO 03HAYaeT, YTO XOTs Obl OAUH U3 TPeX omnpe-
A B G
Al Bl

Ay By

B G
By, G
(cm. Honosnenue K rat. 1 1. 1). TTyeTs pajn onpegeseHHOCTH OTJAHYEH OT HY IS
A B
A, B,

MOJCTABUB €r0 B ypaBHeHHU (D.52), onpenesuM U3 cucTeMsl (5.52) cooTBert-
CTBYIOLLHE 3TOMY 2, 3HAUEHHUS X U

4 G

OTJIHYEH OT HYJ/Id
AE CZ

’ L]

[eJIATeJeH BTOPOro Nopsiaka

onpeaeadTe/ib . Torpa, B3sIB BMeCTO 2 NpPoU3BOALHOE HUCAO 2| H

- B, (Cyz +Dy)- B, (Cz + D))

xl 4]
AB, - A5, (5.53)
g = Ay (Cz + D)) - A (Cyz + Dy)
: Ale - AZBI .

B uyactHocTH, MOXKHO B3ATb 2; = 0. Toraa, Bocno/ab3oBaBuncs, GopMy-

aamu (5.53), Mbl mosyunm, 4to npamas (5.52) NPOXOAHT yepes TOUKY
BiDQ_BQDl AQDI_AIDQ 0

"\AB,-AB, " AB,-AB " )

Il HaXoXKIeHUsT KOOPAHHAT [, m, n HanpaBJeHHOro BeKTopa ¢ NpsMoH
(5.52) 3aMeTHM, YTO BEKTOP ¢ OPTOTOHAJNEH KaxKIOMY H3 HOPMAJbHLIX BEK-
tTopoe n; ={A, B), C\} uny,={A,, By, C;} niockocte# (5.52), TaKk 4To MOXK-
HO M0JI0KHUTb BeKTOp q = {/, m, n} paBHbLIM BEKTOPHOMY IPOU3BENEHUID
[n,n,]. [Toab3ysick BhlpaxeHHeM BEeKTOPHOTO MPOH3BeIHNS B KOOPAHHATAX
(cM. n.6 §3 ra. 2), Mol moayuum: [=B,Cy— B,C,, m=C A, - CyA,,
n =A182 —AQB|.

Takum o6pasoM, /st cayuasi, KOTAA OTJHYEH OT HYJs ONPeleHuTeb
Al BI
‘42 BQ

, KAHOHMYECKHe ypaBHeHHs NIPsMOH (5.52) UMeIoT BHJ

_ B\D, - B,D, _AD -AD,
AB,-AB "' AB,-AB _ =z

B,C, - B,C, C,A, - C,A, AB, - A,B,
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AHaNOrHYHO 3aNUCHIBAIOTCS KAHOHMYECKHe ypaBHeHud npamoi (5.52) aas
Bl Cl Al Cl
BQ CE AZ C?

2. YpaBHeHHd NpAMOH, NpoXoAsimed Yyepe3 ABe pa3jHyYHbIe TOY-
K My(xy, Yy, 21) 1 Ma(x5, Yo, 23). DTH yPABHEHHSI HMEIOT BH]

HJIH .

cJayudas, Korjia OTJHYEeH OT HYJ/Id ONpeaeuTe b

X=X _ ¥y—Yy _ 2’—2]

Xog =Xy Yo~ Y, Z3—2

,H,J]H HOJ]Y‘JEHHH HX JOCTATOYHO 3aMeTHThb, YTO HpHMaH H[EOXO}]\HT qepe3 TOl{Ky
M,(xy, ¥y, 2)) U HMeET HaNPaBJAIOUHK BeKTOP q = MM, = {xo— X}, Y2 — ),
2;— 2|}, ¥ BOCIOJNB30BaThCA KAHOHMYECKHMH ypaBHeHUsAMH (5.51).

3. [lapameTpuyecKkHe ypaBHeHHUS NPAMOU B npocTpaHcTBe. [lapa-
MeTpHYeCKHe YpaBHeHHs MpSMOH B MPOCTPaHCTBE 3JeMeHTapHO MOJY4aloTes
M3 KaHOHHYeCKHX ypaBHeHHH (5.51) 310 npsimod. [Tpumem 3a napametp ¢
Kaxaoe u3 otHomeHH# (5.51). Tak kak oquH W3 3HaMeHatesel (5.51) oTiHueH
OT HYJIS, & COOTBETCTBYIOIMH YHUCIUTE/b MOXKET NPHHUMATD KaKue Yeo0ro
3HaueHus, To 001aCTbi0 H3MeHeHHs napameTpa ! fBJSeTCs BCA BellecTBeH-
Hasi oCb: — 00 < { <+ o00. Metnonyuum x —x, =ty —y,=mi,z—2z =nt, um
OKOHUATEeJLHO

x=x,+1lt, y=y,+mt, z=z,+nt. (5.54)

YpaBHenHus (5.54) H eCTb HCKOMBIE napamempuieckiue YypagHeHus nps-
Mmoii. Eciin NpHHATL NapameTp { 3a BpeMs, OTCUMTLIBAEMOE OT HEKOTOPOro
HA4Ya/JbHOTO MOMEHTA, TO NapaMeTpHueckHe ypaBHeHHA (5.54) onpenesior
34KOH ABHXKEHHH MaTepHa.ﬂbHOﬁ TOYKH MO HPHMOI;I JUHHH C TIOCTOAHHOH CKO-

POCTBIO U = \}12 +m? +n? (TaKoe ABHKEHHE NMPOUCXOINUT M0 HHEPIIHH).

4. ¥Yroa mMexJy NpssMbIMH B POCTPAaHCTBe. ¥ CIOBHSA NapaJelib-
HOCTH U MepneHIUKYJISPHOCTH NPAMBbIX. [1ycTh 1Be npsiMble B 1POCTpaH-
ctBe Ly u L, 3a1aHBl CBOUMM KAHOHHUYECKUMH YPAaBHEHHSIMHU:

X=X _Y-¥ _2-% X=Xy _ Y=Yy _2-2%

I m n " 1y my ny

Torna 3anaua onpejiesieHus yria Meay STHMH MPAMBIMH CBOIUTCS K OII-
peleseHHIO YI1a () MEXKIY MX HaNpaBJsIOIHMHE BEKTOPAMHU:

q={l, my,n) U go={ly, my, ny).
[Mosb3ysich onpesie/ieHHeM CKaIiPHOTO IPOM3BeeH|s q,q, = | q, | |q,| cos @
H Bblpa}l(eHIdEM B KOOanHaTaX YKAa3dHHOro CKaJTHpHOrO npOHBBeL[EHHH 151
ILTMH BEKTOPOB q; H g, MBI TIOJYYHM LIS OTIpeleIeHHsT YTJ1a ¢ CJIeayIoNyio
hopmy.y:

LI, + mm, + nn,

2 2 2 [p2 2 2
\/Il +m +n \/12 +m, +n,

cosQ = (5.55)
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Ycaosue napasnesvrocmu npamoix Ly u Ly, IKBUBaNEHTHOE YCJIOBHIO
KOJIIHHEeAPHOCTH BEKTOPOB (; H (s, 3aKJIHYAETCH B MPONOPLHOHAILHOCTH
KOODJIMHAT 3THX BEKTOPOB, T.e. UMeeT BUM ')

l1/ly=m/my=n,/ny. (5.56)

Veaosue nepnenduxysaprocmu npamolx Ly u Ly MOKeT GbITh U3BIEUe-
HO 3 dopmyibl (5.55) (npu cos @ =0) UaK BHIPAXKEHO PABEHCTBOM HYJIIO
CKaJISIPHOTO NPOU3BeeHHs q;q,. OHO UMeeT BUJL

l][2+m1m2+nln2=0. (557)

5. YcjoBHe NpUHANJIEKHOCTH ABYX MPAMBIX K OXHOH MJIOCKOCTH.
Jlee npsimble B npoctpaHeTee Ly U L, MoryT: 1) nepecekarscs; 2) 6bITh Na-
paJieqIbHBIMK; 3) CKpellBaThes. B nepBeIX ABYX caydasx mpsambie L; 1 Ly
aexcam 8 00HOU NAOCKOCHIU.

YcTaHOBUM yeaosue npuxadiexuocmu 00HOL niockocmy 08yx nps-
MbLX, 3aJaHHBIX KAHOHHYECKHMH YPaBHEHHSIMH

x—x,=y—y,=z—z, X =Xy y—y2_2—22

f m n H l m n
1 1 1 2 2 2

OueBHIHO, YTO /151 IPHHALJIEAHOCTH IBYX YKA3aHHBIX PSIMBIX OIXHOH IMJ10C-
KOCTH HEOOXOAMMO H I0CTATOYHO, YTOOBI TP BekTopa MM, ={x;— x|,
Yo — Y1, 29— 21}, q = {1, my, n,} nqy= {1y, my, ny} GBI KOMMIAHADHBI, 118
Yero B CBOIO ouepeslb He0OXOAUMO H JOCTATOUHO, YTOOB! CMellaHHOe MPOH3-
BeJeHHE YKa3aHHbIX TPeX BEKTOPOB PABHSJIOCH HYJ0. 3aNHChIBas CMellaH-
HOEe TPOH3BeJIeHHe YKa3aHHbIX TPeX BEKTOPOB B KOOpAMHATaX (cM. n.7 § 3
. 2), IPUXOIHM K CleAyI0leMy Heo0X0IHMOMY U 10CTaTOYHOMY {/CAOBUIO
npuradaexcrocmu dsyx npamoix Ly w Ly 00notl naockocmu

Xo =X Yo~ Y 2—2
A m, n, |=0. (5.58)

Iy My ny

Ecau npamele L, 1 L, y10BaAeTBOPSIOT yea0BHIO (5.58), TO oHH nubo nepece-
Katorest, 1n6o napadnse/bibl. Tak Kak ycJoBHe Napas/iesbHOCTH NPSAMBIX L,
H Ly iMeeT BHIL (D.56), To daa nepecevenus npamolx Ly u Ly Heofixodumo u
docmamouro, umobsl oHu ydosiemsopaiu yciosuto (5.58) u umober Ha-
pywaracs xomsa 6ol 00Ha us nponopyut 1, /ly=m;/my=n,/n,.

6. ¥roa Mexay NpsiMOd M MJIOCKOCThIO. ¥ CJI0BUS MapaJijebHOC-
TH ¥ NepPHeHIHKYJISPHOCTH NPAMOM U MJIOCKOCTH. PaccMoTpuMm nijoc-

') Kax u Bciony Buiwe, J100yio nponopuuio a/b=c/d noHuMaeM B CMbIC/e paBeHCTBA
ad = bc.
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KOCTb T, 3ajlaHHYI0 061IKM YpaBHeHHeM Ax + By + Cz + D =0, u npsamyio L,

X=X _Yy-Yy _z-z
3a/laHHYI0 KAHOHHYECKHMH ypaBHEHHAMH = = .

[TockombKy yroust ¢p Mexay npsiMod L u rmoci:ocn:}o Tin "
ABNACTCA JIOTIONHHTEMbHBIM K YTy W MEXIy Hanpasisio- n
IIIUM BEKTOPOM MPAMOH q = {/, m, 1) ¥ HOPMATLHLIM BeK-

Topom niockoeTH n={A, B, C} (puc. 5.10), To 13 onpe- -i

Jle/leHHst cKaaspHoro npouseeeHus qn = |q| [n| cos y
M M3 PABEHCTBA COS Y/ = Sin @ Mbl OJYYHM JIS ONpe-
feNeHus yeia ¢ mexdy npamoi L u naockocmoro T

cleylonyio popmy.ay: Pue. 5.10

X Al + Bm + Cn
sing =

Vaz + B+ VP 4w 402

Ycaosue naparrenvrocmu npamod L u naockocmu T (BKIOUaKLIee B
ce0st MPHHAIENKHOCTD L K T) SKBUBAJIEHTHO YCJOBUIO TIEPIEHINKY.IAPHOC-
TH BEKTOPOB N H ( W BLIPAYKAETCS PABEHCTBOM HYJIIO CKajfipHOTO MPOU3Be-
JIEHHS ITHX BEKTOPOB:

Al+Bm+Cn=0. (5.59)

Ycaosue nepneHoukyaAaprocmu npamoi L u naockocmu T IKBUBAJIEH-
THO YCJIOBHIO NMAPAJIENBLHOCTH BEKTOPOB A U § W BbIPAXKAETCs TPONOPLHO-
HABHOCTBIO KOOPJHHAT STHX BEKTOPOB '):

A/l=B/m=C/n.

. X—X _§-y _Z2-2
7. Ycn0BHSA NPUHAAJICKHOCTH TPAMOMA —— =
m n

njockoctu Ax+ By + Cz+ D =0. 9TH ycjoBUS BblpaKawTesi AByMs pa-
BEHCTBaMU:
Axl +By1 + Czl +D =O,

Al+Bm+ Cn=0, (5.60)

NiepBoOe U3 KOTOPBIX O3HayaeT, uTo Touka M (x, y,, 2,), 4epe3 KOTOPYIO Npo-
XOIUT IPAMas, TIPHHALMEKHUT IIOCKOCTH, a BTOPOE eCTh YCJIOBHE Mapaie/ib-
HOCTH NPSIMOM M TiockoeTH (5.59).

8. Ceaska npambix. COBOKYNHOCMb 8CEX NPAMbLY, NPOXOOAULUX He-
pes dannyio mouky M(x,, y,, 2,), Ha3vlgaemca C8A3KOLU NP AMbLX
(c yenmpom 8 mouke M,). Jlerko y6enuTbcst B TOM, UTO YPABHEHHU
CBA3KH NMpPAMB X cLeHTpoM B Touke M, (x|, ¥, 2|) UMEIOT BHJ

X—Xx _y-4 _z2-2

= = ; (5.61)

/ m n

roe [, m U n — Kaxkue YroaHo 4HucJia, He paBHbIE€ OJJHOBPEMEHHO HYJIIO.

1) Kak Beeraa, Besikyio nponopuio a/b = ¢/d noHHMaeM B cMbicae paseHcTsa ad = be.,
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B camom nene, Besikas npamMasi, onpeaensieMasi ypaBHeHHsIMH (5.61), mpo-
XOAuT 4epes Touky M,(x,, ¢, 2;). C Ipyrod CTOpPOHEI, ecnu L — Hanepen
3ajlaHHasl npsiMasi, npoxoaswas yepes touky M (x,, 4, 2;), To 3Ta NpsamMas
OJIHO3HAUHO OmpeiefisieTcs 3alaHueM, KpoMme Toukd M (x, y;, 2;), ellle Ha-
NPaBJSIoIero BeKkTopa q = {/, m, n} U MoTOMY OnpejesseTcss KAHOHHYECKH-
MH YpaBHeHHsIMH (D.D1), COBNAfAOIHMH ¢ YpaBHeHUAMH (H.61).

§ 5. HekoTopsle 3a1auu HA NIPAMYIO H IJOCKOCTh
B NPOCTPAHCTBE

1. ¥cnoBue mepeceyeHUs TpexX MJAOCKOCTEH B OXHOM M TOJBKO B
oaHoi TouKe. [list Toro 4To0bl TPH MJIOCKOCTH, COOTBETCTBEHHO Olpeselisie-
Mble ypaBHEHI/lHMH

Ax+By+Ciz+D =0,
AQX + Bgy + sz + 02 - 0. (562)
A3.’C+Bsy+CBZ+D3 = O,

rnepeceKauch B OJHOH U TOJbKO B OJHOH TOUKe, HEOOXOAUMO H 0CTATOUHO,
4TOObI GbLA OMAUYEH OM HYAS Onpedeiument

AI Bl CI
A By Ly, (5.63)
AS BS C.’!

B camom gesie, B 3TOM M TOJIBKO B 3TOM cJjiydae cuctema (5.62) umeer equH-
cTBeHHOe pemienHe (cM. JlonoJsHeHue K ra. 1).

2. HaxoxaeHHe OMCCeKTPalbHBIX MJIOCKOCTEH IBYTPAHHOTO Yria,
00pa30BaHHOrO JABYMS JAHHBIMH IVIOCKOCTAMM. 3arullleM ypaBHeHHs
IBYX NAaHHBIX MJAOCKOCTeH B HopMHpoBaHHOM Buie. [lycts 310 OyAyT:
xcosoy+ycosP+zcosy —p;=0uxcosdy+ycosPs+zcosy—p=0.

JleBble yacTH 3THX ypaBHEHHH COOTBETCTBEHHO PABHBLI OTKJIOHEHHAM O,
1 &, Touku M (x, g, 2) OT nepBoi U OT BTOpO# nyockocTel. Ha oxHo# 13 Huc-
CEKTpPaJbHBIX MJIOCKOCTEH (OTBEYAIOIIed TOMY IBYTPAHHOMY YTJY, B KOTO-
POM JIEXKHT HAYANO KOOPAMHAT) 9TH OTKJIOHEHHUS PABHBI M 110 MOAYJIO, H 110
3HaKy, Ha IPYroi OHCCeKTPaNbHOMN MIOCKOCTH OTKJOHEHHS &, U 8, paBHBI 110
MOJLYJII0 M TIPOTHBOIOJOXKHBI [10 3HAKY.

Taxkum o6paszom, ypaBHeHHS HCKOMBIX OHUCCEKTPAJbHBIX MJ0CKOCTEH
HMEIOT BHUJL

(xcosoy+ycosPy+zcosy,—p)—

— (X COS Oy + I COS Py + 2 COS Yo — Po) =0,
(xcosoy +ycosPy+zcosy —py)+

+(x cos O+ cos By + 2 cOs Yo — po) =0.
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3. YcaoBus, NpU KOTOPBIX AaHHA [JIOCKOCTh NepeceKkaer JaH-
HbIi oTpe3ok AB. 3anucaB ypaBHeHHEe JAHHOH MJIOCKOCTH B HO P M H-
POBAaHHOM BHJE M MOJACTABUB B JIEBYIO YACTh MOCJAEHErO YPAaBHEHHUSI
CHayaJjia KOOpPAMHATHl TOUKH A, a 3aTeM KOOpAWHATHI TOYKH B, HafineM oT-
KJOHEeHHs! Dy U 8p Todek A U B COOTBETCTBEHHO OT JAHHOH MJIOCKOCTH.

Ilnst Toro uToGel JaHHAs MJIOCKOCTL Nepecekana orpesok AB, HeoGxonu-
MO H IOCTATOHHO, 4TOOb TOUKH A H B Jiexka/u mo pasHbie CTOPOHBI OT IJI0C-
KOCTH, T.e, HEOOXOAHMO M JOCTATOUHO, YTOOBl OMKAOHEHUA Oy U Op uMel
pasHele 3HAKU.

4. OnpeneseHHe MeCTONOJOKEHHUSA ABYX AaHHbIX Toyek A u B
OTHOCHUTEJIbHO JBYTPAHHBIX YIJOB, 00pa30BaHHBIX JaHHBIMH MJ0C-
KocTsaMu. [1ycTh 3anaHbl IBe nepecekaillHecs MI0CKOCTH H TpebyeTcs
ONpele/NuThb: B OIHOM, B CMeKHbIX MJIH B BePTHKAaJbHbIX yriax, o6paso-
BAaHHHIX IBYMSl JaHHEIMH TIJIOCKOCTSIMH, JeXKaT JIBe NaHHble TOUKH A u B.

3anucaB ypaBHEHHMs] JAHHBIX [JIOCKOCTEH B HOPMHPOBAHHOM BHIE, Bbl-
yHeauM oTKAoHeHHs 85 1 5},2' TOUKH A OT MepBOH ¥ BTOPOH IJIOCKOCTEH U
otkaonenns 85 u 857 Touku B oT nepBoii u Bropoii miockocreii. ITo 3Hakam
3THX YEThIPeX OTK/IOHEHUH 3aKII04aeM, N0 OIHY HJIH [0 Pa3Hblé CTOPOHLL OT
Kax/JI0H U3 MJI0CKOCTEeH JexKHT Kaxaasa us touek A u B. OueBuaHo, ecau
ToukH A M B JIeXKaT 110 OIHY CTOPOHY OT NepBOH MJIOCKOCTH H TI0 OJHY CTOPO-
HY OT BTOPOH MJIOCKOCTH, TO 3TH TOUKH JIeXKaT B ONTHOM Yy Tay, o6paso-
BaHHOM JaHHBIMH MockocTAMH. Ecau Toukn A 1 B niexkat 1o oiHy CTOPOHY
OT OJIHOH TIJIOCKOCTH M MO pasHble CTOPOHBI OT APYroH MJIOCKOCTH, TO 3TH
TOYKH JIeJKaT B CMe K HB X yrJjax. Ecniu, Haxkoren, Touku A u B Je-
JKaT M0 pasHble CTOPOHBI U OT TOH, M OT APYrOH MAOCKOCTH, TO 3TH TOYKH
JeKAT B BEPTHKAJAbHBIX YyrJjax.

5. YpaBHeHUdA NPAMOH, NPOXoASmeH Yepe3 JaHHYIO TOYKY
M(xy, yyy 21) M NEpIEHAMKYJISPHOU JaHHOU muIocKocTu Ax + By + Cz +
X=X _Y-th _2-3

= , 160 Hanpas-
A B C P

JISIIOIIHM BEKTOPOM MCKOMOH MPAMOH CJYHT HOPMAaJIbHBIH BEKTOD MI0CKO-
ctu n=1{A, B, C}.

6. YpaBHeHHe NJIOCKOCTH, MPOXOAsilleld Yyepe3 TaHHYIO TOYKY
My(xo, Yo, 2p) B mapanIeasHON 3agadHOM muockoctd Ak + By + Ciz +
+ Dy = 0. J1o ypaBHenue umeeT BuA A (x —xo) + Bi(y —yo) + C(z—2;)=0. B
caMoM fieJie, HCKOMast IOCKOCTh MPHHAMLIEKHT CBs3Ke MIockocTed (5.50) u
HMeeT TOT 3Ke HopMaJ/sHBIH BekTop n ={A,, B|, C,}, 4T0 U N1aHHAas NJIOCKOCTb.

7. YpaBHeHHe NJOCKOCTH, NPOXOAAmEN Yepe3 3aJaHHYIO TOUKY
. . , X—X
My(x0, Yo, 20) ¥ NEPNEHIUKYJIAPHON 3aJaHHOH MPAMOMH =

l
=M=ﬁ. 2To ypaBHeHHe uMeeT BMI [(x — xq) + m(y — yo) +

+ D =0. TH ypaBHeHHS UMEIOT BH

m n
+ n(z —2zq)=0. B camom jene, HCKOMas MJIOCKOCTb MPHHALJEKHUT CBS3Ke
niockocted (5.50) U MMeeT B KauecTBe HOPMAJIbHOTO BEKTOPA HAMpPABJISIO-
LM BeKTOp 3aaHHOH npsamol q ={/, m, n}.
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8. ¥paBHeHHE MJIOCKOCTH, MPOXOAAUEH Yepe3 JaHHYIO NPAMYIO

X—-X, Y-y 22—z .
- - n HUYepe3 3aJaHHYIO He JIeXKally0 Ha 3TOH NIpd-

I m
Mot TouKY Mo(xg, Yo, 20). VicKOMas MJIOCKOCTb MPUHALIEIKHT CBA3KE
mjaockocTed (5.50), T.e. onpexpensiercs ypasHeHueM A (x — xp) + B (y — yg) +
+ C (z — 2p) =0. Mcnoabays ycaosus (5.60) npHHALIEKHOCTH JaHHOH Tps-
MOH K UCKOMOH TJIOCKOCTH, TTOJNYYHM CJIeIYIOlIHe PaBeHCTBa:

(5.64)
Al+ Bm+ Cn=0.

Touka My(xy, Yo, 2p) MO YCAOBHIO HE JIEHKHT HA JTaHHOH NMPAMOH. DTO 03Ha-
L X1 T X Y Yo
YaeT, UTO HApYIIAeTcss XOTS OBl OMHA W3 MPONOPLUHH BT
m
2 — 3
= , M oaToMy 3 cucTemsl (5.64) nBa u3s koadduunentos A, B, C

MG}KSO ornpejenuThb yepes TpeTHH. Bbibpas 3aTeM NPOH3BOJABLHO 3TOT Tpe-
THH KO3(p(HUHEHT (HanpUMep, MOJOKHB €ro paBHEIM elHHHIIE), Mbl MO-
JY4YHM ypaBHEHHEe MCKOMOH MI0CKOCTH.

9. ¥paBHeHHE IJIOCKOCTH, NPOXONSNIEH Yepe3 JAHHYIO PAMYIO
X-X _Y-» _z2-7%

I - n. W DapajieNbHOM APYroii 1aHHOW NPAMOM
1 1 1

x—x2 y—y2 z2-2y

= = |

= = ). Mlyete Ax+ By +Cz+ D=0 — ypasHeHHe

15 m, ny

MCKOMOH miockocTH. Menodabays yeaous (5.60) npuHaiiexHOCTH JaHHOH
NpAMOH K UCKOMOH maockocTH, noayuum Ax, + By, + Cz,+ D=0,
Al + Bm, + Cn;=0. KpoMe TOro, HcrnoJab3ys ycjaosue (5.59) napaJ-
JIeNIbHOCTH MCKOMOH MJIOCKOCTH W BTOPOH JaHHOH NpsSIMOHA, NOJYYHM
Aly+ Bmy+ Cny=0. B pesyabTaTe nosyuum CHCTEMY TpeX YpaBHEHHI:

Axl+By|+Czl+D=0,

AII +Bm| + Cﬂ| =O,
A.’!Q e Bmg =+ Cﬂ,Q :0.

M3 KOTOpoH TpH H3 Koapduunenros A, B, C, D MoryT ObITb BblpazKeHbl yepes
4eTBePThIH (B CHJY TOTO, YTO [IBE JaHHbIE MPAMbIE He apaJie/bHbl i Hapylla-
eTcst XoTs Obl 0/IHa U3 Nponopuuit /Ly = m,/my = n;/n,, NOJYUUM, YTO XOTH
Obl OIMH U3 OTIpeJenHTeel TPeTbero MopsaKka MaTpHILBI

X oy oz 1

L m n 0

ly my ny, 0

1) l'[pemmﬂarae'rcm HTO ABe JaHHbIe NpsMble He MapaJiielibHbl.
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OTJIMYEH OT HYJIF, H MO3TOMY KaKHe-To TpH W3 ko3 duuuentos A, B, C, D
MOXKHO BbIPa3HTh yepe3 yeTBepThiil). [10J0KHB YKA3aHHBIH YeTBEePTHIH KO-
3()(PULHEHT PABHBIM €IMHHLE, MbI I0OJYYHM yPaBHEHHE HCKOMOH MJIOCKOCTH.

10. YpaBHeHHe NJOCKOCTH, NIPOXOAAlel Yyepe3 3alaHHYIO NpH-
Myio L, ¥ nepneHIUKYJISIPHOM 3alaHHOM MJIOCKOCTH T. ITa 3a/1a4a CBoO-
AHTCA K mpeabiayuieil. Uto6nl yoe M ThCs B 9TOM, MBI CHaua/1a yepes ToUku M,
npsMo L, nposeneM npsMyio Ly, nepneHIHKyASPHYIO IJIOCKOCTH T (Takas
3ajava pelleHa B M. D), H 3aTeM uepe3 NpsiMylo L, MpoBeeM MAOCKOCTb, Na-
paJJesbHyo npaMo# L.

11. YpaBHeHNd NepneHANKYAgpa, ONYOEHHOTO U3 3aJlaHHOH TOY-
K My Ha nannyio npamyio L,. McKoMmblil nepreHaukyasp npeacTasiaser
co60il JIMHHUIO TIepeceyeHtst ABYX MA0CKoCTeH: 1) MIOCKOCTH, MPOXOAsLeN
yepes Touky Mg U npsamyio L, (Takas nJ0CKocTh HalieHa B 1. 8); 2) niocko-
CTH, Npoxoasied yepe3 Touky Mg M neprneHIuKyAAPHOA K NpaMol L, (Takas
MJIOCKOCTh HaleHa B 1. 7).

12. HaxoxaeHHne pacCTOSIHUS OT JAHHOH TOYKK My 10 1aHHOM nps-
Mo# L. B npenpinyiieM MyHKTe HalleHH ypaBHeHHs TeprneHIHKyaspa Lo,
ONyLLeHHOro U3 Touku My Ha npsimyio L. Pelasi COBMeCTHO ypaBHeHUs npsi-
MbIX L H Ly, Mbl HalileM TOUKY M, OCHOBAHHS yKa3aHHOrO MepreHIuKY.s-
pa, a 3aTeM M UCKOMOe PacCTOsiHUE, PaBHoe JHHe oTpeska MyM, .

13. HaxoxkaeHue o0mero nepneHAMKyJaApa K ABYM CKpelUBalo-
mumcs npambimM Ly u Ly, lposenem uepes npsamyio L, niockocTsb M, na-
panjeJbHYIO NpAMoH L, (3Ta 3agaua pemlena B 1. 9). [Tocae sToro npoeesem
JB€ TIOCKOCTH T, U My, NEePNeHJAUKYJ/ASPHbIE MVIOCKOCTH My U NPOXOASIIHE
yepes npsimMble L, u L, cootBetcTBeHHO (cM. 1. 10). Mckombli neprneHauky-
JI9p NpeacTaB/sieT cOO0H JUHHIO MepeceyeHus TIOCKOCTeH Ty U Ty.

14. HaxoxaeHHe KpaTyaHmIero pacCTOSHHS MeXKAY ABYMH HaH-
HBIMHU CKpemMBaomumucs npsavmeiMu L, v L,. Jlng petienus sToil 3aja-
YH J10CTATOYHO MOCTPOUTH IMJIOCKOCTh Ty, YKA3aHHYIO B MPebl1yILeM MyHK-
Te, M HalTH PacCTOAHHUS OT JI000H TOUKH NPAMOH Ly 0 IJIOCKOCTH T.



FJTABA 6
JJHHHH BTOPOTO IMOPS KA

B sToii rmaBe HaydaoTes reoMeTpuYecKHe CBOHCTBA aaaunca, eunepbo-
Abl ¥ napaboist, IPeACTABAAIOIINX COG0H JHHUH TlepecedeHHsi KPYroBOro
KOHYCa C MJIOCKOCTSIMH, He NMPOXOASIIHMHI Yepe3 ero BepIIHHbl. ITH JHHUH
YACTO BCTPEHAIOTCS B PA3/HYHBIX BOIIpocax ecrtecTBosHanusl. Hanpuwmep,
IBHKEHHE MaTe PHAMbHOH TOUKH IT0J] BO3IEHC TBHEM LIEHT PAJIbHOTO TTOJIST CHIEL
TSMKECTH [POUCXOJUT 110 OIHOW W3 ITUX JIMHUH.

HCCJ'IED,YIOTCH TaKKe KpHUBbie BTOPOro nopsijka, T.e. JUHHH, onpenensde-
MBIe B I€KAPTOBLIX KOODAMHATAX, aAre0pauuecKUMH YPABHEHHSIMH BTOPOH
CTETeHH .

B YAaCTHOCTH, BBIICHAECTCH, YTO 3JJIHUIIC, rnr;ep()ona H napaﬁona ABJIANOT-
¢l TAKMMH JHUHUSMH M YTO ITUMH TPeMsl JUHUSIMM W H3YYEHHBIMH B Mpe/bl-
AYILEeH TaBe THHEHHBIMK 00pa3aMu HCUEePIBIBAIOTCS BCe THHHH, ONpefese-
Mble aﬂreﬁpanqecmmn YpaBHEHHAMH BTOpOﬁ CTEIeHH.

§ 1. KanoHWYecKHe ypaBHEeHHA JJHUTICA,
runep6oJbl U napa6oJbl

B Hauasie 3TOH r/aBbl Mbl TOBOPUJIK O TOM, UTO 344UNC, eunepbora u
napaboaa npedcmasastom coboil AUHUL NEPecederis Kply208020 KOHYCA
C NAOCKOCMAMUL, HE NPoXodsuumu yepes e2o sepuiuHy. ImeHHo, ecau ceky-
11ast [IOCKOCTh MePeCeKaeT Bee NPsIMOJIHHeH Hble 00pasyIoliHe OQHOH MOJ0CTH
KOHYCa, TO B CeYeHHH I0JYHHTCS JMHHS, HasbiBaeMas aaauncom (puc. 6.1 a).
Ecnu cexymas niaockocTsb nepecekaet odpasymoune o6enx noaocTed KOHy-
€a, TO B CEUEHUH MOJYUHTCS JIHHUS, HaszbiBaeMas cunepboaoi (puc. 6.1 6).
W, HakoHel, ec/ii ceKylllas MJI0CKOCTh Mapaije/bHa 0JHOH H3 06pasyoLUX
KoHyca (Ha 6.1 8 — 370 o6pasytomas AB), To B ceYeHHH MOJYUHTCS JTHHHA,
HasbiBaemas napaboaoil. Pucynox 6.1 naet unrartesio HarJsaiHOe NpeacTas-
JeHue o GopMe paccMaTPUBAEMbIX JHHHH.

B stom naparpade 1aioTcs crelHasbHele ONpeleseHHs JUICa, THIep-
6oJbl 1 napaboibl, OCHOBAHHBIE HA X (OKAAbHbLX CBOLCMAAX, W BLIBOASIT-
Cs1 TAK HA3bIBaeMble KOHOHUYECKUE YpasHerus STHX KpuBbX. Huxe, B 1. 4
§ 3, OyIeT ycTaHOBJeHa paBHOCHJBbHOCTb 3THUX CleLHMaJbHBIX ONpe/eeHHH
U OnpeneseHuH /Mmnca, runepoobl U napadobl Kak KOHHYeCKHX CeueHHH.

1. dnnunc.

Onpedesenue. I LA UNCOM HAZGIBAEMCA 2EOMEMPULECKOE MECO
MOoUeK NAOCKOCmuU, 048 KOMOpuLx cymma paccmoanutl 0o 08yx grukcupo-
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sanHulx mouek | u Fy amoil naockocmu, Hassvigaemolx oKy camu,
ecme BeAUNUHA NOCMOAHHAA ).

Snaunc lunepéona [lapaboaa
a 0 8
Puc. 6.1

[Tpu 3TOM He MCKJAKUAaeTCs coBMaaeHHe (OKycoB d/aaunca. OueBHIHO,
ecau gokycol cosnadarom, mo araunc npedcmasifem cobot OKpYHHOCMb.
[l BBIBOJa KAHOHHYECKOTO ypaBHeHHs 3/1/1Ica BeibepeM Havamo O ne-
KapTOBOI:I CHCTEMBI KOOPAHHAT B CEPEB,HHE
otpeska FFy, a ocu Ox u Oy HANpaBuM Tak, Y M(x,y)
KaK yka3aHo Ha pHc. 6.2 (ecau dokycsl F| 1 r
FycoBnanator, To O coBnanaerc F 1 Fy, a3a I
ock Ox MOXKHO B3$ITh JII00YI0 OCh, NMPOXOJs-
wyio yepes 0). F(-¢,0) O Fc,0) x
[Tycts puna orpeska F | F, paBua 2¢. Tor-
la B BBIOPAHHOH CHCTEME KOODIMHAT TOUKH Puc. 6.2
F\ u F, cooTBeTCTBEHHO HMEIOT KoopanHaThl (—¢, 0) 1 (¢, 0). O6o3naunm ue-
pe3 2a MOCTOSIHHYIO, 0 KOTOPOH TOBOPUTCSH B ONpefeeHHH sJuunca. Oue-
BUAHO, 2a > 2¢, T.e. a>c. [lycte M — TOUYKa NJIOCKOCTH € KOOPAMHATAMU
(x, y) (puc. 6.2). O6o3HauHUM Yepes r; H r, PACCTOSHHUSA OT TOUKH M 110 Touek
F, u F| coorBeTcTBeHHO. COr/IacHO OMpeneSeHHIO IHICA PABeHCMBO

ri+ro=2a (6.1)

A849eMC S Heobxo0uUMbIM 1 DOCMAMOUHIM YCA0BUEM PACNOAONEHUS MOU-
Ku M (x, y) Ha danHoM 3aaunce.

Hcrnonibysi Gopmy.y pacCTosHUS MeXKIY ABYMsI TOUKAMH (CM. (hopmy.ty
(1.8) n. 2 § 3 ra. 1), nonyuum

n=xref +4% n=y(x-c) +4. (6.2)

) Ecaiu M — Touxka snaunca (puc. 6.2), To |MF|| + |MF._,| =2a, a TaKk KaK cCymMma ABYyX
cropod MF| uw MF, tpeyroashuka MF [, Goabine tpetbeit ctoponn FjFy =2¢, To 2a > 2¢.
Cayuaii 2a = 2¢ ecTeCTBEHHO HCKJIOUYHTb, TAK KaK Toraa Touka M pacnosaraertcs Ha oTpeske
F|F5 ¥ 31M1C BBIPOXKIACTCH B OTPE30K.
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Mz (6.1) u (6.2) BEITEKAET, UTO COOMHOULEHILE

J(x +c) +y? + \/(x —cf+y? =2 (6.3)

npedcmasasem cobol Heobxodumoe u docmamouHoe YcAosue pacnono-
scenus mouku M ¢ koopduramamu x u y Ha danHom araunce. Tlostomy
cooTHoueHue (6.3) MOKHO paccMaTpHBaTh KAk ypasuenue aiaunca. Ily-
TeM CTaHAAPTHOTO MPHeMa «yHHUYTOXKEHHS paHKaloB» 3TO YpaBHeHHEe NpH-
BOJHTCS K BULY

oy

—+===1, 6.4

a’® b ©.4)
rae .

¥=a’-c*"). (6.5)

Tak kak ypaBHeHHe (6.4) npenctaeasiet coboll areebpauteckoe caedcmsue
ypaBHeHud 3uunca (6.3), To KoopauHaThl X H y J000H Toukn M ajaunca Gy-
IyT YAOBJETBOPATb W ypaBHeHHIO (6.4). [TockoabKy npu anredpanueckux
npeoGpa3soBaHHSAX, CBA3AHHBIX ¢ H30aB/JeHHeM OT paJMKaJoB, MOIJIH MOSBHTh-
Sl «JIMIIHKE KOPHH», Mbl I0JIKHbI YOEIUTbCH B TOM, 4TO Ji06as Touka M, Ko-
OPAMHATHI KOTOPOH YIOBJIETBOPSIOT ypaBHeHH IO (6.4), pacro/araercs Ha 1aH-
HoM aauaunce. Jlng aToro, oueBHAHO, IOCTATOYHO 10KA3aTh, YTO BEJIHUHHEL 7|
H Iy U151 KAXI0H TOUKH YIOBJETBOPSIIOT cooTHOWweHHo (6.1). Mrak, mycts Ko-
OpAMHATHL X U i ToukH M ynoB/ieTBopsitoT ypaBHeHuwo (6.4). [Toncrasass 3ua-
yenue i 3 (6.4) B paByio YacTb BblpakeHus (6.2) 45 ry, NOCAe HECAOKHBIX

9
- u c [ <4 2
npeo0pa3oBaHvi HaHIeM, 4To f = [a + —x] . Tak kak a+—x>0 °), 10
a a
n=a +§x . CoBeplIeHHO aHaJOTHUHO HakaeM, 4To 7, =a — ix . Takum

00pasoM, 1/ pacCMaTPHBAEMOH TOUKH M

¢ ¢
n=a+-—x, nh=a-—x, (6.6)
a a

T.e. 1|+ ro=2a, ¥ no3TOMy Touka M pacrnosiaraeTcs Ha 3JUTHICE. Y paBHe-
Hue (6.4) Ha3bLIBAETCH KAHOHUHUECKUM YpasHeHuem daiunca. BeluunHsl a
U b HA3bIBAOTCH COOTBETCTBEHHO OOALWIOL 1 MAAOL NOAYOCAMU IAAURCA
(HauMeHOBaHHe «GoJblIAsT» H «Malasi» 00BSICHSAETCS TeM, UTo a > b).

3ameyanue. Ecau noayocu 3aaunca @ U b paBHLL, TO SJJHIIC TIpe-
crasJsieT cof0i OKPYKHOCTh, PAIUYC KOTOPOH paBeH R =a = b, a ueHTp co-
BHajgaeT ¢ Ha4aJoM KOOPAHHAT.

R
') Hanomiim, uto @ > ¢, 1 nostomy a* — 0.
2
*) Nockonsky | x| < @ u ¢/a < 1. 3amerum, uto HepaBeHCTBO | ¥ | £ a HenocpencTeeHHO
BEITEKaeT H3 ypabHenus (6.4), H3 KoTaporo sicko, uto x°/a’ < 1.



§1] KAHOHHYECKHWE YPABHEHHSA 147

2. Tunep6ouna.

Onpedenenue. 'unepGoaoil HasbiBaemcs 2eOMempuiecKoe me-
CMO MOYeK NAOCKOCMIL, 0458 KOMOPOL abCOAOMAAS BEAULILHA PASHOCTU
paccmoanuil do dsyx gurcuposannolx mouek Fy u Fy amoil naockocmu,
HA3bIBACMBLX (POKYCAMIU, ECMb BEAUYUHA NOCMOAHHAA ).

Jln1s BBIBOJAa KAHOHHYECKOTO ypaBHeHHs runepOo/ibl BelfepeM Hauaao
KOOPIMHAT B cepelnHe oTpe3ka [ Fy, a ocu Ox u Oy HanpaBUM Tak, Kak
ykasaHo Ha puc. 6.2. Tlycts ayuna otpeska F\F, pagHa 2¢. Torja B BeIOpaH-
HOM cHCTEME KOODPAMHAT TOUKH [ H [y COOTBETCTBEHHO HMEIOT KOOPIAHHATbI
(—c, 0) u (c, 0). Oboznauum uepes 2q NMOCTOAHHYIO, O KOTOPOH TOBOPHTCSH B
onpeneseHny runep6oab. OueBuano, 2a < 2¢, T.e. a<c ).

[Tycts M — TouKa NJIOCKOCTH ¢ KOOpAHHATaMH (X, ) (puc. 6.2). O6o3Ha-
UMM yepes ry U ry pacctoanus MF, u MF,. CornacHo onpeje/ieHHIO THIIEp-
Hoabl pasencmso

|ry=r;| =2a (6.7)

agasemcsa Heobxodumolm i GOCMAMOLHOLM YCAOBUEM DACTIOLOMEHIL MOU-
Kku M na dannoil eunepboae.

Hcnonbays Boipamenus (6.2) mis ry | ry ¥ cooTHoLeHHe (6.7), NOayUHM
clenyiolee Heobxooumoe 1 JOCMAmMOYHOe YCAOBUE PACNOLONEHUS MOY-
Ku M ¢ koopdunamamu x u Yy Ha daxHol eunepboare:

‘ \/(Jc+c)2 +y? —\/(x—f:)2 +y? (6.8)

Mcnosib3ys cTaufapTHBIE TpHEM «YHUUTOXKEHHS PAJHKAJI0B», PHBEIEM
ypaBHeHue (6.8) K BULY

I ] (6.9)
(1 o b

rae
b= -d (6.10)

Ml nomkHBL yOEIUTBCA B TOM, YTO ypaBHeHHe (6.9), mosy4eHHOe mmyTeM
ajredpandecknx npeodpasoBaHuH ypaBHeHHs (6.8), He npHoOpe/io HOBBIX KOp-
Hel. JIJisi 3TOro 0CTaTOUHO JI0KA3aTh, YTO VIS KaXKI10H TOUKH M, KOOPJIMHATI

I) CD(‘.IKbeI F| H }‘-2 FHI'IE]JﬁOﬂbi eCTeCTBEHHO CHHTAThL PA3JIHYHBIMH, Hbo ecau YKd3dHHas
B Onpee/eHHH THNephobl MOCTOSHHASA He PaBHA HYJI0, TO HeT HH OJHOH TOUKH MJIOCKOCTH
Npu coBnafeHuu Fy u Fy, KoTopas Obl yaoBJIeTBOPSIA TPedoBAHHAM OTIpefeeHus runepdo-
aul. Ecau e aT7a mocToannas paBHa HyJ0 H [y coBnanaert ¢ Fy, TO /06as TOUKA TJIOCKOCTH
YAOBIETBOpSIET TpeGoBAHHAM oM pejieseHus runepiosl,

%) Ecaiu M — Touka runep6oabl, To | MF | = | MF,| = 2a, a rak kak pasHocTb ABYX CTOPOH
MF, u MF, tpeyronbiuka MFF, menbiue Tpetbei ctoponsl FFy=2c, 10 2a > 2¢. Cayyaii
20 = 2¢ ecTecTBeHHO UCK/IKYKTL, TAK KaK Toraa Touka M pacnonaraercs Ha npamoii F\F, BHe
orpeska FFy v runepbona BHIpoXKIaeTCs B IBA Jyda.
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X U fj KOTOPOH yJIOBJETBOPSIIOT YpaBHeHHIO (6.9), BeTUUHHEL 7| U 1y YIOBJIE-
TBOPAIOT cooTHowweHHIo (6.7). [TpoBoas paccykieHHs, aHANOTHUHbIE TeM,
KOTOpble ObIIH CAe/IaHbl TPH BhiBOAe Gopmy. (6.6), HalieM 415 HHTepecylo-
LIMX HAC BEJHUHH 7| U Iy CJeYIOlHe BLIPAXKeHHs ):

[ c
a+—x npu x>0, —a+—x npu x>0,
f= ¢ rp = ¢ (6.11)
c c
—a——x npu x <0, a—-—x npu x<O0.
a a

Takum o6pasom, 115 paccMaTpuBaeMoil Toukd M umeeM |r,—ry| =2a, u
MO3TOMY OHa pacriosiaraercsl Ha rurnepboie.

Ypasuenue (6.9) Ha3bIBAETCH KAHOHUUECKUM YPABHEHUEM eunepboibt.
Bennunnbl @ ¥ b HA3LIBAIOTCH COOTBETCTBEHHO NEHCTBHTENbHOH W MHHMOH
noayocamu 2unepbons.

3. ITapaGoaa.

Onpedenenue. [lapaboroil Hasvleéaemcs 2oMempuiecKoe mec-
mo mouek NAOCKOCmU, 048 KOMOpLlx paccmonnue 0o HeKomopoi guk-
cuposarnnol mouku F amol naockocmu pasHo paccmosnuio 0o HeKo-

mopotl PuKkcuposanHoll nPAmoil, maxice
YA PACNOAOKEHHOU 8 PACCMAMPUBAEMOLL
d M(x,y) NnAOCKOCMU,

YkaszaHHasi B onpejeseHHH Touka [ Ha-
3blBaeTCs gokycom napaboist, a PUKCHPO-
BaHHasl psimasi — Oupexmpucoli *) napabo-
avt. JIns BHIBOJA KAHOHHYECKOTO YpaBHEHHSA
o F(/vy) napa6ouel BoidepeM Havyano O neKapToBoH

CHCTEMbI KOOPIWHAT B cepeiiHe 0Tpeska F D,

p/2 npejacTaB/sIoLIero co6oh nepnemnxymsp,

Puc. 6.3 OTYyIIEHHbIH W3 (oKyca F Ha IupeKTpHCy ),

a ocd Ox u Oy HanpaBuM TaK, Kak yKasaHo

Ha puc. 6.3. [lycTs nauna otpeska FD paBHa p. Toraa B BeiOpaHHOH cHCTEME

KOOPIHHAT TouKa F uMeeT KoopauHarthl (p/2, 0). [Tycte M — Touka miocko-

CTH C KOOpAHHATaMH (x, y). O6o3HauuM uepes r paccrosHue oT M g0 F, a

yepe3 d — paccrosiHie ot M g0 aupextpucsl (puc. 6.3). CorsacHo onpefe-
JIeHHIO napaboibl paseHcmeo

S| JAupexmpuca
~

=Y

r=d (6.12)

') Iph 5TOM MBI 10JKHE yUecTb, 4T0 | X |2 @ He/a > 1. 3aMeTHM, uTo HepaBeHCeTRo | X | 2 @
HENOCPeICTBEHHO BRITEKAET U3 ypaBHeHus (6.9).

%) Cnoro dupexmpuca 0aHAYACT HANPABARIOULAA.

%) EcrecTnenno cuntarh, uto Gokyc F He fexHT Ha IHPEKTPHCE, HGO B MPOTHBHOM Clyuae
TOYKH IJIOCKOCTH, JIS1 KOTOPbIX OblIH Obl BBITOJHEHBI YCA0BHS onpejle/leHHs napaﬁmu, pac-
noJarainch Ha NPAMOH, NPoXoAdAllel Yepes F nepnexHKyIApHO TMPeKTpHce, T.e. napadona
BBIPOAHAACH OBl B MPAMYIO.
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ABAAEMCS HEODX0OUMbIM U DOCMAMOUHbIM YCAOBUEM DACAONOMCEHILA MOY-
Ku M Ha dannoi napaboae. Tak Kak

(6.13)

(6.14)

npedcmasasem coboi Heobxodumoe 1 0OCMAMOUHOe YCAOBUE PACNOAOD-
scenun mouku M ¢ koopdunamamu x u y na dannol napaboae. [ostomy
cooTHolleHHe (6.14) MOXKHO paccMaTpHBaTh Kak ypaBHeHHe napabo.isl. [Ty-
TeM CTAHZAPTHOrO NMPHEMa «YHHYTOXKEeHHS PaJlHKaJ0B» ITO yPaBHEHHE 11pH-
BOIMTCA K BHIY

y* =2px. (6.15)

Y6enumesn B TOoM, uTo ypaBHeHue (6.15), noaydyeHHoe nyTeM aarebpau-
yecKuX npeodpasosanui ypasHenud (6.14), He mpuo6pes1o HOBBIX KOpHEH.
[lnst 3TOTO HOCTATOYHO AOKA3aTh, UTO IS KAKAOH TOUKH M, KOOPIHHATH X
H ¢ KOTOPOH YIOBJIETBOPSIOT ypasHeHuo (6.15), BeMUMHBI r H d paBHbI (BbI-
NOJIHEHO cooTHoeHHe (6.12)).

W3 coornourenns (6.15) BrITeKaeT, uTo aGCUMCCH X PACCMATPHBAEMEIX
TOYeK HeoTpHUaTenbHbl, T.e. x 2 0. [l1g Touek ¢ HeOTpUUATENbHBLIMH abc-

nuMccamMu d = B + x . Halinem Ternepb BblpaxeHHe IJI8 paCCTOSHHA 7 OT TOU-

ki M no F. loncrasasis y u3 Beipazkenus (6.15) B mpaByIo 4acTb BblpaKeHHs

ans v (6.13) v yunTsiBas, uto x 2 0, HalgeM, 4To r = §+ x . Takum o6pasom,

IJIs1 pacCMaTPHBAEMBIX TOYEK r = d, T.€. OHH PacCnoJararTcd Ha Hapa60.ne.

YpasHenue (6.15) HasbIBAETCH KAHOHUYECKUM YpasHeHUuem napaboiol.
Benuuuna p HasbiBaeTcst napamempom napabonot.

§ 2. Mccanenosanue opMbl 3J7HIICa, THNIEPOOBI
¥ napa6oJbl M0 UX KAHOHHYECKHM ypaBHEHUAM

Mu! yxe umeem HarasimHOe NMpeAcTaBAeHHe O GOpPME 3JIHICA, THIep6o-
Jibl ¥ napabodst (eM. puc. 6.1). MccienoBanie KaHOHHUECKHUX YPABHEHUH 9THX
JIMHUH M03BOJISIeT BBIICHUTb CBOHCTBA, 00/I€e TOUHO XapPaKTePH3YIOLIHEe HX

Gopmy.

l) 3'{'3 Ll)()pM)‘Jla BepHA JIMLWDb AJ51 TOYEK ¢ HeOTPULUATE/IbHBIMH abe HHCCaMH X. J:L"]f[ TOYEK ¢
OTPHUATEJbHLIMH abCUHCCaMH, KaK J1eTKO BUAETD, BBINOJIHAETCSA COOTHOLLIEHHE 7 > d, H M103TO-
MY TAKHE TOYKH MOXKHO HCKJIYHTE H3 PACCMOTPEHHA.
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1. HccnenoBanue hopmbl 3anumnca. Jlng yno6cTBa 3anuiieM ele pas
KaHOHHUYecKoe ypaBHeHHe sJjaunca (6.4):

[Tpu stom Gymem cunTath a > b.

1°. Jaaunc umeem 0ge 83aUMHO NePneHOUKYALPHbIE OCU CUMMEmMPUL
(eaasHble OCU IAAUNCA) U YEeHMP cuMmempul (YeHmp IAAUNCa) ". Heii-
CTBHUTEJILHO, B ypaBHeHHH (6.4) BeJIMUMHBL X U Iy DUTYPUPYIOT B UETHBIX CTe-
nexsx. C/e10BaTe/bHO, €CIH KOOPAUHATH X U § TOUKH M yIOBJAETBOPSIOT
ypaBHeHu1o (6.4) (T.e. Touka M pacrnosiaraeTcst Ha JUIMIICE ), TO ITOMY YpaB-
HEHHIO YJOBJIETBOPAIOT KOOPAHHATHL (—X, Y) H (X, —y) CHMMETPHYHBIX el To-
YyeK OTHOCHTEJIBHO OCel KOOPJAMHAT W KOOPAHMHATHI (—X, —) TOUKH, CUMMeT-
puuHOi M OTHOCHTE/BHO Hayada KoopauHat (puc. 6.4).

Taxum obpazoM, ecau daaunc 3a0am CBOUM KAHOHUYECKUM YPABHEHILEM
(6.4), mo 2aa8HbIMI OCAMU IMO20 IAAUNCA ABARIOMCES OCU KOOpOUHam, a
yeHmpom aaaunca — Hauaio Koopdurnam. Touku nepeceyeHus JIHICA C
rJIABHBIMH OCSIMH HasblBalOTCH sepudunamu snmdnca. Toukn A, B, C, D Ha
puc. 6.4 — BepwuHbl 3/aunca. OueBUAHO, 3TH BePLIHHB HMEIOT COOTBET-
CTBEHHO KoopauHaTh (—a, 0), (0, b), (a, 0), (0, =b).

3ameyanue 1. OueBHAHO, IJMHHBEI OTPE3KOB, 00PA30BAHHLIX Mepe-
CceyeHHeM 3JIJIMIICA C TVIaBHBIMH OCSIMM, paBHbl 2a U 2b. Tak kak 2a > 2b, To
ryaBHasi och, 00pasylolas B NepecevyeHtH ¢ JJIUICOM 0Tpe3oK 2a, Ha3blBa-
ercst 6oavwol oceto saaunca. Jlpyras riaBHas ock Ha3blBACTCH MAA0U OCbIO
aaaunca.

Ecau annunc 3agan ypaHenueM (6.4), To npu a > b Goablnod ocbio Oy-
net ock Ox, a Manoi — ock OQy. Ipu b > a Goabwod ockio Gyaet ock Oy, a
Masoi — ock Ox.

3ameuanue 2. OueBHOHO, (POKYCHl JMIHICA PACIIONATAITCSA HA €0
OOJBIIOH OCH.

2°. Becv aaaunc codepuumcs shympu npamoyzorvruka |x| < a,
| 4| < b (1apuc. 6.4 10T NPAMOYTOILHUK He 3alITPHXoBaH). B camMom nese,
W3 KaHOHHUeCKOro ypaBHeHHd (6.4) BeITeKkaer, 4To xz/ag <lwu yz/bg <1
DTH HepaBeHCTBa, OYEBHMIHO, SKBHBAJNEHTHb HepaBeHCTBaM |x| <a u
lyl <b.

3°. Jaaunc moxem Goims noryuer nOCpedcmaom pasHOMEPHOE0 CHA-
mus oKpyxHocmu. PaccMoTpHM OKpyKHOCTb (pHC. 6.5), 3a1aHHYI0 ypaB-
HeHHEM

2 2
X Y
—+==1 (6.16)
2 2
a b
l) EC."]H SJJIHNC ]II)E}ICTHB.’!HET C(}(’)()l:l OKPYHHOCTD, TO ﬂK)éBH I]]JFIME!F]. l]])()X()LlHLLLaﬂ L{epe:s

UCHTP OKPYXHOCTH, fABJASACTCA OCbH CHMMETPHH. OTMeTHM, uTo LUEeHTPOM 3JLIHIICA ABJAETCA
TOYKA NEePEeCCHCHHA IVIAaBHBIX OCeH,
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[TpousBenem Teneps paBHOMEPHOE CXKaTHe MI0CKOCTH K ocH Ox, T.e. Ta-

Koe npeofpasoBaHue, NPH KOTOPOM TOUKA C KOOPAMHATAMH (X, y) nepeier
-y o - - {8

B TOUKY C KOODAHHATaMH (X, i), IpuueM X = x,a § = —y . OueBHIHO, IpH

o a
3TOM npeobpasoBaHUM OKPYKHOCTE (6.16) nepefiger B KpUBYIO, onpejeJse-
2 2

X
MYIO ypaBHeHHeM — + y_ =1, T.e. B 347HIC,
a’> b

M(x,y)

M(x,y)

Ao

by
/ 7
%x.y — M(x,y)

N
EN
=)
)

AN

NN

)»' I %

Puc. 6.4 Puc. 6.5

2. HceaenoBanve dopmbl runep6osbl. O6paTUMCc K KAHOHHYECKO-
MY ypaBHeHHUI0 Tunepboust (6.9)

=
2

-1,

2
a b*

1°. l'unepboaa umeem dse ocu cummempuu (eAa8Hble Ocu 2unepboist) i
yenmp cummempuu (yenmp eunepboaet). [pu 3ToM ofiHa U3 3THX Ocell mepe-
cexaeTtcs ¢ runepboJIoi B ABYX TOUKAX, KOTOPbIe HA3BIBAIOTCS BEPULLHAMU
eunepboabi. ITa OCh HA3BIBAGTCSH JelcmBUmMEAbHOL OCbio eunepboibl.

Ilpyrasi ock He MeeT 00LIMX TOYEK C TUIepOOION U T09TOMY Ha3blBaeTesi
MHUMOL Ocbio eunepbons.

Takum o6pasom, MHMMasT OCb THIIEPGOJIbL pa3eisieT MI0CKOCTh Ha PaBYIo
H JeBYI0 MOJYIJIOCKOCTH, B KOTOPBIX PacrooxeHbl CHMMETPHYHbIe OTHOCH-
TeJNbHO 3TOH OCH npasas U Aesas semsu 2unepboisl.

CnpaBe1/IMBOCTb yKa3aHHOTO CBOHCTBA CUMMETPHH HNepOOEl BhITeKaeT
M3 TOTO, YTO B ypaBHeHHH (6.9) BeJIHUHHBI X U i QUIYPHPYIOT B YeTHBIX CTe-
nexax. CyefoBarte/bHO, e/ KOOPAHHATLL X U i TOYKH M yIOBJIETBOPSIOT
ypaBHeHH0 (6.9) (T.e. Touka M pacnoaaraercs Ha runepdoJe), To ITOMY ypas-
HEHHIO YJOBJETBOPAIOT KOOPAHHATHI (=X, i) H (X, =) CUMMETPHUYHBIX € TO-
YeK OTHOCHTEJBHO 0CeH KOOPAHHAT H KOOPAHHATHL (—X, —Y) TOUKH, CHMMeT-
puuHOi M oTHOCHTe/NbHO Haya/la KoopauHaT (pHc. 6.6).

Takum ob6pasom, ecau eunepboia 3adana c80UM KAHOHUHECKUM YpPas-
Henuem (6.9), mo eaasHoimu ocamn amoil eunepboabl A8AAOMCA OCU KO-
opduram, a yenmpom 2unepboivt — HAUAA0 KOOPOUHAM.

[
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Yo6enumest tenepb, uto ock Ox Asasemcs 0eilcmaumeibHOl 0Cbio eu-
nepboavt, Touku A (—a, 0) u B (a, 0) — sepuunamu eunepborvr v oco Oy
a8AAemeA MHUMOU ocoto eunepBoael. J1st 9TOTO 10CTATOYHO I0KA3aTh, YTO
ock Ox nepecekaeT runep6oay B ToU-
o’ Kax A u B, a ock Oy He UMeeT 0OLIHX

\
oy =
G/ 7 Tovek ¢ runepdosoi. Tak Kak opauHa-
TH TOYeK ocH Ox paBHBI HYJIO, TO A4
(-x,y) /-'/ i M(X,y)  BhiscHeHUS BeJMUHHBI abcuuce Touek

A(-a,0) . B(a,0) nepeceyeHust ITOH OCH ¢ rHnepdoIoH
v HYKHO B ypaBHeHHH (6.9) mos0XHUTL
y=0. _}'Iogﬂe 3TOTO MBI IOJTYYHM YDaBHe-
HHe x~/a” =1, U3 KOTOPOro HaXousTcs
aécuuccsl Touex nepecedeHus ocu Ox

/ ¢ runep6oJoi. [lonydeHHoe ypaBHeHHe

MMeeT pelleHust x =—a 1 x = a. Caeno-

Puc. 6.6 BaTe ibHO, ocb (x nepecexkaeTt rurnep-

Boay (T.e. ABAAETCA ee 1eHCTBHTEeIbHOH

ockio) B Toukax A (—a, 0) u B (a, 0) (T.e. 3TH TOUKH H eCTb BEPILIUHE I'H-

nep6oabt). [Tockonbky abeuncces Touek ocd Oy paBHbl HYJIO, TO JUIS OP/IH-

HAT TOYEK MepeceveHns ITOH OcH ¢ runepbooi nonydaem u3 (6.9) ypasne-

e —y°/b” = 1, KoTOpoe He HMeeT JeiCTBHTEbHbIX pelenHil. CilefoBaTe.b-
HO, ocb Oy SBJASIETCS MHMMOH OCbIO THIIePOOJIbI,

3ameyanu e, Doxkycsl runepbosibl pacnosaraloTcs Ha ee 1 HCTBHTE b
HOH OCH.

2°. Paccmotpum obaactb G, KoTopas nojayuena odbeAHHEHHEM TPAMOY-
roJibHUKa [), KOOPAMHATHL X U Y TOYEK KOTOPOI'O YAOB/IETBOPSAIOT HepaBeH-
crBam | x| <a, |y| < b, u Tex aBYX yr/10B, 06pPa30BaHHBIX AMATOHASME 3TO-
r0 NpAMOYTOJIbHHKA, B KOTOPBIX pacrojaraeTcs MHHMasi OCb THnepooJbl (Ha
puc. 6.6 ata 0o6aacTh 3alITPUXOBaAHA). Ydeaumcs, uto 8 obaacmu G Hem mo-
wek eunepboasl.

Pazofwem obnacte G Ha nBe yactu G, u G, tne G| npeactaBaseT cobon
nosocy, abeiMcchl X TOUeK KOTOPOil yIOBJeTBOPAIOT HepaBeHCTBY |x| < a,
a G, — ocTagbHas yacTh o6aactd G '). OueBuano, B nosoce G, HET TOYEK
rHnepooJIBl, TaK Kak a0CLHCCHl X TOUeK, Paclo/oAKeHHbIX Ha THrepdoJe, y10B-
neTBopsIoT HepaseHcTBY |x| =a®). O6patumcs Tenepb K TOYKaM obaac-
™™ (y. 3aMeTHM, 4TO Kaxkaasd Todka (7, THOO JIeXHUT HA JMaroHaad npsamo-
yroabHHKa D, 1160 3a ero AMaroHajabKo o [lockoabky muaronanu D ompe-

X

("x! 'y)

1) O6aacts G, npeacrapasieT co60ii, 04EBHIHO, NOJOCY, 3AKUEHHYI0 MEXKIY GearpaHiy-
HO NPOAOJIKEHHBIMH BEPTHKAJILHBIMU CTOPOHAMH ipaMoyrossinka D. Q6aacts Gy COCTONT M3
YeThIpeX HACTeH, KaX/1as U3 KOTOPHIX PACIOJIAraeTcs B 0IHOM H3 KOOPIUHATHBIX YIVIOB.
2 2
3 2 2
Y re xX’/a*z1.

9 -
%) M3 KaHOHMHECKOTo YpaBHEHHS FUNepGO/Ibl BHTEKAET, HT0 'L? =1+

IMoc/ienHee HepaBeHCTBO IKBUBAIEHTHO HepareHcTRy | x| = a.
L)) Byznem roBopuTth, uto Touka M NJI0CKOCTH JIEXKHT 33 IHATOHAJBIO TIPAMOYTobHUKA [, ecau
neprneHanKyasap, onyienasid n3 M Ha ock Ox, nepecexaer 3Ty AHaroHalb.
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b b
AeNAKTCH YPABHEHHAMH [ = —X H Yy =—— X, TO KOOPIAHHATLI X H I TOUEK
a a

G B CHITY HX PACTIO/IOXKEHHS YIOBICTBOPSIOT Hepaercetsy b/a < |yl /| x| 1.
M3 3Toro HepaBeHCTBa BhITeKaeT HepaBeHcTBo | x| /a < |y|/ b, u3 koroporo

2 2
X Y
B CBOIO OHepe/lb CIe/lyIoT HePaBeHCTBA —; — o <0 <1, a TaK Kak s TOUeK
a
2 2
runepoosbl — = ;—2~ =1, 1o B 0baacti G, HeT TOUeK runepOoIbL.
a

3°. YCTaHOBHUM BaxKHOE CBOHCTBO rHnepOoJIbl, CBA3aHHOE C ee PacIoJio-
JKEHHEeM OTHOCHTEJ/ILHO JMaroHael NpsiMoyroibHUKa [, 0 KOTOPOM FOBOPH-
JIOCh BHIIIIE.

B o0mux ueprax 3T0 CBOMCTBO 3aKJIKOUYAETCSA B TOM, UTO BETBH runepdo-
JIBl TPUOMHKAIOTCA K IHATOHAAAM TIPIMOYTONLHUKA [,

B cuny cuMMeTpuu runepdosibl 9mo c8olcmeo 0oCMamouHo BulACHUMb
048 4acmu eunepboisl, pacnoioxennol 8 nepsoil yemaepmu. KoopiuHaThl
X M Y TOYeK runepdoiibl, PACIO/IOKEHHbIX B [IePBOH YeTBEPTH, YI0BJIETBOPAIOT
YCJI0BUAM X 2 a, y 20 %). Obpamascs k ypapHenuio (6.9), Mbl BHIHM, 4TO NpU
YKasaHHLIX YCJIOBHSIX 3TO YpaBHeHHe IKBHBAJEHTHO COOTHOLIEHHIO

(6.17)

HupiMu ciioBaMH, paccmampusaemas sacme 2unepboislt npedcmasisem
coboii epaguk gynxyuu (6.17) %), Jlerko y6eInThCs, 4TO 3Ta GYHKIHMS MO-
KeT ObITh NPeJCTaB/AeHa B ceayioled dopme:

b b
y=—x-

a x+v'x2—a2.

O6patuMcsa Tenepb K AHaroHa/ H MPAMOYTOJLHHKA [, pacno/oKeHHOH B
nepeoi yetsepTH. OHa onpejedercs ypasHeHHeM

(6.18)

b
Y =—x (6.19)
a
CpaBHHM BeJIHYHHBI OpAHHAT Y M i pacCMaTpHBAeMOH AHATOHAJIM H 4acTH
THIIEPG OBl 4151 OTHOTO W TOrO Ke 3HAUeHHs X, T.e. PACCMOTPHUM PasHOCTh
Y -y (puc. 6.7 a). Ucnoabays coorHomenus (6.18) u (6.19), noayyum

b
x+Vxt—a?

'Y AGeusccn x Touek Gy He paBHbl HYJIIO.

) B cuny ceorcra 2° runepboas (6.9) abeuncen ee ToUEK YAOBJIETBOPHIOT YCJIOBHIO
| x| = a. as Touek nepeoii ueTBePTH 3TO YCAOBHE MOXKET GbiTh 3aIMCAHO B BHIE X 2 4.

%) Mo MOBOAY NOHATHA epagux gynryui cM. Buin. L, ra. 1, § 2, n. 4.

Yey= (6.20)
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M3 cootnomenns (6.20) crenyer, uto npu x — 0 pasHocTb ¥ — iy cTpeMHTCS K
Hyai0. A6comoTHas Beamunna | Y — y| pasna aiune otpeska MN (puc. 6.7 a).
Taxk kak paccrosinue MP ot Touku M runepGoJibl 10 paccMaTpUBaeMOH IMa-
TOHAJIK He mpeBbiliaeT JHHBL oTpe3ka MN, To npu ydarenuu mouxku M eu-
nepboawt 8 beckoneunocms (m.e. npu x = 0) paccmonnue MP cmpemum-
¢ K Hyato. CeoBaTeqbHO, pPacCMampusaemas Hacmo eemsu eunep6oisl
npubauzxcaemcs K coomsemcemsyouell duazonail npamoyzoivriuxa D.
B cuiy cMMMeTpHM aHa/MOrHYHBIM CBOHCTBOM 06/1a1a10T W JIPYTHE 4acTH T'H-
11epGodibl, pacrooKeHHble BO BTOPOH, TpeTbel ¥ YeTBePTOH YeTBEPTSX.

A
Y,
e e e R T A
y "M y
i
My
: P
X X &
D %
a i
Puc. 6.7

JluaroHanu npsMoyroibHuka D oOblYHO HA3LIBAIOTCS ACUMAMOMAMU
2unepboavl. OTMETHM, YTO aCHUMITOTHI TUNepOOBl ONMpPeeNsoTCs YpaBHe-
HHSIMH

b b
y=—x H Yy=-——ux. (6.21)
a a
4°. Hapsny c runep6oJoi (6.9) paccMaTpUBalOT TaK HAa3bIBAEMYIO CONPA-

HEHHYIO RO OMHOWeHUIo K Hell eunepGoay. ConpsxKeHHas runepbona on-
pelesisieTcsi KAHOHHYECKHM ypaBHEeHHEM

2 2
X L, (6.22)

a® b
Ha puc.6.7 6 uso6paxennl runepbosna (6.9) u conpsikeHHas el runep6o-
Ja (6.22). OueBuaHo, UTO coOnmpsizKeHHas runepbosa UMeeT Te Ke aCHMITO-
TBl, YTO W AaHHas. MHBIMH CJIOBAMH, ACHUMNTOTLI COMPHXKEHHOH rHIepooJbl

onpefeJsTCsl ypaBHeHUsAMH (6.21). 3ameTum, uto runepboaa (6.9) B crow
oyepe/ib ABJSETCS CONPSKEHHOH 10 OTHOILIEHHIO K runepbose (6.22).

Y Urobsl yoenutbes, uto ypasHerue (6.22) onpesenser FAIEpGoY, A0CTATOUHO NOO0KHTH
X=Y,y=X HYMHOXKHTbL 00€ 4aCTH 3TOTO ypaBHeHHH Ha —|.
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3. HccnenoBanue opmbl napabonabl. O6paTuMes K KAHOHHUECKOMY
ypaBHeHH10 napatoasl (6.15):

yg =2px. (6.15)

1°. llapaboaa umeem oce cummempuu (oco napaboawt). Touka nepece-
yeHHs napaboJibl ¢ OCbIO Ha3blBaeTcs gepulunol napabost. JleHCTBUTE b
HO, B ypaBHeHHH (6.15) BesnnuuHa y Qurypu-
pyeT B4eTHOH cTernenu. CieloBaTe/NbHO, eC/IH YA M(x,y)
KOOPAHHATLL X W If TOYKH M YIOBJIETBOPSIOT
ypaBHeHHI0 (6.15) (T.e. Touka M pacnojara-
eTcd Ha napaboJsie), TO ITOMY ypaBHEHHIO
YIOBJIETBOPSAIOT KOOPAHHATEI (X, =) CHMMET-
pUYHOH eH TOUYKM OTHOCHTeJbHO ocH Ox
(puc. 6.8). Takum o6paszom, ecau napabora
3a0aHa CBOUM KAHOHUHECKUM YPABHEHUEeM
(6.15), mo ocvio s3moil napaboast a8A9eMC 22
ocy Ox. QueBHIHO, BEPIIMHOH MapaboJibl SB-
JISIETCS HA4aJ0 KOOPIHMHAT.

2°. Bes napaboara pacnosoxmena 8 npa-
goil noayniockocmuy naockocmuy Oxy. B ca-
MOM Jejie, Tak Kak p >0, To ypaBHeHuio (6.15) y10B1€TBOPAIOT KOOPAHHATI
TOUEK JIHIb C HeoTpHLaTebHbIMH abciccamy. Takue ToukH pacnoJaraoT-
¢sl B [IPABOH T10JYTIIOCKOCTH.

3°. M3 paccyxnaennii m. 3 § 1 T0H r/1aBbl BHITEKAET, HUTO dupekmpuca
napaboaoi, onpedeasemoill KaHoHuweckum ypasuenues (6.15), umneem
ypasHenue

Lupexmpuca

O\ F(p/2,0)

(x,-y)

Puc. 6.8

y=-p/2. (6.23)

4°. Jliobole dse napaboast nodobret dpye dpyey. Tyets y’ =2px u
4’ =2p*x — KaHOHWYeCKHe ypaBHEHHs 3THX mapabo B 1eKapTOBOH CHC-
tTeme Oxy; y = kx — ypaBHeHHe NPOU3BOJBHOH MPAMOH, POXOIAILEH Ye-
pe3 O, a(x, y) U (x*, y*) — KOOPAMHATH TOUEK NepeceyeHHd 3TOH NPAMOH
¢ napabosamu. Mcnosb3ys KAHOHHUYECKHE YPABHeHHs!, OAyUnM X = 2p /K7,
y=12p/k, x* = 2p* /k*, y* =+2p* /k. U3 noceTHUX HOPMY.T BEITEKAET, UTO

X . i
—=plp*, <= p/p* . Ho 31n paBeHcTBa 03HA4AI0T NofoGHe paccMaTpH-

* *
BJ;EMbIX napag(m OTHOCHTEJNBHO TOUKH 0.
5°. OTMeTHM, uTO KpHBasi y* = 2px npu p < 0 Takxke sIBASeTCs Mapabo-
JIOH, KOTOpasl LeJIMKOM pacroJaraercs B JeBOH MOJYMJIOCKOCTH MA0CKOCTH
Oxy. Uro0bl yGedTbCs B 9TOM, 10CTATOUHO 3aMeHUTb X Ha —X U —p Ha p.

§ 3. IupeKkTpucsl 3aaumnca, runep6oasl 1 napadosb

Onpepenenne napa6oJsl, AaHHoe B M. 3 § | 3ToH riasel, 6a3MpoBaJ/oCh
Ha CBOHCTBE 3TOH KPHBOH, KOTOPOE CBA3aHO ¢ ee (OKYCcoM U Oupexmpucol.
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3T0 CBOHCTBO MOKHO C(POPMYJTHPOBATh TAKKE U CJEIYIOINM 00pa3oM: napa-
boaa ecmo 2eomemputecKoe MeCmo moex NAOCKOCMIL, OAf KOMOpLLX Om-
HOUlerue paccmosnus 0o oKyca K paccmoanuo 00 Omeewaoerl 3momy
(okycy dupekmpucel ecmo 8eAULUHA NOCMOAHNKAA, PABHAR eQUHULE.

OKasblBaeTcst, OTJIMUHBIH OT OKPYKHOCTH 3JIJIMNC W runepboJa obiana-
10T aHAJOTHUHBLIM CBOHCTBOM: 044 Kaxdozo goxyca ') sarunca uiu au-
nepboabl MONHO YKA3AML MAKYO NPAMYI0, HA3blBaAemMy0 d up e K m p u-
€ 0 il, 4M0 OMHOWEHUE PACCMOAHIA OM MOYeK amux KpusoLx do gokyca
K paccmoanuto 0o omseyarnwel Imomy Gokycy Oupekmpucel ecmo 8-
YUHA NOCMOARHAA.

Jlanubli naparpad MnocssilleH BbIACHEHHIO ITOFO CBOHCTBA JJJMIICA H
rUNepoodIb.

1. IKcueHTPUCHUTET AJaHIIca U runepooasl. OGpaTuMes K JIMICY
(runep6one). IlycTh ¢ — NoJOBHHA pacCTOSAHHUA Mexkay (OKycaMH 3JIJIHII-
ca?) (runep6obl), @ — GOMbIIAS TOAYOCh HMAUNCA (IeHCTBHTEILHAS TOJTY-
0Cb rUnepoodIb).

Onpedesenue. Ixcyenmpucumemon 3saunca (eunepboiot)
HA3LIBACMCS BEAULUHA €, PABHAR OMHOWEHWLIO C/a:

e=c/a. (6.24)

S3ameuanue |.YuuTbiBast CBSA3b BeJHUYHHH ¢ ¢ AJTHHAMH @ H b 60JIb-
IO M MAJIOH 10Jyocel 3J/unca (¢ AJHHAMH JIEUCTBHTEJNbHOH ¥ MHUMOH
noJiyocei runepdodet) (cM. hopmydst (6.5) u (6.10)), Jerko noayuuTs ciemsyio-
IIHe BbIPaXKeHHSs JJ15 IKCIEHTPUCUTETA &:

b?

IUIST 3JMnca e = 41— — (6.25)

115t TUnepoodisl e = (6.25")

M3 popmya (6.25) 1 (6.25") BEITEKAET, UTO IKCUCHMPUCUMEN SAAUNCA MeHb-
wie eQuHuYbL, @ IKCUenmpucimem zunepboavt Gonvuie eQuHUbL L

OTMeTUM, UTO IKCUCHMPUCUMEM OKPYICHOCMU PABEH HYAO (s OK-
pY:KHOCTH b =a).

3ameuanue 2. Jlga snnunca (1Be runepdodibl), UMEIOUHX OJHHAKO-
BBIH 9KCIIEHTPHCHTET, Noao0HbL. B camom nene, n3 popmyasl (6.25) aas ake-
LeHTpUcHTeTa d/unca (u3 Gopmyasl (6.25") Lis sKCUEHTPHCHTETA THITEp-
60JIbl) BEITEKAET, YTO JJIHIICH] ¢ OJHHAKOBBIM IKCLEHTPHCHTETOM HMEIOT O/TH-
HAKOBOE OTHOUIeHHe b/a Majol U GOJBIIOH MoJyoceld (rHIepBoJIBl ¢

') HanoMHHM, 4TO OTHUHBI OT OKPYKHOCTH 3JLTHTIC H FHNIEPG0/1a HMEIOT 10 1Ba (POKYCa.
%) Ec/v 51TMIC IPEICTABASET COG0H OKPYKHOCTD, T0 ¢ = ().
3) HanomuuM, 4To BeJIMYMHA b KAK A0S 3JLIMICA, TAK U LA THIePGO/Ib He PABHA HYJIIO,



§ 3] JIMPEKTPHCDBI 3JIJTMIICA, THIEPBOJIbI W TTAPABOJIbI 157

OIMHAKOBBIM 3KCIEHTPHCHTETOM HMEIOT OTHHAKOBOE OTHOIIEeHHe b/a MHH-
MOH U IeHCTBHTE/IbHOH nonyocei). Takue ssuncsl (runep6oJibl) NoA00HbI i g

3ameuyaHnue 3.IKCUEHTPUCHTET 3JIHIICA MOKHO paccMaTpPHBATh KaK
Mepy ero «BBITAHYTOCTH»: yeM 0oJiblie 3KCLUeHTPHCHTET e (cM. dopmy.y
(6.25)), Tem MeHbllIe OTHOLIEHHE b/a MaJ0H MOJyocH 3J7unca b K ero 6oJb-
moft moayocu a. Ha puc. 6.9 uaoGpakeHbl 3JUTHICHL ¢ Pa3HBIMM IKCLEHTPH-
CHTETaMH, HO C OJMHAKOBOH 0OJIBIIOH NOIYOCLIO a.

GameyanHne 4. DKCUGHTPHCHUTET rHMepGOJIB MOXKHO pacCMaTpHBATD
KaK YHCJ/IOBYIO XapaKTePHCTHKY BeJHYHHBI PACTBOPA YIJa MeXK1y ee acHMIl-
ToTamu. B camoMm fiesie, OTHOIIEHKE b/ @ paBHO TaHTEHCY MOJOBHHBI YT1a MEX-
1y aCHMNTOTAMH I'HIepOoJbl.

2, IMpeKTPUCEHI JIIHIICA W TUNepGOoJIbI,

1°. Hupexmpucuot aaaunca. Mbl BBISCHUJIH, YTO JIOO0H, OTJIHYHBIA OT OK-
PYZKHOCTH JITHIIC HMeeT GOJIBbLIYIO M Malyl0 OCH H LIeHTP — TOUKY repece-
yeHHs 3TUX ocel (eM. n. 1 § 2 srolt rmassl). O603HAUUM Yepes ¢ MOJOBHHY
paccTosiHHs MexKay Pokycamu [y v Fy aauunca, yepes a ero 6oJIbLIyio noJy-
ock ¥ uepes O ero ueHtp (puc. 6.10).

D, y D,
d, M d,
r r
T\ Fh O j;,— K3
a/e a/e
Puc. 6.9 Puc. 6.10

[TycTh € — IKCUEHTPUCHTET ITOTO JLIHIICA (TAK KaK JIJIHIC OTJIHUYEH OT
OKPYKHOCTH, TO € #0) U T — MJI0CKOCTb, B KOTOPOH pacroJioXKeH 3JJIHIIC.
Manas ocb s/uHnca pa3dUBaeT 3Ty MJIOCKOCTh Ha JiBe noJyiockoctH. Obo-
3HauuMm 4epe3 m; (i =1, 2) Ty U3 ITUX NOJYIJIOCKOCTEH, B KOTOPOH JIEXKHUT
doxye F(i=1, 2).

Onpedenenue. Jupexmpucod D;(i=1,2) asaunca, omse-
yarowelt gokycy F, (i=1, 2), naseisaemca npamas, pacnoioxenHas 8
noaynaockocmu T; (i =1, 2) nepnendukyasipro 60AbULOl OCU IANUNCA HA
paccmosrul aje om e2o yeumpa.

3ameuanue |.Bufepem Hauano neKapTOBOH NPAMOYTOJLHOH CHC-
TeMBl KOOPJMHAT B cepeJHHe oTpesKka [\ F,, a ocn Ox 1 Oy HaNpaBHM TaK,

I) Yrobwi yﬁenmhcn B 3TOM, A0CTATOYHO PACTIOJNIONKHTE 3TH JLIHNCD (COOTBGTCTBEHHO
rHIIepﬁOJIhl) TaK, YToObl KX UEHTPbl H OAHOWMEHHbIE [VIaBHbBIE OCH COBIAAAJH. Torua H3 K4aHO-
HHYECKHX ypaBHCHHﬁ JIeTKO caeayer nopotHe KPHBBIX C PABHBIMH OTHOLLIEHHAMH b/a
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Kak ykasaHo Ha puc. 6.10. Torna, oueBuaHO, ypasHeHus dupekmpuc
Di(i=1,2) sarunca moxcro 3anucams caedyouum obpaszom:

ypaBHeHue aupekTpuck D: x=-a/e,
' / (6.26)
ypaBHeHHe AUpeKTpHCH Dy: x=a/e.

SameuaHue 2. Jupekmpucol 3AAUNCA PACNOAOKCEHLL BHE IALUN-
ca. JleficTBUTE/IbHO, S/IKIIC PACTIONOXKEH B ipaMoyroabhuke | x| <a, |y| <b
(cm. . 1 § 2 3700 raBwl ¥ puc. 6.4), CTOPOHEL KOTOPOTO MEpPNeHAHKYISPHbL
OOJIBIION M MAJOH OCAM 3JIJHIICA.

M3 onpeneneHus ApeKTpHC BHITEKAST, UTO OHH NAPAJJIeNbHbl IBYM Tep-
MEeHAUKYISIPHBIM GOJBIIOH OCH 3JJIHIICA CTOPOHAM 3TOrO MPSIMOYTOJbHHU-
Kd. nDCKOJEbe YOOMAHYTbIE CTOPOHBI OTCTOAT OT LLEHTpa 3JJIAICA Ha pac-
CTOSIHHH @, 8 IMPEKTPUCH — Ha paccTosHuH a/e > a (0 <e < 1), To 1upeKT-
pHCHI pacnooxKeHbl BHE NMPSIMOYTO/bHIKA, a CJle[l0BaTe/bHO, H BHE SJIHIICA.

3ameuanue 3. Mbl TOJBKO UTO BHIICHWJIH, YTO AUPEKTPUCH! pacrio-
JIo2KeHbl BHe 3//innca. OTCI0a BEITEKAET, UTO MOYKU IAAUNCA U €20 UeHMmpP
PACnoA0NKCEeHbL NO OOHY CMOPOHY OM Kax ool U3 e2o dupekmpuc.

Gameuyanue 4.0003Ha4UM Yepe3 p paccTosiHHe 0T (POKyca /IHNCa
110 COOTBeTCTBYIOLIEH aToMmy (okycy mupexTpuckl. [Tockosbky paccrosiHue
OT LIeHTpa JLTHICA 0 IHPEKTPUCH PABHO @/e, a pACCTOSIHHE OT LEHTPa 3J1-

a

aunca 10 hoKyca paBHo ¢, To p paBHo ——c '). Tak Kak ¢ = ae, To 151 p
e

noJyyaeM c/enyollee BhpaKeHHe:

p=a(l—e)=al_e : (6.27)
e e

JlokaxkeM TeopeMy, BBISICHSIOLLYIO Ba’KHO€ CBOHCTBO OTJIHYHOrO OT OK-
PYHOCTH 3JIJIMICA H ero IUPeKTPHC.

Teopema 6.1. Omnowenue paccmoanus r; om mouku M aaiunca do
¢okyca F; k paccmoarnuo d; om amoi mouku do omeeuaruiel Imomy
(okycy dupexmpuceol D; pasro akcyeHmpucumemy e amozo 3AAUNCa.

HoxaszateabcTBo. [lycts FF| u Fy — Qokycsl annnnca i BriGepem
J€KapTOBY MPAMOYTOJIbHYIO CHCTEMY KOOPIMHAT TaK, KaK 3TO YKa3aHO B 3aMe-
yanuu 1 storo nynkra (cM. puc. 6.10). B . 1 § 1 370 rsiaBbl Mbl BbISICHHIH,
YTO NMPH TaKOM BbIOOpE CHCTeMbl KOOPJAHHAT PACCTOSIHHS r| U Iy OT TOYKH
M (x, y) annunca go dokycos F| u Fy onpenensiores gopmyaamy (6.6). Tak
KaK OTHOIIEHHE ¢/a paBHO IKCIEHTPHCHTETY € 3TOTO IJIHIICA, TO JUIS 7} H Iy MBI
TOJYUHM BBIPaXKeHHs

ri=atex, ry=a-—ex. (6.28)

') HanoMuuM, 4To LeHTP 3//IHNICA 1 ero (JOKYCH PACTIONOKEHb HA GOABLIOHE OCH, KOTOpas
neprneHaAHKysipHa aupekTpucam. [1oaToMy ¢ yueToM pacnosoxeHHs LUeHTpa, (oKyca U 0TBe-
yawllei eMy mupektpuct (puc. 6.10) p pasHo a/fe —c.

%) Tak Kak 37HMC OTJHYEH OT OKPYAKHOCTH, TO ero OKYCH He COBMANAIoT.
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Haiinem tenepb pacctosinug d; ot Touku M saaunca no aupextpuc D;. Hc-
noJib3ys ypaBHeHHs aupekTpuc D; (eM. GpopmyJsl (6.26)), serko ybeauTbes
B TOM, YTO HOPMHPOBaHHbIE YPaBHEHHUS AHPEKTpUC MMeloT BHA (cM. . 7 § 1
. 5):

HOPMHPOBAHHOE YPaBHEHHE IHPEKTPHCH D) —x — 2= 0,
& (6.29)

a
HOPMHPOBAHHOE ypaBHeHHe JHpeKTpuchl Dy x —— =10,
e

Tak xax Touxka M (x, y) 3JIMICa 1 HAYAJIO KOOPAHHAT HAXOASATCS 110 OIHY CTO-
POHY OT Kax/JI0# W3 IUPEKTPHC (CM. 3aMeuaHHe 3 ITOTO MYHKTa), TO PaccTos-
Hue d; v dy o1 ToukH M (x, y) 1o nupektpuc Dy u D, pasHel coomsememsyo-
wium omraonenusm M(x, y) om D, u Do, 83amoim cO 3HAKOM MUHYC, H MBI
nosyunM (B cuiry (6.29) u reopemsr 5.1):

- a+ex

dl = s d2 = a“e'r. (630)

e e

Hcnonbaysa gopmyisl (6.28) u (6.30), Haiizem, 4To
r;jd;=e i=1, 2,

Teopema noxazana.

2°. Tupexmpucor eunepboaot. O603HAYUM Hepes ¢ TOJOBHHY paccTosi-
HHSI MexKay okycamu F| 1 Fy runep6oJibl, uepes a ee 1eHCTBUTEIBHYIO TO-
ayoch u yepes O ee ueHtp (puc. 6.11). IlycTb e — 9KCUEHTPUCHTET ITOH
runepbodbl U T — IJI0CKOCTh, B KOTOPO# pacronoxkeHa runepdona. Muumas
ocb runep6osibl pa3éUBaAET 3TY MJI0CKOCTh HA
oBe moJaynaockocTH. O6o3HauuM depes T,
({=1,2) Ty U3 3THX NOJYNJIOCKOCTEH, B KO-
TOpOU JexuT Gokyc F; (i=1, 2).

Onpedeaenue. Jupexmpucold
D, (i=1, 2) eunepboasl, omseuarouiel go-
kycy F; (i=1, 2), Hazoieaemcs npamas,
pPacnoA0MeHHas 8 NOAYRAOCKOCMU T,
(i=1, 2) nepnenduryaripro delicmeumens-
HOIL OCL 2unepbobL Ha PACCMOAHUL 4 /e Oom a/ela/e
ee ueLmpa. i il

3ameuanue 5. Bobepem Hauamao
[I€KapPTOBOH TPAMOYTONbHOH CHCTEMBI KOOp-
JMHAT B cepeluHe oTpeska F|Fy, a ocu Ox u Oy HanpaBUM Tak, Kak YKa3aHo
Ha puc. 6.11. Torna, oueBuaHO, ypaswenus dupexmpuc D; (i=1, 2) eunep-
00460 MONCHO 3anucame caedyrouium 06pasom:

Puc. 6.11

ypaBHeHHe THUpeKTpHuchl D1 x=-a/e,
(6.31)
ypaBHeHHe IupeKkTpHcH D, x=a/e.
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3ameuanue 6. Jupexmpucel 2unepboabl YeAUKOM PACNOLONCEHbL 8
obaacmu G, ne codepacawell mouex eunepbonol (eMm. 2° 11, 2 § 2 910# raasbl
1 puc. 6.6). B camom nene, B 2° . 2 § 2 370# raaBel Mbl yOeAUIHUCH, YTO NOJIO-
ca Gy, onpejensiemMas B BoIOpDAHHON B 3aMedyaHHH O cHcTeMe KoopauHat Oxy
HepaBeHCTBOM | x| < a, conepxutcs B o6aactu G. Ho ara nosoca conepKut
IHpeKTPHCH THMEepOOJBl, TaK Kak, coraacHo (6.31), Ana Touek AUpPeKTpUc

a
| x| == < a, ubo nis runepboaet e > 1. Pacronoxenne aupeKTpHC rumepo-
e

JIbl YKa3aHo Ha puc. 6.11.

3ameuyanue 7. To/abKo 4TO cue/aHHOE 3aMedaHHe TO3BOJSAET 000-
CHOBAaTh Pacrofio’KeHHe JHPeKTPHC runepdoJibl, yKazaHHoe Ha puc. 6.11.
Mmenno, ouesuaHo, 4to mouku Aesoi (npasoi) semsu eunepGonrst u ee
uenmp O pacnosoxcervl no pasusie cmoporsl om dupexmpucot Dy (Ds), a
mouku npasol (1esoil) semsu eunepboavt u ee yernmp O pacnoioxcersl no
00uYy cmopory om dupexmpucot D\ (D).

3ameuyanue 8 O6o3Hauum uepes p paccrosiHue oT (okyca runep6o-
JBL 10 COOTBETCTBYWOLIEH 3TOMY (OKYCY AupeKTpHcH. [TocKoabKy paccTos-
HHe 0T UeHTpa runepboIbl 10 IHPEKTPUCH PABHO @ /e, a pACCTOSIHHE OT LIeH-
Tpa runep6oJbl 10 GOKyca paBHO ¢, TO P =C — ) Takkakc = ae, To 1S p

noJydaem ¢opmyay ¢

2

p:a(e—l]:ae _l. (6.32)
e €

Jlokaxkem TeopeMy, BEIICHSIIONLYIO BaXHOE CBOHCTBO TUIepbo/ibl U ee IHpeK-

TpHC.

Teopema 6.2. Omrowenue paccmoanus r; om mouku M eunepboiv
do ¢oryca F; k paccmoanuro d; om amoi mouxu do omseuarowier amomy
¢okycy dupekmpucer D; pasro skcyenmpucumemy e amoi eunepboibt.

lokaszaTteabcTso. Jlas 10Kka3aTebCTBA ITON TeOPEMbI HYKHO pac-
CMOTpeTh c/efylollre YeTbipe cayyas: 1) Touka M HaxoauTcst Ha JeBOH BeT-
BH runepOoubl, Heeaeayerces pokye £ u nupexrpuca Dg; 2) touka M naxo-
IUTCS Ha TIPABOH BETBH THIepOOJEL; HeeaenyeTest Yokyc £ 1 aupekTpHca D ;
3) Touka M HAXOAUTCH Ha IeBOH BeTBH, HecaepyeTes (oKyc Fy U IHPeKTpH-
ca D,; 4) Touka M HaxonuTca Ha NMpaBoH BeTBM, uccaeayeTcs: (pokye Fo U
nupexrpuca D,. Taxk xax PACCYKIEHHS JIJISl KAXKJ0rO U3 CJAy4YaeB OJHOTHII-
HBI, TO MBI OFPaHHUHMCSI JIHIIb NEPBEIM CJIydaeM.

PacnosioxuM cHeTeMy KOOPAHHAT TaK, KaK 3TO YKa3aHO B 3aMe4aHHH b
sToro nmyHkra. Tak Kak abeiucca x qa06oi Touku M (x, y) J1eBOH BEeTBH I'li-
nep6o/bl OTPHLIATENBHA, TO PACCTOSTHHE 1) OT 3TOH TOYKH A0 (oKyca 7, co-

") Hanomuus, 4To LeHTp rHnepoobl 1 ee (JOKYChl PACTION0KEeHE Ha AeHCTBHTEBHONH OCH,
KOTOpas MeprieHAnKyasipHa aupekTprucam. [1o3ToMy ¢ y4eToM pacnonoxeHns LeHTpa, Gokyca 1

= a
OTBEYalLIeH eMy AHpeKTpHCH (cM. pHc. 6.11) p=¢c——.
e
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(o

raacHo dopmyaam (6.11), paHo —a ——x . Tak Kak ¢/a = e, To 414 r; n0JYy-
a

YHM BBIpAKEHHE

ry=-a-—ex. (6.33)

Hupexrpuca D, onpenensiercs nepsbiM U3 ypaBHeHul (6.31). CornacHo n. 7
§ 1 ryi. b HOpMHUPOBAHHOE YPaBHEHUE ITOH NUPEKTPUCH UMeeT BHL

—x-2=0, (6.34)
e
Tax kak Touka M JieBoi BeTBH runep6oJibl U HAYAI0 KOOPAHHAT HAXOMUsTCSI
MO pa3Hble CTOPOHBI OT OMPEKTPHCH | (cM. 3aMeuaHue 7 3TOTO MYHKTa),
TO paccTosiHie d; ot TOUKH M 10 nHpeKTpHchl D| paBHO oTK/AOHeHHI0 M oT
D, v Mbl moJiyunM (B cuay (6.34) 1 Teopemer 5.1)
dy = % (6.35)

Hcnonbays dopmyast (6.33) u (6.35), Hallgem, uto r/d, = e. Jlns nepso-
ro caydas reopema jokaszaHa. OcTaJbHbIe Cy4al paccMaTpUBAIOTCSs aHAJO-
THYHO.

3. Onpenenenue 3aaunca u runep6oJibl, OCHOBAHHOE HA X CBOM-
CTBE 10 OTHOWEHHIO K TupeKTpucam. Teopemsl 6.1 u 6.2, nokasanusle B
NpeabIyIIeM YHKTE, BBISCHSIOT CBOHCTBO OTJIHYHOTO OT OKPYXKHOCTH 3J-
JIUICA W TUNep6oJIbl, CBA3AHHOE C THPEKTPH- v D
CaMH 3THX KPHBBIX. yﬁeﬂHMCH B TOM, 4YTO 3TO
CBOHCTBO 3JIIHIICA M THMepOOJbl MOKET OBITh M(x,y)
NPHHATO B KauecTBe MX omnpeneneHusi. Pac-
CMOTPHM B MJIOCKOCTH T TOUKY F u npamyo D r p
(puc. 6.12). bBysem npeanonarats, 4to Touka - 7 Fle.0) R
He jJeXHT Ha npamoi D. JlokaxeM caenyioulee ’
yTBEpKIeHHE.

Teopema 6.3. 'ecomempuueckoe mecmo
{M} mouex M naockocmu m, 0a8 KOMOPbLLX
omuoweHue e paccmoanus r do mouku F
paccmoanuto d do npamoi D ecms geauuuna nocmosuHasn, hpedcmas-
asem cobou aaaunc (npu e < 1) uau eunepboay (npu e > 1).

[1pu sTom mouka F naswiéaemca GoKkycom, a npamas D — du-
peKmpucol paccmampusaemoeo 2eomempuiecKoeo mecma.

HlokaszaTteabcTBo. ¥YOeaumes, 4TO B HEKOTOPOH, CNELHANBHO Bbl-
OpaHHOH CHCTEMe KOOPHHAT FeOMeTPHIeCKOe MeCTO TOUeK, YAOBIeTBOPSK-

ee TpeﬁOBaHHHM Cq)opMyﬂHpOBaHHOﬁ TeopeMbl, ornpegeaseTcd MpHu e < 1
2 2

X Y _

YPpaBHEHHEM ? + bT =

d

|

a/e

Puc. 6.12

I (r.e. ABNSIETCA 244UNCOM), ATIDH € > | — ypaBHEHHEM
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PR
Hug npsamod D u npsmoi A, npoxoasuel depes [ nepneHAHKyaspHo D
(puc. 6.12). Ha npsimo#i A BeiGepeMm 1oJ10xHTe/IbHOE HampaB/ieHHe ot F k R
npue<luor Rk Frpue>1 (1apuc. 6.12 noxasau cayyai e < 1). Tak kak
JajbHeHllne paccyKaeHns 18 caydas e > 1 u e < | HIeHTHYHBI, Mbl IPOBe-
IeM HX mogpobHO mas e < 1, T.e. ans cayuas, onpeneastoutero saaunc. O6o-
3HAUMM Yepes p paccTosiHMe Mexay Toukamu F u R. BenomuHast pacnoso-
JKeHHe HPeKTPHCHl 3JTHICA OTHOCHTE/ILHO €ro LeHTpa (M. n. 2 3Toro na-
parpacda), ecTecTBeHHO BEIOpaTh Hauano () KOOpAMHAT Ha MpsMoi A ciesa
OT TOYKH R Ha paccTosHHHU a/e. [IpH 3alaHHBIX € M p BeJTMYHHA a/e MOXKeT
OBEITH ONpejeseHa Npu noMoiid Gopmy.sl (6.27) (cM. Takxke 3aMeuanue 4
1. 2 1oro naparpada). MHLIMH ¢/JI0BaMH, eCTeCTBEHHO IMOJO0MKHT

=

=1 (1.e. ABasercs eunepborol) . [Tycte R — TouKa nepeceye-

<
(%]

L A (6.36)

e l-e°
Bynem teneppb cuntath npsamyi A ¢ BuibpanHbM Hauagom O U HanpaeJe-
HueM oT F x R ocbio abcuuce. Ock OpAMHAT HANPaBUM TaK, KaK YKa3aHo Ha
puc. 6.12. B BoiGpaHHO# cHCTeMe KOOpAHHAT (oKyc F HMeeT KOOPIHHATLI
(¢, 0), roe o2
c=p

2. (6.37)

1-e?
a nupextpuca D onpegensieTcs ypasHeHHeM

a

x=2=_r_ (6.38)
e l-e°

[Tepeiinem Tenepb K BbIBOAY yPABHEHHS] PACCMATPUBAEMOr0 reOMeTpUYec-

Koro mecta touek. [Tycte M — TouKa MJIOCKOCTH ¢ KOOpAHHATAMH (X, ¥) (CM.

puc. 6.12). O603Hauum uepes r paccrosiHie oT Toukd M 1o dokyca F u ve-

pe3 d pacctosiHe oT Toukd M no npupektpucel D. Coomuouenue

rid=e (6.39)
asanemcs Heobxodumolm 1L GOCMAMOUHBIM YCAOBLEM PACNONONCEHIS MOY-
ki M Ha eeomempuneckom mecme {M}.

Hcnonbsya gopmyay paccTosaHud Mexay AByMs ToukamH M u F (cm.
¢dopmyay (1.8) n.2 § 3 ra. 1) u dopmyay nas paccTosiHus 0T TOUKH M 10
npamoi D (cm. n. 7 § | . 5), moayaum

r=y(x-c)f + 42, (6.40)

') 31w ypasuenus, kak Gbi10 BhsICHEHO B § 1 9TOI r1aBb, ABASIOTCH YPABHEHHSAMH /11HII-
ca U runepdoisl.

%) dopmyaa (6.37) BriTekaet u3 hopmyasi ¢ = RO — RF u gpopmyn RF = pu RO =2 = 7
e

7
l-e®
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d=2=x Y (6.41)
e

N3 (6.39), (6.40) u (6.41) BoiTeKaeT, 4TO COOMHOUICHUE

p

Q—JC

1—e

R (6.42)
(x=c)+y

2

npedcmasanem coboll Heobxodumoe u docmamouroe Ycaosue pacnoio-
awernus mouku M ¢ koopdunamamu x u y Ha ceomempuueckom mecme {M}.
[Tostomy cootHoueHHe (6.42) ABasieTcss ypasgHeHUueMm eeOMempuiecko2o
mecma {M}. Ilytem cTangapTHOro mpHeMa «yHHUTOXKEHHS PaaUKa/IOB», a
TaKKe UCI0Jb3ys opMyJnl (6.36) u (6.37), 3T0 ypaBHEeHHe JIeTKO PUBECTH
K BHIY

2
2

+L =1 (6.43)

o

rae B =a’ - .

Jlns 3aBeplLIeHHs 10KA3aTe/NbCTBA HAM HYKHO YOEIHTLCS B TOM, 4TO B
npollecce npeodpa3oBaHus ypasHeHus (6.42) B ypaBHeHHe (6.43) He NMosABH-
JIHCH «/JTHIITHHE KOPHH».

Paccyxnasn, xkak u B 1. 1 § | 9T0# riaBbl, Mbl yOexkaaemcs, UTO paccTos-
HUE 7 OT TOUKH M, KOOPAMHATH X U Y KOTOPOH YIOBJIETBOPSIOT YPaBHEHHIO

c
(6.43), mo Touku F (¢, 0) MOXKeT GBITE BHIYHCIEHO TI0 (QOPMYJIe r =a——x,
a

pe
7

[MOJYYHM [LJId ¥ CJjle-

Hcnoabays cooTHolienue (6.37) 1 dopmyay a =
1
Aylolee BhipaxeHHe:
r=a-ex. (6.44)

Tak xak Touka M, KOOpAHHATBI X U i KOTOpPOH yroBaeTBOpAIOT (6.43), pacmno-
JIoXKeHa cJ/ieBa oT npamoi D (1,19 TakHX Touek x < a, a /g Touek npsMoi D:
x=aje, rne e <1), To ans paccrosiuua d ot M no D cnpaBennua opmyiia
(6.41). Otciona u U3 dopmy.sl (6.44) BoiTEKaeT, UTO A/ paccMaTpPUBAEMbIX
touek M BLImOMHAETCS coOTHOIIeHHe r/d = e, T.e. ypaBHeHHe (6.43) spas-
eTcsl ypaBHeHHeM reoMeTprueckoro Mmecrta {M}. AHaJIOrHYHO paccMaTpHBa-
ercd caydaid e > |1,

3ameduaHHe. Mcrnons3ys 10KasaHHYIO TeopeMy H onpefie/ieHHe napa-
60Jbl, Mbl MOKEM C(POPMYAHPOBATD CaeAyIOLIee ONpeae eHHe OTIHYHOTO 0T
OKPY2KHOCTH 3JLTHIICA, THIepOOoJIbl H NapaboJbL.

h Popmyna (6.41) sepna autb ans rouek M (x, ), pacnonoKeHHbIX c/eBa T npsmMor D.
O,ELH&K() TOYKH, paCloNOMeHHble CrpaBa oT [IpﬂM()l‘i D‘ PABHO KaK H TOYKH ['lpﬂM()[:l D, MOXHO
WCKIOUHTE U3 PACCMOTPEHMS, TaK KaK JJsl 3THX ToueK r/d 2 1, a Mbl paccMaTpHBaeM TOUKH,
a7ist KoTopeix rid=e< 1.



164 JIMHKUK BTOPOI'O MOPSJIKA [IJ1. 6

Onpedeaenue. 'comempuuieckoe mecmo {M} mouex M naockocmu T,
0dA8 Komopsix omHoweHue e paccmosanus r 0o mouku F amoil naockocmu
K paccmosnuw d 0o npamoi D, pacnoioxeHHol 8 NAOCKOCMIL T, ecmb
geAuduHa nocmoannas, npedcmagasem coboi aubo ariunc (npu
0<e< ), aubo napabory (npu e = 1), aubo eunepbory (npue > 1). Touka F
Hasvieaemcs Goxkycom npanasD —dupexkmpucoi,ae —3akKc-
yewnmpucumemom ceomempuueckozo mecma {M}.

4. daaunnc, runepbona u napaGona KAK KOHUYeCKHe cedeHnsd. B nauane 3Ton raass
YKa3blBAJIOCh, YTO 344UNC, eunepboaa i napaboara npedcmasasom cobol AUHUL nepecete-
HUA KPY208020 KOKYCA € NAOCKOCMAMU, HE NPOXO0AUUMU Hepes eeo BepuilHy. B 3ToM nyHK-
T¢ MBI JOKaKeM TereMy. {)ﬁOCHDBbIBSIDLllyEO CﬂpaBEﬂJTHBUCTb 3TOr0 YTBEPKIACHHH.

Teopema 6.4. [Tycms . — kpusas, asasowasca saauncos '), eunepéonol uau napa-
6oaoil. Moxcno ykazams maxoi kpyeosoil Konyc K u makywo naockocme T, 4Mo AUHUA ne-

peceqenus naockocmu T ¢ konycom K npedcmas-
B asem coboi kpusyo L.

[Tpexne yeM nepedTH K A0KA3aTENLCTBY 9TOH
TEOpeMBl, CAeaeM Ceylollee 3aMmedanme.

3ameuanue [lyers L¥ — juHua nepece-
ueHHs KoHyca K ¢ HeKOTOPOH MA0CKOCThLIO T, He
NPOXOASiLIeH Yepes BepIIHHY KoHycd, a L — JIHHHS,
nogobuas L*. Haiinercs Ta)ke mioCKkoCTh T, IHHUEH
nepeceuyeHHst KOTOpoH ¢ K yaet JuHHA L.

CyuecTBOBaHHE TAKOH TIOCKOCTH OUEBHIHO,
160 napange/ibHble MJIOCKOCTH NepecekalnT Ko-
Hyc K 110 nogo6HBIM JHHHAM, KOSD(ULIHEHT No10-
OHS KOTOPBIX PaBeH OTHOLIEHHIO PACCTOSHHH OT
BEPLIHHLI KOHYCA JI0 3THX IJIOCKOCTEH.

JlokaszaTeabcTBo Teopems 6.4, Oue-
BUJIHO, JIHHHSA MepeceveHHst koHyca K ¢ niaocko-
CTbI0, IEPIEHANKYJISPHOM 10 OCH U He IPOXO0ALIEH
uepes ero BepLIMHY, NPecTaBiseT cOG0H OKPYXK-
HOCTb, T.€. 3JJIHIC, IKCUEHTPHCHTET € KOTOPOro
paBeH HYJI0.

PaceMOTpHUM TIOCKOCTE T, He MepreHIHKy.aap-
Hy10 ocH AB Konyca K ¥ He NpoXosiliLyo Yepes ero
sepinny O (puc. 6.13). [Tyers L* — nunus nepece-
HYeHUs E)T()l;l IVIOCKOCTH H K()HyCB, BHHLL[EM B KOHYC
cepy S, Kacaomylocs MI0CKOCTH T* B Touke F.
[TycTh ® — MA0OCKOCTHL OKPYKHOCTH R, M0 KOTOPOH
cpepa S kacaercs konyca K, 1 D — npsimas, no xo-
TOPOH NepecekanTes NJI0CKOCTH T W m. Y 6e1nm-
cst, uTo L¥ ypoeaetsopser TpeGoBaHUAM ofpe/eaeHnsi, chopPMYJIHPOBAHHOTO B NPeblayliem
NyHKTe, T.e. ABAfeTcs JMO0 OTJAHYHBIM OT OKPYHOCTH 3JJHNCOM, 1160 napado/oi, 1udo ru-
nepboaok. B npouecce paccyaeHHH BbISSICHHM, YTO B 3aBHCHMOCTH 0T HAK/IOHA [I0CKOCTH T*
H OT BEJHYHHBI YIaa, KOTOPBIH COCTABASIOT 00pa3yioliie KoHyca ¢ ero ocbio, Kpusas L* mo-
KET UMETb 410601 NOAOICUMENbHbL 3KCUeHmpucumem e. ITHM, OUEBHIHO, H OyIeT 3aBep-
LIEHO I0KA3ATeNbCTBO TEOPEMBI, MAK KaK A100bie e Kpussie smopozo nopadka ) ¢ oduna-
KOBbIM 3Kcyenmpucumemom nodotus: (cm. nn. 3 u 4 § 2 s1ok rnassl 1 3amevanne 2 n. 1 § 3

Puc. 6.13

H Ilpu 9TOM 3JLIUIIC MOXKET NPe/ICTaBIATE COO0M OKPYIKHOCTh.
%) To ectb anaunc, runep6oaa HUiaK napadona.
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3TOW IM1aBbl), @ COMIACHO C/EJTaHHOMY Mepejl I0KA3aTebCTBOM TeOPeMbl 3aMeuanuio, 206a i
kpusas L, nodobras aunuu L* nepecewerun xonyca K ¢ naockocmoro n*, makwmce nped-
cmagasem cobol AUHUIO NePeceyeris 3Mo20 KOHYCA ¢ HeKOMOPOIl NAOCKOCMbIO T.

[lycte M — npoussosbHas Todka Kpusod L*, MP — nepneHInKy/sp U3 3TOH TOYKH Ha
naockocTh W, MQ — nepnenaukynap u3 M na npamywo D, MF — ortpeszok, coeauHsIIOIMA
Toukd M u FF, MN — orpesok o6pasyioiueit KoHyca (312 o0pasyiolas npoxoiuT uepes Tou-
Ky M, a N — rtouka nepeceuenus ¢ okpyxHoctbio R). Tak kak MF u MN — xacatenbHble K
cdepe S u3 onHoi Toukn M, To |MF| = | MN]|.

O6osnaunm vepesa  yroa, KoTopuiii cocTasaseT ofpasyiouast Konyca A ¢ ero ocbio, a ve-
pes o — Yros Mexay riockoctaMu ¥ W @. OueBuano, sHauenus P 3akaodeHbl B npetenax
0 <P <m/2, asnauenus o — b npenenax 0 <o <m/2 "),

M3 paccMoTpenus Tpeyroasiukos MPN u MPQ, a takke u3 pasenctsa | MN| = | MF|
BHITEKAET, UTO

|MF| = |MP| [cos B, |MQ|=|MP|/sin o
Takum o6pasom, st N060# Toukd M KpuBoi L* crnpaBei/MBO PaBeHCTBO
|[MF|/|MQ| = sin ot/cos P.

[Tockoabky 18 3ananHoro Konyea K M (pMKCHPOBaHHOH MJIOCKOCTH T OTHOIIEHHe sin ¢ /cos B
He 3aBHCHT OT TouKH M, T0 das Kpusoi L* gotnoanenst ycaosus onpedeienus npedoidyuie-
20 nyuKkma, m.e. sma kpusas L* asisemca aubo omauuHoIM OM OKPYNCHOCMU IAAUNCOM,
aubo eunepboaoll, aubo napabooi. Ilpy 3TOM IKCUSHTPHCHTET € KpUBOH L* MoxeT ObiTh
BHIYHCJEH N0 Gopmyie

e=sin o / cos P. (6.45)

Jloxkaxem, 4to nyTem BeIGOPA YIIOB ¢ U B MOXKHO NOAYUHTB /1A @ N1060e NON0KHTeNbHOoe
sHauenue. BuiGepeM, Bo-neperiX, f Tak, 4Toln BeauuHHa € cos B Guna MeHbine 1. Takoi Bb-
60p P Bo3moxeH, Tak Kak B — soGoe uncsio uz untepeana (0, t/2). Ocraercs BLIOPATh O TaK,
4TGB! BHITIOJMHANOCE PABEHCTBO Sin o= e cos B (3Ta (opmyna npejcrasiseT coboi 3amucaH-

Hy1o HrHaue (opmyay (6.45)). Ouesnano, 10cTaTOUHO MOJOKHTL o0 = arcsin (e cos B). Teopema
NOKa3aHa.

5. Ilonsipuble ypaBHeHUS 3JLIHICA, THNep60Jabl H napabdouasl. O6-
paTHMCs CHauyasa K OKpPY:KHOCTH paauyca R. Ecau mojioc noaspHoi cucre-
Mbl TIOMECTHTh B LEHTP OKPYKHOCTH, 4 MOJAPHYIO OCb — MPOK3BOJBHO B
IIJIOCKOCTH OKPYXHOCTH, TO, OYeBHJHO, HCKOMOe MoJisipHoe ypaBHeHHe 6}’-
IeT HMeThb BH]L

p=R. (6.46)

PaccMoTpuM Tenepb KpHBYIO L, TPeaCTaB/SAONULYI0 cO00H OTIHUUHBIH OT OK-
PYXHOCTH 3JIJIMIIC WK napaboJay. [lycts F — ¢okyc kpuso L, D — oTBeya-
olas 3ToMy (PoKycy IHpeKTpUca, p — paccTosiHue oT [/ 10 D U e — 3KCLeHT-
pucutet L. IlycTb moJioc MoJaspHOH CHCTEMBl KOOPAWHAT coBnajfaet ¢ F, a
M0JISIPHASt OChb TepreHAHKyasipHa [ W Halpas/ieHa Tak, Kak YKa3aHo Ha
puc. 6.14. Tlycte M — mobas touka L. CornacHo onpenenenuio L (em. . 3
3TOro naparpada)

| FM| _

e | (6.47)

1) 20, 18K KaK MI0CKOCTb T* He NEPNEHIHKY.IAPHA OCH KOHYCa.
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Tak kak | FM| =p, a |MP| = |PN+NM| =p+pcos ¢ "), o u3 (6.47) na-
XOJIUM CJIe/lyIolllee BblpaKeHHe I P:
p=—"t (6.48)
l-—ecos@
CootHowenue (6.48), npeacrapaseT coG0H noAAPHOE YpasHeHUe Om-
AUMHO20 OM OKPYNICHOCMU IAAUNCA UAL napaboasL.

N M
P
p ")
PN
® - P
Ol Q[ P\F x
D L W, W,
D
Puc. 6.14 Pue. 6.15

O6parumcs Teneps K runepdode. [lycts F — onux u3 ee poxycos, D —
oTBeyalolas ITomy GoKycy AMpeKTpuca, p — paccrtosHue ot F g0 D, e —
aKcueHTpucHTeT runepboasl. Ilyets W) — BeTEB runep0oJibl, OTBEYAIOILAS
tdoxycy F, a W, — mpyras BeTBb runepbost (Ha puc. 6.15 F — mpasblii do-
Kyc runepbosel 1 W, — npasas ee BeTBb).

Paccysknad, Kak 4 B cayvae 3/JdIca MM Napadodbl, Jerko yoeauThbed,
4TO MOJsIpHOe ypaBHeHHe BeTBH W, runepbonsl umeet Buj (6.48). Jlnsa Ber-
Bu W, nosisipHoe ypaBHeHHe UMeeT HHOH BUI. 3aMeTHM, BO-NePBbIX, YTO 114
touek M BerBu W, cnpaBeinnBo cooTHoweHHe (6.47). Boipaxenus mis
| FM| u | MP| umeror CJIeYIOIHH BULL!

|FM| =p, |[MP| = |MN = PN|=—pcosp—-p?). (6.49)

HMcnoabsys dopmyast (6.49), Hainem us (6.47) caenyoliee noigpHoe ypas-
HeHue BeTBH Wy

= THE
l+ecosq
Takum 06pasoM, noaapHoe ypasHerue unepboisl UMeeT BHIL
e
1 g s setsu W,
—ecos
dm ¢ (6.50)
———— nas BetBH W
l+ecos@

') 3ra diopmy.ia BepHa u B cayuae, korna M Haxomutes nesee FN, G0 B 3T0M eilyuae cos @ < 0.
?) Tax kak aas sery Wy yroa ¢ Tynoi, 1o cos ¢ <0, v nostomy MN = —p cos @.
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3ameuaHHe. JHameHareb B 1PaBoH YacTH cooTHoweHuH (6.48) u (6.50) He obpaiua-
ercd B Hyab. B cayuae saaunca, korna 0 <e< 1, 310 ouesunHo. s napaGoas e = 1, HO @
namensietcs Ha uutepsase (0, 2m), u nostomy |e cos @| < 1. B cayuae runep6oasl aerko yoe-

1 1
AHTBLCA, YTO JJd BETBH Wl yroJi (p H3MeHAeTCHA Ha HHTepBane (HI'CCOS—. 2n — arccos —), H
e e

NO3TOMY TPOH3BEAEHHE € COS @ U600 3aKa04eHo MeXHKY HYJEM H enHHHLEeH, THOO OTpHLA-

1 1
teabHo. [las BeTu W, yroa ¢ uamensetcs Ha (arccos[—f . 2m—arccos|——||. Jlag aTux
e e

3HAYEHHH @ BbIPAXXKEHHE € COS ( OTPHLATeNbHO, HO DoJiblie | no abcoMOTHOH BeJIHUHHe,

§ 4. KacateabHble K 3aauncy, ranep6onae u napadoJe

1. YpaBHeHHA KacaTeJbHBIX K 3JLIUNCY, runepGoe u napaGoae. Y 6eMMCs, 4TO KaxK-
1asi U3 KPHBBIX L, ABJSIOMIAACH 3JJMICOM, PHNep60I0H MM napabosol, npeicTasiaseT cobGoi
ofbeniHenHe rpaduKoB 1ByX QyHKIHHA. PaccMoTpHM, HanpHMep, KAHOHHYECKOe ypaBHeHHe 31-
aunca (6.4). Ms storo ypasHeHHst ciielyer, 4To 4acTb 3/LIHICA, TOUKH KOTOPOH HMEIOT HEOTPH-
LaTeNbHbIe OPAHHATHI i, €CTh rPapHK GYHKUHH

y=b fals npp —-a<x<a, (6.51)

d 4acCTb 3JIJIHNCA, TOYKH K(JTO]JOﬁ HMEIOT HEMOJOKHTEAbHBIE OPAHHATHI, €CTh rpalbm( (}JyHKIJ.HP[

2

y=-b 1_% npu —a £ x<a. (6.52)
a

O6patasch K KaHOHHUECKOMY ypaBHeHHIo runepbodsl (6.9), Hatinem, uto runepbona npeji-
cTaBaseT coboi obbeauHeHHe rpahHKoB QYHKIHNH

y=b1,:—;—i W y:—b,[z—;—l mpH XZa M x<-a, (6.53)

a U3 KaHOHMYeCKoro ypapHenus mapabossl (6.15) BeTeKaeT, 4To 374 KpHBas ecTh 06beAHHe-
HUe rpaMKoB (PYHKUHH

y=+2px n y=-2px npn x>0. (6.54)

PaceMoTpuM Tereph BOMPOC 0 KAcaTeJIbHbIX K 3JLHICY, runepOosie 1 napatose. EctecTsen-
HO, 4TO KacaTe/IbHble K 9THM KPHBBIM GY/1yT TaKKe KacaTe/IbHBIMH K rpadiukam (yHKumit (6.51)—
(6.54). Bonpoc o kacarenbHbix K rpadMkam (yHKUMH n0ApoGHO PACCMOTPEH B BbiN. | HACTOS-
uero kypea {(em. Buin. 1, r1. 5, § 1, n. 4). Haiinem, Hanpumep, ypaBHeHHe KacaTesbHOH K 3J1-
auncy Bero touke M (x, y), cunras npu atom y # 0 (nyctsb paau onpeneaentoctu y > 0). ITyetsb
X, ¥ — Texyue KoopaHHATH TOUKH KacaTebHoH. Tak Kak ee yraoBoi kKosgdguument k=y’,

= xb
rae Yy’ = —=———— — npoussonnas GpyHkuuH (6.51), BuUHCIEHHAS B TOUKE X, TO ypaBHe-

2

(6.55)

1) Cwm. 1. 5, ypasuenue (5.10).
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Yuntsisas, uto Touka M(x, y) JexuT Ha JLIHICe (T.e. ee KOOPIHHATH X U if YIOBIETBOPSIIOT
ypasHenusm (6.51) u (6.4)), noayuum nocjae HeCJA0MKHBIX NpeodpazoBaHHi ypaBHEHHe Kaca-
TeJBHOH K 3JITHIICY B cJelylolen Gopme:
Xx Y
£* Y

9

a® b

=1 (6.56)

Paccyxian aHanornuHo aas cayuasi runepGodibl U napabodibl, NOJYUHM CleyloliHe ypaBHe-
HHS KacaTeJNbHBIX K 3THM KPHBBIM:

JIs1 THIEPOOJIb: X—'f—{?- =1, (6.57)
a- b
st napadoae: Yy = p(X + x). (6.58)

3ameuanne 1. B npeapaymux paccyxuaeHusax 6bi1 Hekaouen cayuai y = 0. B coor-
BETCTBYIOLMX TOUKAX 3JUIHICa, rHIepGosibl U napabo/ibl KacaTesbHble BepTHKAJbHbL. Jlerko
yGenuThes, Uto ypasHeHus (6.56)—(6.58) crpaBefHBbl U B 3TOM ¢Jydae.

3ameuanne 2. OTMETHM, UTO KacaTe/ibHas K JIHIICY HMEET C HHM TOJBKO OHY 06-
LLYI0 TOUKY — TOUKY KacaHus. AHAJOTHYHLIM CBOHCTBOM 00/12dI0T KacaTeibHble K runepoo-
Jle ¥ napadodie.

2. OnTHyecKHe CBOMCTBA 3JJIMIICA, THITEP-
60Jibl M MapadoJbl. YCTAHOBHM CJlejlyioliee ofl-
THUECKOe CBOMCTBO 3JIHICA: Ayl CEema, UCXo-
dawue uz odnoeo gokyca F aaaunca, nocae sep-
KAAbHO20 OMPANCEHUR OM IAAUNCA NPOX0dAm
uepes emopoil oxye Fo (puc. 6.16). leomerpuruec-
KH YKa3aHHOe CBOHCTBO 03HAYAET, YTO OTPE3KH
MF| n MF; o6pasywr ¢ kacareabHol B Touke M
IMJIMTICA PAaBHBIE YTJIbI.

JlonyeTHm, 9TO 3aaKNC He o6iagaer yKkasaH-
HbIM CBOHCTBOM, T.e. O # 0, (puc. 6.16). [Tyers
F* — 3epkaibHoe otpaxkenHe okyca [') oTHocHTeabHO KacaTeabHOH K B Touke M. Coenn-
Ham F* ¢ M u F,. Tak kak o, # oy, 10 Touka M* nepecewenus npamoti F*F, ¢ kacamens-
Hoti K we coBnanaet ¢ toukoi M. Tlostomy

|F\M*| + | FoM*| = | F{#Fy| < | F\M| + | FoM| = 2a (6.59)

Puc. 6.16

(a — nnuHa 60ABIIOH MOYOCH 3/1HNca). Bynem Teneps nepememmars Touky M* no kacareis-
Hoii K ot Touku M. [lpu takom nepemeiennu cymma | FM* | + | FyM* | neoepanuuenno yse-
Auvusaemcs. B HauaibHEIH MOMEHT nepemelleHns 31a cymma, cornacHo (6.59), Gbina MeHblie
2a. [TosToMy B HEKOTOpPBIH MOMEHT 3Ta CyMMa GyleT paBHa 2a, a 3TO 03HA4AeT, YTO HA Kaca-
reasHon K, kpome Toukn M, Gyner eue ogHa touka M* saannca, orauanas ot M. Cornacho
3aMeUaHHI0 2 NPelbUIYILEro MYHKTA 3TOr0 He MoxKeT ObiTh. Takum 06pasoM, ykazaHHoe Bbllle
CBOHCTBO 9JUIHNCA NCHCTBHTEILHO CHIPABEAIHBO.

CoBeplleHHo aHANOTHYHO YCTAHABIHBAIOTCSA CAelyIOlHe ONTHIECKHE CBOACTBA rHTepGo-
Jibl ¥ n1apaboibl:

1°. Jdyuu ceema, ucxodauwjue us odnoeo goxyca FF| eunepboant, nocae 3epraibHozo om-
paycenus om eunepboist Kascymen ucxodauwumu uz opyeoeo ee gokyca Fo (puc. 6.17).

2°. Jlyuu csema, ucxodauue ua Qokyca napaborst, ROCAe 3ePKAALHOSO OMPANCEHUS
om napaboabt obpasyrom ny4ox, napaiseavtotli ocu napaboavt (puc. 6.18).

3ameuanne 1. OnTuueckne cBOACTBA THNCA, THNEPGOIL H Napabo/ibl IIHPOKO HC-
0/Ib3YIOTCS B HHMEHePHOM fieJie. B 4acTHOCTH, onTHYeCKoe CBOHCTBO 1apatoJibl HCMOb3YeT-
¢Sl IPH KOHCTPYHPOBAHHH NMPOKEKTOPOB, AHTEHH H TeNeCKOI0B.

3ameuanune 2. Hazosem ¢pponmom 04nbl TOHEHHOTO MCTOUHHKA cBeTa F JHHHIO,
AJIA BCeX Todek () KOTOPOi NyTh, MPOJeJaHHBIH CBETOBBIM JY4OM, NPHILEUIHM H3 HCTOUHHKA
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F B rouky @, onuHakos. Ecaii BosiHA, BHILLIENIAS U3 TOYEUHOrO MCTOUYHUKA F, He npereprie-
BAET OTpaKeHHH, TO QPOHT ee, OueBHIHO, OyIeT npeacTaBaaTh coGoi okpyKHOCTh. Ecan xe
YKa3aHHasl BOJIHA OTPAXKAETCSH OT HEKOTOPO# KPUBOH L, To (hopMa ee (PPOHTA MeHSeTCs B 3aBH-
cHUMocTH OT BHAa KpuBol L. [lapaGona oGaanaer cieaylouuM 3amMeyaTebHbIM CBOHCTBOM:
dporm D omparcennol om napatoibl 80AHbL NPU YCAOBUL PACHOACKHEHIA UCMOYHUKA CBe-
ma & okyce F napaboast npedcmasgasem cobol npamyio, napaitesviyro dupexmpuce D
amoi napaboast (puc. 6.18).

B camom niene, paccMoTpuM nipamyto @, napanies-
Hywo aupextpuce D. [lyets Q — npoussosbHas Todka
9Tol npsmMoi. M3 ontHieckoro coiicTsa napatoibl Bbl-

BOS‘HH HCTOQHHk

Tekaet, uto ecau FM — napaouuii ayy, npuxoasiui =
nocJ/ie 0TPaskeHHs B TOUKY ), To oTpaxeHHbIH ay4 MQ “ 1 g
LS e o
¥ 1 =
NLoM
PIA 3
s _|E
M A E z
- 1" §
i £
= o
B/ \E L |8
D S
]
Puc. 6.17 Puc. 6.18

neprieHAHKysipen aupekTpuce D. OGo3Hauum yepes P Touky nepeceuerus Jyda MQ ¢ nupekr-
pHcoit D. OuepunHo, cymma | QM| + | MF | pasna | QM| + | MP| . Takkak | QM| + |MP| =4,
rie d — He 3aBHCALlee OT TOYKH § paccTosHue Mexay npameiMu @ u D, to ana modoi
rouku Q nunun @ cymma | QM| + | MF| onHa v 1a e (paBHa d), T.e. © — (:pOHT OTpaKeH-
HOH BOJIHBI.

§ 5. Kpusble BTOpOro nopsiaka

O6palasich K KAHOHHYECKMM YPABHEHHUSIM 3JIJIMIICA, THIepOoJILl U mapa-
6046l (cM. ypagHenus (6.4), (6.9) u (6.15) 310# ruiaBsl), Mbl BUAKM, UTO lepe-
UHC/IeHHBIE KPUBEIE MPeICTABISIT c060U arcebpanueckiie AUHUL BMOPO-
2o nopadka (em. 1. 4, § 1, n. 5). EcrecTBeHHO MoCTaBUTL BONIPOC O TOM,
KaKue ewe AUHLL ABASIOMC ALeeOpautecKum AUHUAMU 8MOPOEO NO-
pAGKa. JTOT BONPOC W PACCMATPUBAETCS B HACTOSIIEM naparpade.

Paccmotpum obliiee anrebpanueckoe YpaBHeHHe BTOPOTO Mopsiaka

ai 1x2 + 2a|2xy + 022!;2 + Za|3x + 2&239’ + a33 = O (660)

Jlunus L, onpenenseMasi STUM ypaBHeHHEM (T.e. anrebpanyeckas THHUS
BTOPOTO MOPSIZIKA), pacCMaTpHBaeMas Kak FeOMeTpPHUECKHH 0OBeKT %), He

') Cornacuo onpejeneHnio napados (cm. m. 3 § | 3T0# raassl).

%) Moxer okasathes, 4To ypasHeHHe (6.60) He onpelle/fieT IMHHK: TOMY yPaBHEHHIO MOTYT
YI0BAETBOPATH KOOPAWHATHI JIHIIb OLHOH TOUKH WM HE HAHIETCA HH ONHOH TOUKH, KOOPAHHA-
Th KOTOPO# yrosaetsopsior (6.60). Onnako u B 3T0M ciyyde Mbl GyAeM rOBOPHTL O reOMeTpH-
yecKHX o0beKTax, onpenenseMslx ypasHeHueM (6.60), Ha3biBasi 3TH 0O6BEKTHl BbIPOHIEHHbI-
Mu WK muumbimi. TlogpoBHee 06 aTHX Bonpocax cM. B 1. 4.
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MEHSIeTCSl, eCJH OT JAaHHOH NeKapTOBOH NMPSIMOYTOJLHONH CHCTEMbI KOOP/H-
HAT NepelTH K APYroil 1eKapTOBOH CHCTeMe KOOpAHMHAT.

OTMmeTHM, 4To ucxodnoe ypasuerue (6.60) u ypasrerue, noiyuenroe nocie
npeobpasosanus Koopduram, areebpaunecku sxsusasenmnol (cM. 1.5 § 1
rJ1. 4). MOXKHO 0XHIATh, YTO TIPH CHELHAJLHOM BEIOOpE JIeKAPTOBOH CHCTEME
KoopIMHAT ypaBHeHue (6.60) mpuMeT HACTOILKO NPOCTOH BUJ, UTO eOMeTpH-
yecKkas XapaKTepPUCTHKA JUHHU L He OyIeT MpeacTaBasiTh 3aTPyIHEHHH.

IDTHM METOJIOM Mbl BOCTOMbL3YeMCs JI/Isl BBIICHEHHS BCeX THIOB JIMHUK BTO-
poro nopsiika. B npouecce paccy:KaeHUH Mbl YKaxKeM [PaBHJIA, ¢ TOMOLLBIO
KOTOPBLIX BLIOMpAETCS CHCTEMA KOOPAMHAT, B KOTOPOH YPABHEHHE JIMHUU L
BBITVIAAUT HauboJee npocTo. Mbl chopmyIpyeM TakxKe TPH3HAKH, T103BOJIS-
[OLHe Y3HATb THII IMHHH BTOPOrO NMOPSAKA M0 ee HCXOJHOMY YPaBHEHHIO.

1. IIpeo6pazoBanue K03 (HUIINEHTOB YpABHEHU S JTUHUH BTOPOTO
nopsiika NpH Nepexojie K HOBOH JeKapTOBOW CHCTeMe KOOPIHHAT.
Tax Kak mepexon OT OfHOH JeKAapPTOBOH MPAMOYTOJbHOH CHCTEMbI KOOP/IH-
HAT Ha MJIOCKOCTH K JPYTroM NeKapTOBOH MPSMOYTOJBHOH CHCTeMe KOOpaH-
HAT MOKeT ObITb OCYLLECTBJEH NyTeM HEKOTOPOro NapaJiesbHOro nepeHo-
ca CHCTeMbl KOOPJAHHAT H MOCJeNyI0LIero NoBopoTa (BKAKYas B TOBOPOT H
3epKagbHoe oTpaxeHue (cM. § 1 1J1. 3)), Mbl paCCMOTPUM OT/IEJNLHO BOINPOC
0 TIpeodpa3oBaHHH KO3 hHIHEHTOR yparHeHHd (6.60) npu napaniesbHOM
nepenoce u npu nogopote. [Tpu aToMm, KoHeuHo, OyeM CYHTATh, YTO 8 Ypas-
Henuu (6.60) no kpaiinei mepe 00ur u3 KO3IPHUULUEHMOB @)\, Ao UAL Qoo
OMALYEH OM HYASL.

YCI0BUMCS O C/eIyloliell TepMHHOMOTHH: TPYMMY ClaraeMbiX a, X° +
+2a,5xy + agy” NeBoil uacTy (6.60) Gylem Ha3LIBATL 2PYANOL CMAPULLX
44eHO8 ITOrO YPABHEHHS, & IPYNNY cjaraemMblX 2a,3x + 2as3y + azz 6ynem
Ha3blBaTh AuHelHOl yacmero ypaBHeHHs (6.60). [Ipu atom KoahdHuLHeHTH
ayy, @, Qoy OYIEM Ha3bIBATb KOIPHUUUEHMAMU 2PYNNbL CMAPUiLX 4ie-
HOo8, a KOO(HUIMEHTE a3, Qo3 U Q33 — KOIpPuyuenmamnu AuHelnol uac-
mu (6.60). KoahhuumeHT as; 00LIYHO Ha3kBaeTCs C80G00HbIM YAEHOM YPaB-
Henus (6.60).

1°. [Ipecbpasosarue koI Puyuenmos npu NAPAILEAbHOM NEPEeHOCe.
[TycTh nekapToBa NMpAMOYroJbHas cucteMa koopauHat Q’x 'y’ noayuena na-
pannenbHBIM iepeHocoM ciucteMbl Oxy Broab Bektopa OO’ . Kak usBecTHo,
cTapble W HOBBIE KOOPAHHATHL TOUKH CBS3aHbl COOTHOLLIEHUAMH

x=x"+x5 Y=y +yp (6.61)

rje Xg, Yo — KoopauHatol Hauana O B cucreme Oxy (em. 1. 3, § 1, hopmy-
Jibt (3.12)). TMoacrasass seipaxenust (6.61) nis x u y B seByio yacts (6.60),
Mbl nosryuuM ypasaeHue L B cucteme O'x "y’ OueBHIHO, 3TO YpaBHEHHE HMe-
eT BHIL

a2 + 2010 x'y + a0y’? + 2af3x" + 2a53y" + af3 =0, (6.62)
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rae
’
Qz=a Xg+ aply+a;,
Qg3 = Q%o+ Aol + Ags, (6.63)
= Y. 739 2
Q33 =0ayXg +2019X0Yo + Qoolfg + 203X + 2093l + Q33.

O6patasics K ypaBHeHHI0 (6.62), Mbl MOKEM CIeJNaTh CJAeLYIOUIHH BakK-
HbII BBIBOJL: NPU RAPAAACALHOM NEPEeHOCe cucmembl Koopouram Koaggdu-
HUEHMbL 2PYNNbL CMAPULLX YACHOB HE USMEMAIOMCA, 4 KOIPduyuenmol
epynnol AUHelHblX YAeHo8 npeobpasyromcea no gopmyram (6.63).

3ameuaunue 1. HMcnoassys nepsyio U BTopyio u3 dopmyn (6.63),
MOKHO, OYeBHHO, BbIPaKeHHIO 114 aj; MPHAATh CelyIOLnid BUL:

as3=(a3+a;3) Xg+ (a3 + Aa3) Yo + ass. (6.64)

2°. [Ipeobpaszosanue koapguyuernmos npu nosopome. [lyctb nexapro-
Ba MpsSIMOYrosibHas cucteMa KoopauHat Ox 'y’ nosydeHa moBOPOTOM CHCTe-
Mbl Oxy Ha yroJ @ (Mpyd 3TOM He UCK/IIYAeTCs MOBOPOT HA YTOJ (b, PABHbBIN
Hyq10). Kak n3BecTHO, cTapble W HOBBE KOOPAMHATH TOYKH CBSI3aHbI COOTHO-
LLIeHHUSIMH

x=x"cos@—y’'sing, y=x'sin@+y cos@ (6.65)

(em. . 3, § 1, popmyant (3.13)). [Moacrapass Buipamenus (6.65) ans x u y B
JieBy10 yacTh (6.60) u rpynnupys koahhHIHEHTh! IPU PA3IHYHBIX CTEIeHsX
x" ¥ y’, Mbl noyuuM ypaBHeHue L B cucteme Ox 'y’. OueBHIHO, 3TO ypaB-
HeHHe HUMeeT BHI

al’lx'Q + 2a1,x"y" + az’.gy’Q + 2ai3x" + 2a33y" + a3y =0, (6.66)
rae ')

, _ | |
ap =4ap 3'“2‘94‘5(‘111 —a22)c052(p+§(a“ +0y),
; 1 .
ajy = —E(a” —a99)s8in2Q + a;5 cos 2,

1 1
aby =—ayy sin2¢ — E(a“ — Q99 )COS 20 + E(a“ +ag), (6.67)

Q{3 =03 COS P+ ayy SiN @,
(g3 = Qg3 COS @ — a3 5in @,

£
Q33 = Q33-

J CrnoJ J i C =sin 2¢,
I) [Tpu BoiBOAE 9THX OPMYJ HCMOJb30BAJHCEH PABEHCTBA 2 Sin ¢ cos sin 2

1-cos2@ chz(p: 1+c052q}_

a2
sin =
@ 2 2
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Mubl Mo3keM c1ie1aTh CaeYIONIMH BaXKHBIH BHIBOJ:

[lpu nosopome cucmemor Koopdunam KoapPuyuenmol ajy, aiy, ajy
2pynnol cmapuiux 4aenos ypasHenus (6.66) soipaxcaromes auwe wepes
204 © NOBOPOMA U Hepesd KoIPGuyuermsl a,y, @9, Aoy SPYNNLL CIMAPULUX
wienos ypasHenus (6.60); koagguyuenmor aly u asy ypasuenus (6.60)
BLIDAMAOMER AUULL Hepesd Yeor O 1 KOIPPUUUEHMbL Q13 U Qyy YPABHEHUS
(6.60); cBob00HbLL YreHn He usmensemcs (Mm.e. Ay = dss).

Gameuanue 2. O6osnaunm yepes A, B u C cOOTBETCTBEHHO BeJIH-
UHHBbI

=
| - |
01?2 +[§(ﬂn —ﬂzz)] ) E(a” +dayy), \laﬁi +022:;-

1
a 2 (@) —ay)

BBenewm, nasnee, yrog o, CHuTast COSCL = L sinol = npu A #0

Ho=0npu A=0, uyron P, cunras cos B=a,3/C,sinf=a,;3/Cnpu C#0wu
B=0npu C=0"). Torna, oueBuaHo, Buipaxkenus (6.67) nas KodpPHIHEH-
TOB @;; MOXHO MePenucaTh B CJeAyIOLeM BHIE:

a{;=Asin (2e+ o)+ B,
ajs=Acos (20 + o),
aj=-Asin (20+ o)+ B,
a{y=Csin(@+p), (6.68)
az3=Ccos (¢ +h),
a3y = a3

Otmetum, uto Besnuribl A, B 1 C 1 yribl o ¥ B He 3aBUCAT OT @,

2. UHBapuaHTHl YpAaBHEHUS JUHUH BTOporo nopanka. [loaatue
TMNAa JUHUHK BTOpOTO nopsaaka. Hazosem unsapuanmom ypaBHeHHs
(6.60) 1MHKUM BTOPOTO MOPSAKA OTHOCHTENbHO NPeodpa30BaHHH IeKapTOBOH
CHCTEMBI KOOPIHHAT TaKyI0 GYHKIHIO f(a;), a9, .., @33) OT KOIDPUIHEHTOR
@;; 3TOrO ypaBHeHHUs, 3Ha4eHHs] KOTOPOH He MeHSIOTCA TPH Nepexosie K HO-
BOH JleKapTOBOH NPAMOYTONBHOH cHcTeMe KoopanHat. Takum ofpasoM, ecJH
f(ay, ayy, .., @33) — UHBAPHAHT H a;; — KOIDOULUHEHTH ypPaBHEHUS JTHHHHU
BTOPOro nopsAiaka B HOBOH CHCTEME JeKapPTOBBIX KOOPAHWHAT, TO

flan, ay, ..., azgg) = f(ajy, afy, ..., ags).

JlokaxKeM CJIeLyIOILYI0 TeopeMy.

I) MISB(:‘CTH(). YTO, KAKOBBI Obl HW OBLIM BeJHUYHHBI P Q‘ YAOBJIETBOPSIOLLHE YCJOBHIO

2 2 . . _ P . _
P~ + Q" #0, MOXHO HaATH TAKOH YTOJI Y, 4TO COSY = ——— H SINY = ———=.
2 2 2

P4 Q? P?+Q?
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Teopema 6.5. Beauturol

i . a4 G 4
1 92
y Ay =lay ay  ay (6.69)

h=ay+ay, =

Qi Gy
Q3 Qg3 Qg3

agasomes uxsapuanmami ypasrenus (6.60) 2unuu smopozo nopadka
OMHOCUMENbHO Npeobpasosaniii dekapmosol cucmemsl KOOPAUHAM.

HoxaszatenbcTso. OueBHIHO, HHBAPHAHTHOCTD BeJIUUHH 1|, [y, I3
MOCTATOYHO MOKA3aTh OTAENBHO /IS MAPAJIeNLHOTO EPEHOCA CHCTEMEL KO-
OPIMHAT W U151 OBOpOTA.

PaccMoTpuM cHauaa napaJjieabHblil epeHoc CHCTeMbl KOOPAHHAT. Mbl
YCTAHOBUJIU B 1° mpeablayliero NyHKTa, 4YTo [IPU 3TOM NpeoGpa3oBaHUH KO-
opanHAT KO3 HUIHEHTHI TPYIINEL CTAPIIHX YJIEHOB He u3MeHswoTes. [TosTo-
MYy He U3MeHSIIOTCSl M BeJUYuHbl /| ¥ [y, 3aiiMemcs BejiuyuHOH f3. B HOBOM
cucreme KoopauHat O’x’y’ Benuunna [y paBHa

’
a, Qo ay
,
Qg Qgy  Oog

’ ’ ’
Q3 Qgy Qg

Briunras U3 nocseHeil CTPOKH 9TOTO ONpPe/e/IUTe st IEPBYIO CTPOKY, YMHO-
JKEHHYIO Ha Xg, U BTOPYIO, YMHOXKEHHYIO Ha g (Xo ¥ Yo — KOOPAMHATHI HOBO-
ro Hadana O°), 4 HCIIOAB3YS NIPH STOM BBIPAXKEHHS IS a3 U ass hopMyd
(6.63) 1 BuIpaxenue (6.64) 17151 @y, HailzieM, UTO STOT ONpeIe/HTe b PaBeH ')

’
TR a3
’
Qg Qg Qo

Q3 Ggg  Ay3Xg + gzl + a3

Ecau Tenepb BblYeCTb M3 MOCJAIHETO CTON0LA MOMYHEHHOTO ONpeeanuTe s
nepBuIH cTOM0EL, YMHOXKEHHBIH Ha X, H BTOPOH, YMHOXeHHBIH Ha g, U HC-
110JIb30BATh MPH ITOM BbIPaXKeHHs VISt a3 U agy U3 opmyd (6.63), To B pe-
3yJbTaTe MOJYYUTCS ONMpeleUuTe/]b, CTOSAILMH B MPABOH YACTH BblpaKeHHs
st I3 B popmynax (6.69). Mrak, uusapuantHocTb /3 py napaliiebHOM Ie-
peHoce CHCTeMbl KOOPIHHAT NOKAa3aHa.

PacemoTpuMm Teneph MOBOPOT AeKAPTOBOH CHCTeMbl KoopauHaTt. B 2°
MpeblIyIero NyHKTa Mbl HallJK, YTO TPH 3TOM NpeodpasoBaHUU Ko3(u-
LIMeHTHI @;; YPaBHEHHS JMHUM L B HOBOH cHCTeMe CBA3aHbl ¢ KosdduumenTa-
MH @; YpaBHEHHs ITOH JIMHHH B CTAPOK CHCTEMe ¢ MoMolLbio (opmyi (6.68)

') Hanomuuwm, uto [IPH YKA3aHHBIX 1Pe0GPa30BaAHUAX 3HAYEHHE ONPeNe/IUTes He MeHsIeT-
co (em. JlonosiHeHue K . 1).
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(cM. 3amedaHue 2 npeapiayiuero nyHkra). Jlokaxkem Tenepb HHBaAPHAHTHOCTD
I, Ir v I5. imeeM, corsiacHo (6.68),

Y N £ -
I{=a{,+a=2B=qa; +ay,
R 2 _ n2 2 _ 2
I3 = aja —ajy = B° = A = ay,ay —ajy.
Takum o6pazom, HHBApHAHTHOCTL /| W [, nokaszana. OGpaTuMmcs Teneps K
4 Q1 Gy
[.r = ’ ’ ’
35 |Gz G Ap
’ ’ ’
Qi3 Qg3 Qg
Paznaras sror onpejenutedb 110 3J4eMEHTAM [OCJAEIHEro ¢To101A, YUHTHIBAS
TOJIbKO YTO J0Ka3aHHYI0 HHBAPUAHTHOCTD /5, T.e. PaBEHCTBO

’ ’
a4y ay Gy

=1,

r ’
Q3 Qg Qg Qg

H PaBEHCTBO @33 = As3 (CM. TocJaenHI00 13 Gopmya (6.67)), moayunum

a’ a' a' a'

12 22 ’ 11 12
I3 =af -
3 13

+a33f2. (670)

’ ’

13 Qg

7 ’

Q)3 Qg3

CoraacHo ¢opmy.am (6.68) nepeoe caaraemoe B npaBoi yacTtH (6.70) mo-
JKeT ObITh NpeobpasoBaHo ClelylHM 00pasoM:

i aly Qg = i+ ) Ac.os(2{p+ot) -Asin(29+a)+B|
a3 Ao Csin(¢+p) Ccos(p+p)
=C?sin(+B){Acos(¢+0a—PB) - Bsin(¢+B)}. (6.71)
COBepIIEHHO aHAJOTHYHO MOJYYaeTCs PABEHCTBO
agy| M D2 [ = C2 cos(o + B){Asin(@+a—B)+ Beos(o+PB)}. (6.72)
a3 Qg3

W3 cootHowenu# (6.70)—(6.72) noaydyaem
1;=AC? sin (2B — o) — BC” + ag,l,. (6.73)

Tak kak Besnuunsl A, B, C, yriiet o, B u [, He 3aBHCAT OT YIJ1a ¢ (3TO BLITEKA-
©T U3 HHBAPHAHTHOCTH [, ¥ 3aMe4aHHs 2 MpebIIyIIero MyHKTa), To U3 (6.73)
c/lelyet, 4to /5 TakiKe He 3aBMCHUT OT YIJia @, T.e. NpH M060M 3HAYEHHH @
HMeeT O1HO U TO e 3Hauenue. Ho a/i=a; npu ¢ =0, u nosromy /5= 1/;. Ta-
KHM 00pa3oM, HHBAPHAHTHOCTE [3 TaKKe ycTaHoBJeHa. TeopeMa foKasaHa.
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[eomeTpHyeCcKHe XapaKTepPHCTHKH JHHHH BTOPOro MopsaKa H HX pacro-
JIO}KEHHE BIOJIHE ONpefe/sioTces 3HaYeHHAMH HHBApHaHTOB [, [y 1 /5. B 3a-
BHCHMOCTH OT 3HaKa WHBApHAHTA [, 5TH JHHHH Pa3ensiioT HA CJelyiollie
TPH THMA:

aanrunmuyeckut mun, ecau [, >0,

eunepboaiuveckuil mun, ecau I, <0,

napabosuyveckuil mun, ecau I, =0.

OueBHIHO, MUN AUHUL He MEHAEMCA NPU USMEHEHUU 0eKapmosoil cucme-
Mol Koopduram. HuxKe Mbl 1aIHM MOJHY0 K1acCH(PHKALNIO KaXKI0TO W3 YKa-
3aHHBIX THIOB JHHUH.

3. LleHTp NTHHHUH BTOPOro nopsijgka. B npeapiayiieM nyHKTe Mbl yCTa-
HOBHJIH, UTO l'lpH l'lapa.ﬂ.ﬂe.ﬂbHOM HepEHOCE ﬂEKapTOBOﬁ CUCTEeMbl U3MEHHI0T-
co JulTh K03DOHUIMeHTH TPYNNBl JUHEHHBIX YJeHOB yPABHEHUS JUHHH BTO-
poro nopsijika.

[TonbiTaemcss HalTH TaKylo Je€KapTOBY cHcTeMy KoopauHaT Q’x’y” (mo-
JYUEHHYIO NapaJiie/bHBIM MepeHocoM cucTeMbl Oxiy/), B KOTOPOH ypaBHeHHe
(6.62) naHHO# THHKHK L BTOPOTO MOPSIIKA HE COAePKA0 Obl caraeMeix 2a3x”
H2a93y ", T.e. KOAPPHULUHMEHTEI a3 U a9y ObIAKM OB paBHbl HyM0. [lycThb xp U
jo — KOOpaMHaThl Hauata O’ uckoMol cuereMbl. O6paiascs K hopMyaam
(6.63), HaiineM, 4TO BEJHYHHBI X, Yo NPEACTABASIOT COO0H pellleHHe cie-
AYIOLleH CHCTEMBl THHEHHBIX YPaBHEHHH:

a11x0+a|2y0+a13=0‘ alng+a22y0+a23=0. (674)

YpaBHeHust (6.74) HA3LIBAIOTCH YPABHEHUAMU YEHMPA AUHUL BMOPOSO
nopadka, a Touka O’ ¢ KOOPAHHATAMH (Xq, Yg), TAE Xg H Yo — PEIUEHHS CHC-
TeMbl (6.74), HasbIBaeTCs yeHmpom 3TOH JIMHUH.

[TosicHUM CcMbIC/ HAUMEHOBAHHSA «eHTP» JHHHUHU. [lyeTh Hauaso Koopau-
HaT nepereceHo B neHTp O’. Torza ypaBHeHue auHuH L NpUMeT BUI

a1 X" + 200Xy’ + agey’® +ajy = 0. (6.75)

[Myctb Touka M (x’, i) pacnonoxKeHa Ha L. DT0 03HauaeT, yTo ee KOOPAHHATHI
x" 1y’ ynosnersopsiior ypasHenHio (6.75). OgeBuano, Touka M*(—x’, —y”),
cummetpuuHas ¢ M otHocutensHo O, Takike pacnosoxeHa Ha L, u6o ee
KOODAHHATBI TAKIKE YI0BJAETBOPSIOT ypaBHeH IO (6.75). Takum o6pasom, ecaiu
y JMHHH L cymecTByeT ueHTp O, TO omuocumeavHo yenmpa mouxu L pac-
NOAQ2AIOMCA CUMMEMPUYHO NAPAMU, M.€. yeHmp Aunuu L sersemcs ee
UEHMPOM CUMMEMPUL.

3ameuanue 3. Ecau qunausa L BTOPOTO NOPsjiKe UMEET LEHTP, TO
MHBapHaHTHI [y, /3 M CBOOOHBIN Y/leH a4; B ypaBHeHHH (6.75) cBsi3aHbl COOT-
HOLLEHHEM
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B camowm pesie, B CHIYy MHBAPHAHTHOCTH [3 MOMYUHM B CHCTEME KOOPAHHAT
O’x ’yf
a; a, 0
I3 =|a, ayp O
0 0 oaj

H3 nociepneit popmyabl 1 BoiTekaeT cooTHoeHHe (6.76).

Hanuune neHTpa y JHHHH BTOPOro MOPSJKA CBA3aHO C Pa3peliMMOCTbIO
ypaBHeHUH ueHTpa (6.74). Ecau ypasuenus yenmpa umerom eOuHCmBaeH-
Hoe pewlenue, mo Aunuto L smopoeo nopadka Gydem nazvieamo i e H m-
panrsroi') Tak kak onpenenute/b cuctemsl (6.74) pasen /5, a Heo6Xo0-
JIMMBIM M I0CTATOYHBIM YCJAOBHEM CYILECTBOBAHHS €1HHCTBEHHOrO PelleHHs
ITOH CHCTEMbI SIBJSIETCS] HEPABEHCTBO HYJIO €€ OlpejenuTessi, TO Mbl MO-
JKeM CIeNaTh CJAeLYIOUNH BaKHbIH BbIBOIL AUHUL IAAUNMULECKO2O MUnQ
(15> 0) u eunepboauueckoeo muna (I, <0) — u moavko smu AuHUL — 8-
AAOMCA UEHMPAALHOIMU.

Gamevanue 4. Ecan Hauano koopauHaT nepeHeceno B ueHtp O
LleHTPAJbHOH JIMHUKM L BTOPOro nopsiika, To ypaBHeHHe 3TOH JMHHH Oyaer
UMeTh BUJL

all_‘c'2 +2a|2x’y’+022y'2 +§—3 =0. (677)
2
JleficTBUTENBHO, NOC/Ie NEePEHOCd HAuala B LUEHTP YPABHEHHE JIMHUM NpH-
MeT BUA(6.7D). Tak Kak a5 ueHTpanbHON THHHK [, # O, T u3 Gopmysl (6.76)
Haugem, 4to asy = [4/[,. llogcTaBasas 3To BeIpaykeHue AJs a3y B GOpPMYITy
(6.75), Mbl nonyuHM ypasHeHHe (6.77).

4. CtangapTHOE yNpolueHHe JI000ro ypaBHeHHUs JUHHHA BTOPOro
nopsijka nyrem nosopora ocei. [loxaxem, uro aroboe ypasrenue (6.60)
aunuu L emopoeo nopadka nymem cneyuaibro2o nosopoma Koopournam-
HOU cucmemsl moxcem Ovime npueedeno K YpasHeHuto, 8 KOmopom He Oy-
dem codepacamocs caaeaemoe 2ai,x"y’, T.e. KOaQGUUNHEHT ay Oyier pa-
BeH HyJ10. Takoe ynpolleHne ypaBHeHHS BTOPOro Nopsijaka Mbl 6y1eM Hasbl-
BaThb CmﬂﬂaapmeIM.

EctectBeHHo, Mbl ByleM NpennoJaratb, YTo 8 UCXOOHOM YpasHeHuU
(6.60) koaghpuyuenm a,, ve pasen wyawo, 16O B cayuae a;, =0 nocrasaex-
HBIH BONPOC SIBJASETCSH PelIeHHbIM.

[TycTb @ — yroJ noBopoTa HCKOMOH NMOBEPHYTOH CHCTEMbl KOOPAMHAT.
O6pawasick Ko Bropoil U3 dopmya (6.67), HalgeM, 4TO UCKOMBIH YroJ ¢ siB-
JgeTcs pelleHHeM CJIeIyIONero TPUTOHOMETPHYEeCKOr0 YPaBHEeHHUS:

-—%(a” — gy )sin2¢ + ay, cos2¢ =0, (6.78)

I) Takum 06})830!\1. UeHTpaJ/bHaA JHHHA HMeeT €[AMHCTBEHHbIH UeHTP.
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B KOTOPOM, T10 TIPEINOJ0XKEHHUIO, @ » # 0. [Tpu 3TOM npeAnonoKeHHH 0UeBH/I-
HO, 4TO (6.78) UMeeT caenyiollee pelieHHe:

ctg 20=(a, — as)/2a,;. (6.79)

Mrak, ec/ii Mbl TOBEpPHEM CHCTEMY KOOPAHHAT Ha YToJ ¢, onpeeeHHbIH U3
paBeHcTBa (6.79), TO B IOBepHYTOH cHCTeMe KOOPAHHAT yPABHEHHe JHHUH L
He ByIeT colepxaTh caaraeMoro 2a{,x’y” 1, Kpome TOTO, cOryiacHO Gopmy-
nam (6.67), aj; = ay;. Mueivu ciioBamu, aTo ypaBHeHHe Oy1eT HMeTh CeyIo-
IMH BH

af 1 X" +aboy’* + 2a{3x" + 2ah5y" +azy = 0. (6.80)

5. ¥Ynpouenue ypaBHeHHS I€HTPAJIbHOH JHHHH BTOPOTO MOPS-
Ka (I, #0). Knaccudukanus neHTpaabHbIX JHHHHA. BuBoabl, caesnaH-
Hbl€ B MPeABIIYLIHX IBYX MyHKTAX, NO3BOJMSAIOT PELIHTL BOMPOC O KAacCHPH-
KalHH BCeX LEeHTPaJIbHLIX JIMHHI BTOPOro nopsaxa. Pemenne atoro Bonpoca
Mbl IPOBEJIEM TIO CJeaymollei cxeme, Bo-nmepBhix, myTeM nepeHoca Hadana
KOOPAUHAT B UeHTP JuHUH (6.60) Mbl npuBenem ee ypaBHeHue K Buay (6.77).
[locaie aToro npousBeneM cTaHAAPTHOE YIpOlLleHHe YpaBHeHH: (6.77):

1) ecaiu @y =0, To ocTapuM cucteMy KoopauHaT O’x’y’ HeH3MeHHOH
¥ M3MeHHM JIHIIb o0o3HavenHe x Ha x”, y ' Ha y”, a; Ha aj};

2) ecan @, # 0, TO MepekigeM K moBepHyTOH cucTeMe KoopauHat O’x "y ”,
BBIYHCJISS Yo noBopota ¢ no dopmyae (6.79) u uenonbsys npu stom gop-
myabl (6.67) (c samenoit a/ Ha a7) u Gopmyay (6.80). B o6oux ykasaHHbIX
cjlyyasix HafjaeM, 4yTo ypaBHeHue M000d LeHTpanbHOH JMHUK L B cHCTeMe
KoopauHat O'x”y” umeer BUIL

afix"? +agy”? + -2 = 0. (6.81)
]2

JlanpHeduas KaaccH(HUKaLKa THHHH OCHOBBIBAETCH HA aHa/IH3e ypaBHe-
uus (6.81). Ilpu 3TOM HCMOAL3YeTCs CBA3b KOIMDHUHEHTOB a )} U @by ¢ HH-
BapuaHTamH /| u /,.

PaCCMOTpHM OTAeJbHO JIHHHUH AJJHUNTHYECKOrO THIA H JIMHUHU rHr[ep60-
JIMYeCKOro THIa.

1°. Junuu aasunmuueckoeo muna (I, >0). Obpatumes K HCXOTHOMY
ypasHeHH10 (6.60) auHuM L snauntudeckoro tina. Tak Kak [o=a ds —
—a%,>0, 10 a,a5>0, T.e. KO3(D(OHIMEHTB @) H g 00a OTJIHYHBI OT HYJ4
M UMEKT ONWHAKOBBIH 3HAK, COBMANAIOUIHH CO 3HAKOM /|, MOCKOJbKY
I =a,; + ay. bes yuwepda 1/d 06LUIHOCTH MOXKHO CUATATh 002 3TH KO3 dH-
[HEHTa MOJOMKHTE/JbHBIMH (3TOT0 BCETa MOMKHO JOOHUTHCH HOPMHPOBKOH
uexoaHoro ypasHeHus (6.60), T.e. yMHOKeHHeM ero Ha —1 (MpH TakoH Hop-
MHpPOBKEe 3HAaK HHBapHaHTa /| CTaHeT NOJOXHUTENbHBIM, 3HAK HHBApHAHTA [,
He MEeHSAeTCH).
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CnpaBeyIHBO CJIENYIONIEE YTBEPIKIEHHE.

Teopema 6.6. [Tycmo ypasrenue (6.60) aunuu L sraunmuneckoeo
muna (I > 0) Hopmuposano mak, umo I, > 0. Tozda npu I5<0 smo ypas-
HeHnue npedcmasasem cobot aaaunc. Ipu I3, =0 ypasnenuio (6.60) ydos-
aemsopsiom Koopdunamel auws odnoid mouku. [lpu 15> 0 ypasneruio
(6.60) ne yoosaemsopaom KOOPOUHAMbBL HUKAKOL MOUKIL NAOCKOCMILL.

[1lpu 1, =0 ypaBHenue (6.60) Ha3LIBaeTCH YpasHEHUEM BbIPOHCOEHHOO
aaaunca. Ipu I3> 0 (6.60) HasbiBaeTCs ypasHeHuem MHUMO20 IAAUNCA.

Hoxasarteanbctso. Tak kak pas ypapHenus (6.81) [, =a’,+a%, a
ly=a",a%, tous ycaorus [; >0 u [, > 0 BHITeKaeT MOJOKHUTENLHOCTb @ || U
a’%,. [loaromy ypasnenue (6.81) muuun L mMoxeT GBITL 3aMHCAHO CJAEAYIO-
LIUM 0Dpasom:

»2 ”2
npu I3< 0 —+—L =], (6.82)
(3
lyay, lLay,
npu I5=0 r Y - (6.83)
af} a
xn? ”2
npu [3>0 + =-1. (6.84)

2 2
1yay, I,az,

OueBuaHo, uTO ypaBHeHue (6.82), oTBeuarolee cayyaio /5 <0, npeacrasas-
=T -1,

eT coD0H KAHOHHUECKOE YPpaBHEHHE 3JIJIKNCA C NOJYOCAMH

” [ "
24y 2899

Ypasuenuio (6.83), orseualoumiemy caydaio /3 =0, yI0BJAeTBOPSIOT KOOPIAH-
HaTbl MU OfHOH ToukH x “ =0, y”=0. ¥Ypasnenuw (6.84) ne ynosnerso-
pSIIOT KOOPAMHATH HUKAKOH TOYKH MIOCKOCTH, HOO JieBast YacTh ITOTO ypas-
HEHHs He OTpULIaTe/bHa, a MPaBas oTpuuaTeabHa. [lns saBepiieHns 10Ka3a-
TeJIbCTBA TEOPEMBI 1OCTATOUHO 3aMETHTh, YTO Kax/10e H3 YpaBHeHuH (6.82),
(6.83), (6.84) sKBHBAJIEHTHO HCXOIHOMY ypaBHeHHIO (6.60) cooTBeTCTBEH-
HO st caydaes /3 <0, [3=0, /3> 0, ¥ 103TOMY cie/laHHBIE BbILe reOMeTpH-
yecKHe BLIBOJB! A5 ypaBHeHHH (6.82), (6.83) u (6.84) cnpaseanuBbl 1 a4
ypaBreHHs (6.60). Teopema nokasasa.

Bameuanue 5. OcraHoBuMcs nojapobHee Ha ciydae, KOrja ypas-
HeHue (6.60) syunTHYecKoro THna onpenesaset aaaunc. [Ipu saTom Mbl
Oy/leM CUMTATh, UTO 3TO YPaBHeHHe HOPMHpOBaHO Tak, 4yto [, > 0. Koopau-
HaTHI (X, Yp) LEHTPa 3TOTO JJIHICA NPeACTaB/AAIT COO0H pellleHHe CHCTe-
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Mbl (6.74). Tak kak HoBasi ock O'x” gBAsIeTCS ONHON M3 TJIABHBEIX OCEH 3JI-
JIMTCa (3T0 BhITEKAeT M3 TOro, 4To B cHeTeMe O'x “y” ypaBHeHHe 3//nnca
MMeeT KaHOHHUEeCKHH BHJ, U NO3TOMY ocH KoopauHat O’'x” u O’y ” coena-
[al0T ¢ TJ1aBHBIMH OCMH 3Jaunca (cM. m. 1 § 2 370l raaBel)), TO yros Ha-
KJOHA @ 9TOH OCH co cTapoi ocblo Ox MOxeT ObITh HaileH 1o opmyle
(6.79). Haxoneu, u3 ypaBHeHus (6.82) BbITeKaeT, 4TO MOJAYOCH 3JJIHUINCA

Iy

paBHEHI , TIpHueM Ko3(pOHIMEHTH af| H a% BHIpaKanTCs

laj,
yepes KOIPQHLMEHTBI @; HCXOHOTO yPABHEHHUS (6.60) (cMm. nepByio U Tpe-
Tbi0 (popmyabl (6.67); IpH 3TOM HYMKHO TOMOKHTE Q)| = @) H Aoy = A33).

Mrak, 3Hasi HHBApHAHTBL 1 QOPMYJIbl NIPe0dPa30BAHUS KOOPAUHAT, MOXK-
HO BBIYHMCJIMTH MOJYOCH IJUIMIICA U BBIICHUTb €ro Pacho/oKeHHe OTHOCH-
TeJbHO UCXOAHOH cHcTeMbl KoopauHaT Oxy.

2°. Jlunuu eunepboauneckoeo muna (I, <0). CnpaBeiauBo caeaylomiee
YTBEPXKIEHHE.

Teopema 6.7. ¥pasnenue (6.60) runuu L eunepboruveckozo muna npu
I3# 0 npedcmasasem coboii eunepboay, a npu I;=0 — napy nepecexaro-
WUXC NPAMBLX.

HokazateancTso. Tak kak 1715 ypasHenus (6.81) [, =a a%, To u3
ycaousd [, < () BhITeKaeT, uto a’ v a5, MeloT pasHele 3HaKH. /s onpeseen-
HocTH Oyaem cuurtath af, >0, a% <0 (cayyait af) <0, ay, >0 pacemarpusa-
ercst aHajsornuno). Toraa ypapHenue (6.81) MoxkeT ObITh 3aMKUCAHO CJAEYIO-
KM 06pasom:

n2 ”2

npu /3<0 & = y_ > =-1 (6.85)
\/.. Iy ] u 13
L,af) ly(-a3,
”2 ”2
npu 1;=0 F - = (6.86)
1 1
af'l] J-a3
”? ”2
pi 13> 0 T —1 (6.87)

2 2
1yaf| Iy(~az)
OueeugHo, ypaBHeHHe (6.85), otBeuarwolee cayuaio [ <0, npeacrasiaseT co-

6Ol KaHOHWYeCKOoe YPaBHeHHe runep6osl, 115 KOTopor ock Oy sABJsSeTCS Jek-
CTBHUTEJIBHOH 0ChI0, 8 0cb Ox — MHMMOH OCbI0, TPHYEM MHHMas H 1eHCTBHTE/Ib-

I3

—ay)

& I
Has MoJIYOCH 3TOH I'PIHepﬁOJIbI COOTBETCTBEHHO PaBHBI Jl 3” H J] (
a 9
211 2
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Ypasuenue (6.87), orBeuaioniee cayqaio [3> 0, Takke npencrasiaser cob6oi
KaHOHHYECKOE ypaBHEHHE THIePOOIbL, 1151 KOTOPOH ock Ox BJAsIeTCS AeHCTBH-
TEJbHOH OChbIO, 4 0Chb Oy — MHHMOH OCbIO, MTpHYEeM MHHMAaA H ﬂei;ICTBP[Te.J’IbHaH

. -/ -1
MOJIYOCH 9TOH THIepGOJbl COOTBETCTBEHHO PABHBI — u L
I, (-a3,) lyay,

YpaBHenue (6.86), oTeyatollee cayyaiw /3 =0, MOXKHO 3aMHCaTh B BUIE
x}l ” xll ”
2 i 4 =0.

1 1 1
Jaii =i \aly =i,

STOMy noc/JeiHeMy ypaBHeHHIO YAOBJETBOPAWOT JIHIIb KOODAHHATHI TOYEK,
pacnoJJIOKEHHBIX HdA IMPAMbBIX

” ” ” ”

P .og -2 ¥ g

LT [
\/‘E V-as \/‘E V-az
1191 3aBeplueHHs 10KA3aTENbCTBA TEOPEMbl I0CTATOUHO 3aMETHTb, YTO KaX-
noe 13 ypapHeHHi (6.85)—(6.87) 3kBHBa/NeHTHO HCXOAHOMY YpaBHeHHIO (6.60)
COOTBETCTBEHHO s cayuaes /3 < 0, [; =0, [3> 0, ¥ nosatomy ciesaHHbIe Bhille
reoMeTpHYeCcKHe BHIBOB 115 ypaBHeHHi (6.85)—(6.87) cnpaBen uBL 1 119
ypasHerus (6.60). Teopema nokazana.

3amevyanue 6. OcranoBumcs noapobHee Ha c/ydae, KOraa ypaBHe-
Hue (6.60) runepbosuyecKoro THIa onpeneaset runepboay, 1.e. Korna /5 # 0.

Koopnounatsl (X, yg) LeHTpa 3TOH runepbobl MpeACTaBAsIOT cobol pe-
mieHue cucteMsl (6.74). Yroa HaknoHa @ ocd Ox’ (asasiouiercs JH60 nei-
CTBHTEJLHOH, JIMOO MHUMOH OCbIO rHIepbodbl) co cTapoi ocbio Ox Moxer
ObITh HaleH no Gopmyde (6.79). Hakonel, B npolecce J1oKasaTegabcTBa Te-
opeMbl OBLIN YKa3aHbl BeJUYHHbl I€HCTBHTENbHON H MHHMOH MOJYyOCeH TH-
nep6onbl, UX 3HavyeHus BeIYHCASIOTCS Yyepes [y, 13, af) u a%,y. Kosdduunen-
THl @) H a5 BEIPaXKATCH Yepe3 KOIPQHIHEHTH! a;; HCXOIHOTO ypaBHEHHUS
(6.60) (cM. nepByio i TpeThio Gopmyisl (6.67); IPH ITOM HYKHO MOJOKHTH
ali=a{,nas=af)). YpasHeHns acuMNTOT runepbobl 6e3 Tpyia MOryT GbiTh
HaHJIeHH 110 ee KaHOHHYecKHM ypaBHeHHsM (6.85) wun (6.87).

HMrak, 3Has uHBapHaHTH ¥ QopMyJIbl Tpeo6pa3oBaHUs KOOPIHHAT, MOXK-
HO BBIYMC/IHTD IEHCTBUTENBHYIO H MHUMYIO TIOJYOCH THIEp6O0JIbl U BBIICHATD
€€ pacrooXKeHHe OTHOCHTEIbHO HCXOAHOH CHCTeMBl KoopauHaT Oxy.

6. YnpoumeHue ypaBHeHHs TUHUM napadoaunyeckoro tumna (I, = 0).
Knaccudukaumsa nuHui napa6oinueckoro Tuna. 3aMeTHM, BO-TePBbIX,
uto Ans ypaBHenus (6.60) napaGonuyecKkoro THIIA HHBAPHAHT /| OT/IHYEH OT
nyas. B camom feste, ec [, = a,, + g =0, 10 Ii= a7}, + a% + + 20,02 =0,
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2

2
a Ay: 2
T.€. @),y = ";“L -2 Tak Kak [, =a,,ass — a}s =0, TO, HCIO/IB3YH TOb-
a2 a2
KO UTO TMOJy4eHHO® BHIPAXKEHHE LISl @ Qg, HAHLEM, 4T0 ——t ——22 = g2
- 2 2

OTKYJA CeNyeT, 4To a;; = ayp = a;; =0. Ho, no npeanonoxenuio, no kpaii-
Heli Mepe OJHH U3 KO3 hHLHEHTOB @, Ao, & OTIHYEH OT Hyas. Mtak, J # 0.

[TpousBeneM cTaHpapTHoe ynpouleHue ypapHeHus (6.60): 1) ecan a;, =0,
TO OCTaBHM CHeTeMy KoopauHaT Oxy HEH3MeHHOH U M3MeHHM JIHIb 0603Ha-
ueHue x Ha x’, y Ha y’, a;; Ha a/;; 2) ecam @, # 0, TO Mepeiinem K noBepHy-
ToH cucTeme KoopauHat Ox “y’, Beiumcass yroa nopopora no gopmy.e (6.79)
M MCMOJb3Ys NP 3TOM opmydbl (6.67). B 06onx yKasaHHbIX ciaydasx ypas-
Henwue (6.60) npumer Bux (6.80). Tax Kak pis ypasHenus (6.80) /) = ay; + ass,
Iy =a], aj, Tous ycnoeus [, #0, [, =0 BuITeKaeT, UTO ONHH U3 KO3 PHUIHEH-
TOB a{, U @3, PaBeH HYJIO, a IPyroil He paBeH HYJI0.

[na onpeneneHHocTH 6yneM cuutath a|; =0, ag #0 (caygaid aj, #0,
a3, =0 paccmatpuBaeTtcst aHaJOrHUHO). [IpH 3TOM NpeAnonoKeHuH /; = a3, TaK
Kak /| = a|, + aj. HUrak, ypasuenue qunuu (6.60) napabosnyeckoro THna rnoc-
/e CTAHJAPTHOTO YIIPOIIEHHS MOXKET GBITh 3aMHCAHO B ceayiotel gopme |):

Ly'? +2a}5x" +2a53y" +az3 =0. (6.88)

JanbHeluee ynpoueHye ypaBHeHHd (6.88) MoxKeT ObITh JOCTHTHYTO NyTeM
CTelHaabHOro napaJsiefsHoTo nepeHoca cucTeMsl KoopauHaT Ox 'y’ Tlpen-
BapuTeasHO nepenuiem (6.88) B caepyiomeit Gopme:

2
li[y'+a]23) +2a£1'3x’+a;,.,3—5':;'i =0. (6.89)
1 1

Bupn ypasnenus (6.89) noackaseiBaet, Kak BbIOpPaTh CIELHAIbHBIH Mapasiesb-
HEIH MepeHoc cHeTeMsl KoopauHaT Ox 'y’ Ham HyHO, uT0GbI NepBoe cliarae-

2
’
Qy- ”
moe /, [ y'+ ]23) B 1eBoii uactu (6.89) umeno Bun /;y”? , a ocTasbHble caarae-

1
’

i , a

MbIe COXPaHHJIH CBOH BH. [T03TOMY C/lelyeT NOMIOKHTb §” PaBHBIM y” + —2- | a
[1

x” paBueiM x . MTax, nepeinem Tenepb K HOBOH CHCTEMe KOOPIHHAT, MOJY-

YeHHOH nyrtem CJelYIIero napaJ/iejbHOro rnepeHoca:

x"=x", Y=y +8, (6.90)

D Ecan af, 20, asy=0, To [, = a{, u BMecTo ypasnenus (6.88) MBI MOJyuHM ypaBHEHHe
1 22 1 1
5 =
1x"° + 2a{4x" + assy’ + as3 =0, KoTopoe nyTem u3mMeHeHus obo3Hauennd x Ha y”, y’ Ha x”’,
1 13 23 33
@3 HAa @3 H Ay3 HA d {3 IEPEXOINT B ypaBHeHHe (6.88).
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Beenem 0603HaueHHSA

2

"o 7 "o Qg3
@3 =0ai3 Az =33 =~ (6.91)

1

B cuay coorHotenni (6.89), (6.90) u (6.91) ypasHenue auHnu L napabosu-

woon

4eCKOT0 THIA B HOBOH CHCTEMe KOOpOHHAT O”x Y TNpUMeT BUJ
Ly"? +2al4x” +a%; = 0. (6.92)

JlokaxkeM Terepb cienyiollee yTBepKieHHe.

Teopema 6.8. Ypasnenue (6.60) aunuu L napaboiuneckoeo muna npu
I3 # 0 npedcmasanem coboii napaboay, a npu Iy=0 — aubo napy napaai-
ACABHBIX OelicmBumenvrolx npamolx (Komopoie mocym Ooime CAUBULLMU-
cs1), AUbO NAPY MHUMBLX NADALACLbHBLX NPAMBIX '),

JlokaszaTteabcTso. BACHUM BONPOC 0 CBA3H MEXKLY BEJIHYHHAMH
alz v Iy, Lns ypaBHenus (6.92) umeem

0 0 af
=0 1, o|=-Iaff (6.93)
a3 0 ap
Tak kax [, #0, o npu I;#0 u af; =0, ecau ke [,=0, mo u a; =0. Ucnoib-
3yl 5TOT BEIBO, MBI MOXKEM 3amHcaTh ypaBHeHHe (6.92) ciemyromum o6pazom:
npu [3#0 (r.e. mpu afy #0)

”
a3

Ly"* +2af; (x” + 2"3‘3 ) =0, (6.94)
npu [;=0 (r.e. mpu aj3=0)

Ly +afy =0. (6.95)

Ouesuano, ypasHenue (6.94), orevatouee cayuaiw /=0, npeacrasaser
coboi napadony. Uto6er y6eIUThCS B 3TOM, COBEPLIMM CJEIYIOMINE MapaJ-
JIeJIbHBIH [ePEHOC CHCTEeMbl KOOPAMHAT:

”

a-
X=x"+ —*f Y =y”, (6.96)
2ayy
H BBeneM ob0o3HaYeHHe
p= |a’1’3/]||-

Torna BMecto (6.94) MBI noryunm ypasHenne Y * = 2pX wmm Y * =-2pX, Koto-
poe ABAAETCA KAHOHHUECKHM ypaBHEHHeM mapadolibl,

1) Tepmuﬁ ¢«MHHMbIE T1apaJJie/IbHble TIPAMbIE» ﬁy.ElET PasbACHEH B [poUeCCe J0Ka3dTe/IbCTBd.
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Ypaeuenue (6.95), orBeuarniee caydawo /3 =0, MoxkeT OBITH 3aNTHCAHO
TaK:
y"* =-ag/l,. (6.98)

Ecaun —a%3/1; > 0, To ypaBHeHue (6.98) npencrasaser coboii mapy mapadg-

JeNbHBIX MPAMBIX: y” =+J—aj; /I, v y” =—\—a3; /1, ; ecau —ajys/1, =0,

To (6.98) npeacrasiasier coboit ock Ox”, ypaBuenue koropou y” =0 (3T0
ypaBHEHHE MOXKHO paccMaTpPUBATH KaK MpejesbHbIA caydad npu ajsy — 0,
T.€. KaK Mapy cJauBlIuxcs npsmeix). Ecau, nakonen, —a%;//, <0, To ypaeHe-
Huto (6.98) He yI0BJIETBOPSIOT KOOPAHHATBEl HUKAKOH TOUKH [JIOCKOCTH, T.€.
reoMeTpHUeCKHit 06pa3 aB/sieTess MHHMBIM. OOBIUHO TOBOPST, YTO B MOCJIE]-
HeM caydae ypaBHeHHe (6.98) onpejfensieT napy mMHumblX napaineibHoLx
npameix. Teopema nokasaHa.

3ameuanue 7.Jlnacayyas [;#0, korna ypaBHenue (6.60) napato-
JIMYECKOro THMa onpeaesser napadoqay, ydtate b 0e3 Tpyaa HauaeT napa-
MeTp p 310l napaboJisl ¥ ee PACcMoN0kKeHHe OTHOCHTELHO HCXOHOH KOOpH-
HatHOH cucTeMbl Oxy. [l 3TOro HY?KHO HCIOJIB30BATh NEPEX0 OT ypaBHe-
Hui (6.60) K ypaBHeH#H10 (6.88), onHcaHHbIH B HAUale 3TOTO MYHKTA, H (POPMYJIbI
(6.90), (6.91), (6.96), (6.97).

7. Pacnajawmuecs KpuBbie BTroporo nopsaka. Jlukuio L Broporo nopsjka, onpeae-
asemyto ypasuenueM (6.60), 6ynem HasuBaTh pacnadaiouelic s, e 1eBas 4acTb 3TOr0 ypas-
HEHHS MOKeT ObITh NPeACTABICHA B BH/E MPOU3BE/ICHHS ABYX MHOTOU/IEHOB NEPBOH CTeNeHH.
OueBuHO, eC/IH B IAHHOH 1€KapTOBOM MPSMOYIOJbHOH CHCTEMe KOOPAHHAT JIHHHS L sB/siet-
sl pacnanalollencs, To oHa GyleT pacnanamollerics B 1I060H APyroH 1eKapTOBOH MPAMOYTo/b-
HOM CHCTeMe KOOPIMHAT; MPH MpeofipazoBaHHKu KOOPAMHAT MHOTOUIEH NePBOH CTENeHH 0CTALT-
€Sl MHOTOY/IEHOM [1€PBOH CTeNeHH U KaXK/blil MHOrOU/IeH-COMHOXKUTEb NpeofpaszyeTcs Hesa-
BHCHMO OT JIPYTHX COMHOMKHTEJIeH. 3TO CBOHCTBO MHOTOUWIEHOB M103BOJAET CPOPMYJIHPOBATH
HEOOXOIMMOE H I0CTATOYHOE YC/I0BHE PAcnajleHHs KPHBOH BTOPOTro NOPSKa.

Teopema 6.9. [l1sa moco umobel aunus L smopoeo nopadka Guira pacnadatoweiics,
Heobxodumo u docmamouno obpawenue 8 nyib unsapuanma Iy,

JlokazaTtenanscTso. Mbl nokasam (cm. Teopemsl 6.6-6.8), uto yparHenue 060 -
HUH L BTOPOTO NOPSAKA MOMKET OBITh PHBEJEHO K OAHOMY U3 BUI0B (6.82)—(6.87), (6.94) u (6.95).

PacnaiaoumMUes cpeiu THX JHHHI ABASIOTCS JHIWbL Te, s KoTopbix 3 =0 H, Hao6o-
pot, ecau [; =0, To ypaBHeHHe JHHHH NPHBOLKTCSH K BHY, H3 KOTOPOTO, OUEBHAHO, CeyeT
CBOHCTBO pacnafenus. Teopema noxasana.



FMTABA 7
IMNOBEPXHOCTH BTOPOI'O ITIOPHJIKA

B 3To# riaBe Mbl MO3HAKOMHMMCSH € NOHATHEM W OCHOBHBIMH THIIAMH I10-
BepxXHocTed BToporo nopsaaka. Kpome toro, 6ynyT yKasaHel croco0Bl HccJIe-
JIOBAHHS TAKHX MOBEPXHOCTEH.

§ 1. [ToHsiTHE NOBEPXHOCTH BTOPOrO MOPSIIKA

B cuny onpepenennit 1 u 3u3an.5§2rn.4 nosepxunocmow S
gmopoeco nopaodkKa,bydem HA3618aMb 2EOMEMPULECKOE MECITO MO-
wek, deKapmosol NPAMOY20AbHbIE KOOPOUHAMbL KOMOPLLX YOOBAEMBOP -
tom ypasHeruio suda

a, l)c2 + a22y2 + a3322 +2a,9xy + 2a93y2 + 20 3x2 +
+2a|4x+2a24y+2a342+a44=0. (71)

B KOTOPOM M0 KpaiHe# Mepe oJMH U3 KOI(QOHUIHEHTOB @, A, U33, 019, Ao3,
Q3 OTJMYEH OT HYJIS.

Ypaeuenue (7.1) Oynem Ha3bIBATL 00UUM YPABHEHUEM NOBEPXHOCMIL
8mopo2o nopaoka.

OueBHIHO, MOBEPXHOCTL BTOPOrO MOPSAKA, paccMaTpHBaeMas Kak reo-
MeTPHUeCKHH 00BeKT '), He MeHsieTCH, eCaH OT JaHHO# JleKapToBOH npe-
MOYTOJIBHOH CHCTeMbl KOOPAHHAT MepeHTH K APYrod AeKapTOBOH cHCTeMe
koopauHaT. OTMeTHM, 4TO ucxodunoe ypasuenue (7.1) u ypasnernue, no-
AYyuennoe nocae npeobpaszoganus Koopoduram, areebpauiecku IKeuUBa-
AEeHMHbL.

Hike MBI ydeaumes, uTo I/Is1 KAKA0r0O ypaBHeHHs (7.1) MOXKHO yKa3aThb
TaKyl0 ClelHalbHyl0 CHCTEeMY KOOPAHHAT, B KOTOPOH ypaBHeHHe (7.1) npH-
MeT CTOJIb NIPOCTOH BHJ, YTO reoMeTpHYecKas XapaKTepHCTHKA MoBepXHoC-
Ti S He OyJleT NpPeCTaBIATE 3aTPyAHEHHH.

Hcnonb3ys 3ToT MeTO/, Mbl IaMM MOJHOE ONMUCAHHE BCEX THIOB MOBEPX-
HOCTEH BTOPOro MOopsijiKa.

I) MO)KET 0Ka3daTrbCH, YTO ypdBHEHHE (?]) HE onpejpeaser HOBEPX}IUCTHZ BTOMY YpaBHe-
HHIO MOTYT YA0BJETBOPAT JHIIb KOOPAHHATHI TOUEK, PACIION0KEHHDBIX HA NPAMOM JTHHHH, HIH
KOOPIHHATH JIMILIb OMHOW TOUKH, HJIH He HAWIeTCH HH OIIHOH TOUKH, KOO PIHHATH KOTOPOH YII0B-
naetBopsailoT (7.1). ONHAKO H B 3THX cTyuasx Mul GyeM TOBOPHTE O TEOMETPHYECKHX 00BEKTAX,
HA3BIBASI HX COOTBETCTBEHHO BbIPOMOCHHBIMU WA MHUMbIMU.
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1. IIpeobpasosanue Ko3(pPHIHEeHTOB ypaBHeHHUS NMOBepPXHOC-
TH BTOPOro NopsijiKa NpH nepexoje K HOBOH JeKapTOBOM CHCTEeMe
KoopauHAT. PaccMOTpHM OTHeNbHO MapaJielbHbIH NePeHOC U IOBOPOT
KOODIHHATHBIX OCEH.

YcnoBuMeS 0 caefyiolleil TePMHHOJIOTHH: TPYIINY CJaraeMbix

a, ,x2 + a22y2 + a3322 + 2a9xy + 2a03yz + 2a3x2

neBoi yacT (7.1) 6ynem Ha3blBaTh epynnol cmapuiux 44eHo8 Toro ypas-
HEeHHH, a FPYNIY cJaraeMbix

2a 4% + 2204y + 20542 + Ay

OyjeM HasblBaTh AuUHelHOU wacmoro ypasHenus (7.1). [1pu atom koaddu-
LUEeHTH @y, A9, A3, A1, Aoy, @13 OYAEM HA3BIBATL KOAPPuUUUeHmaML epyn-
nel cmapuwux 1AeHos, a KOSQQUUHEHTBl Ay, Aoy, Q3q, Qyq — KOIPPUYUEH-
mamu auneinol yacmuy (7.1). KoaduuueHt a,y 0OLIMHO HA3LIBAETCS CBO-
bo0nbM waeHom ypaBHeHud (7.1).

PacemoTpum cHauana nmapaJdJJeabHbBH NepeHOC JAeKapTOBOH
cUCcTeMbl KoopauHAT. Kak u3BecTHO, cTapbie M HOBLIE KOOPMHATLI TOYKH CBS-
3aHbl COOTHOLLIEHHAMH

x=x"+x5 Yy=y'+y, z=2"+2z2, (7.2)

TJIE Xg, Yo, 29 — KOOPAHHATE HOBOTO Hauasa O’ B cTapoi cucteme Oxyz (CM.
ra. 3, popmyast (3.20)). [Moacrasass Boipaxkenus (7.2) aas x, y, 2 B JeBYIO
yacThb (7.1), nonyuum ypasHenue S B HoBoi cucteme O’x’y’z”. D1o ypasHe-
HHE HMEeT BUJL

a1 X% + oy’? +a332% + 2001y’ + 2093y’2" +2a,3x°2" +
+2a{, X"+ 2054y" +2a5,2" + ay, =0, (7.3)
rae

Ajy =0y X+ apyo+a32p+ ayy,

34 = QypXg + Agol + Agz20 + oy,
Q34 = Q13X+ Qo3lo + Q3320 + A3y, (7.4)

aj4=a, Ix% * azzy% + a33z% +2a9x0Yo + 20934020 +

+ 2035020 + 204X + 2004y + 203420+ Qyy.

O6pamasce K ypaBHeHHIO (7.3), Mbl MOXKeM clieslaThb CJAeAYIOUHH BayKHBIH
BLIBOJ ApU NAPAALCALHOM NEePeroce Cucmembl Koopouram Koadguiyuen-
Mol epYRNbL CMAPULULX HACHOB HE USMEHAIOMCA, 4 KOIpPuyuermeor epyn-
nbl AuHelHblx Y4aeHo8 npeobpasyromea no gopmysam (7.4).
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PacemoTpuM Teneph MOBO PO T JEKAPTOBOH CHCTEMBI KOOPAHHAT.
Kak M3BeCTHO, cTapble M HOBble KOOPAMHATHI TOUKH CBSI3aHbI COOTHOLLIE-
HUSMH (cM. I 3, Gopmyasl (3.20))

x=mpyx'+mpy’+mpz’,
Y= Mo X"+ Mool " + Moz’ (7.5)
2=y x "+ Mool + mazz’,
rie m; = m; CyTh KOCHHYCbI YIJIOB, KOTOPbIe COCTABAAIT APYT € APYTOM CTa-
pele ¥ HOBBIE KOOpAHHATHLIE ocH. [ToacTaBass Bepaxenus (7.5) s x, y v 2
B JIeBYI0 4acTh (7.1) ¥ rpynnupys Ko3hPHIHeHTH IPH Pa3JIHUHBIX CTEMeHIX
x’, 4’ w2, MBl TONYYHM ypaBHeHHe S B cucTeme O'x 'y 'z’
D70 ypaBHEHHe UMeeT BHJ

a1 x? +asy’? +a332"”7 + 2af,x"y’ + 2a53y°2' + 2a(3x°2" +
+2a{,x" + 2a5,y" + 2a342" + ajy = 0. (7.6)

Jlerko yGenTbes B CIpaBe/IMBOCTH CJIELYIONLEro BazKHOIO BBIBOAA O CTPYKTY-
pe Ko3(QHUUHEHTOB a;j: npu nosopome cucmemvl KOOPOUHAM KOIGPUyUEH-
mol epynnel cmapuiux yienos ypasenus (7.6) svipasxcaomes auws wepes
BeAUHUHBL My, hueypupyoue 8 coomrouenusx (7.5), u uepes Koapuyuen-
mot epynnv. cmapuuux 4aenos ypasrenus (7.1); koagduyuenmol afy, asy, asy
ypasrenus (7.6) soipaxcaromes Autlb 4epes 8eAudHbl m;; u Koapguyu-
EHMbL Ay, Aoy, A3y ypasrenus (7.1); c60600wbLL ureH He usmensemcs (m.e.
@4y = Qyy). TIpH 3TOM, ecau 8 ucxodHoM ypasHeruu sce KOIP@uyuermol
@4, Aoy, A3y OBLAL PABHBL HYAIO, MO BCe KOIDuyuenmol aly, Asy, A3y MAKNE
6ydym paeHol Hyato. V13 BHIBOIOB 3TOTO MyHKTA CJIEYET, UTO nymem napai-
ACABHBLY NEPEHOCO8 MONCHO YNPOULamb epynny AUHelHbLX YAeHO8 YpasHe-
Hus (7.1), He MeHas npu IMOM KOIPHUYUeHmOos 2pynnbl CMAPULLX Yae-
HO8, @ NYymem NnosoPOMO8 CUCMEMbL MONCHO YNPouwyamo epynny Cmapuix
YACHOB IMO20 YPABHEHUA.

2. MaBapuaHThl ypaBHEHHS MOBEPXHOCTH BTOporo nopsaka. Crpa-
BE/IMBO CJelylolee YTBePIK/AEHHe:

Beaununot

an Ay
Iy =ay +ay +ag, I, =

Gy @y

(3

ay 4 4
I3 =|ay, ay ay|, 1=
Qi3 Qg3 Gy

a6aaiomca unsapuanmamu ypasrenus (7.1) nosepxrocmu 8mopoeo nopad-
KQ OMHOCUMENbHO npeobpa3osanull 0ekapmosoil Cucmemol KoOOpouHam.
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Jloka3aTesbCTBO 3TOTO YTBEPIKIEHHUS TIPHBEIEHO B BEIMYCKe «/IMHeHHAas
ajre6pa» HaCTOALIETO Kypca.

3. LleHTp noBepXHOCTH BTOPOro nopsiaka. [lonsiraemcs HaTH Ta-
KYI0 leKapToBYy cHcTeMy KoopauHat O x 'y 'z’ (mosiydeHHY10 napaJJie/bHbM
nepeHocoM cucteMel Oxyz), B KOTOPOH ypaBHeHHe (7.3) 1aHHOH NoBepXHOC-
1 S BTOpOro nopsiika He cofiepxKasno Oul caaraeMeix 2a,x’, 2aq,y’ n2a3,2”,
T.€. KOI(QULUHEHTD &y, Aoy U Q44 OblIK Obl paBHbl HYJ110. [TyCTh X, Yo U 2 —
KoopanHaThl Havyansa O’ uckomol cuctemsl. Obpauasch Kk popmynam (7.4),
HaWJeM, UTO BeJIMUMHBI Xg, Yo, 2o NPEACTABISIOT cO00H pelleHHe caeaylo-
IeH CHCTEMBI JHHEHHBIX YPaBHEHHH:

apXo+ aoyo+a3zg+a; =0,
a9Xy + A9olfp b i 932 + Aoy = 0, (77)
ay3xo + Aozl + A3329 + az = 0.

YpaBHeHust (7.7) Ha3bIBAIOTCH YPABHEHUAMI UCHMPA NOBEPXHOCMU BIMO-
poeo nopsadka, a Touka O’ ¢ KoOpAMHATAMH (Xg, Yo, 20), THE Xg, Yo ¥ 2y — pellie-
HHA cHCTeMbl (7.7), HA3BIBAETCSH YeHMPOM ITOH MOBEPXHOCTH.

JlonycTiM, 4To NOBEPXHOCTL S BTOpOro nopsiika umeer ueHtp O (1.e.
cuctema (7.7) umeeT pemieHue (xg, Yo, 2p)). [lepeHecem Hauan0 KOOPAHHAT B
neHtp O’. Tak Kak npH napajiensHOM nepeHoce KO3(GHIHEeHTh TPyInbl
CTAPLIXX YJIEHOB HE H3MEHAIOTCH U HAYaJ10 KOOPAUHAT IePeHOCHTCH B LIEHTD,
TO YpaBHeHHe NMOBePXHOCTH S B cHcTeMe O'x 'y 2" npuMer BUI

A X" + Ayl +a332" + 2af,x"y +
+2a5,4'2" + 2a]3x"y" + ay, = 0. (7.77)

OueBnano, ecau Touka M (x’, y’, 2”) pacnonokeHa Ha noBepxHocTH S (T.e.
ee KoopauHatel x”, y’, 2’ ynoBiaeTBopsioT ypasHeHuo (7.7)), To U TouKa
M*(—x', —y’, —2"), cummeTpruHas ¢ M oTHOCHTesbHO O, TakxKe pacrnoJo-
Kena Ha S. Takum o6pa3oM, ec/iH y TTOBepXHOCTH S cylecTByeT ueHtp O,
TO OMHOCUMELLHO YeHmpa MouKi S pacnoia2aromes CUMMempUiHbimMuy
napamu, m.e. UeHmp NOBEPXHOCML SBARCMCS ee eHMPOM CUMMEMPUL.

Hamiume neHTpa y moBepXHOCTH BTOPOTO TOPSIIKA CBSI3aHO C paspellu-
MOCTbIO YpaBHeHHH LeHTpa (7.7). Ecau ypasHenus yenmpa umerom eoun-
CMBeHHOe pellenie, mo nosepxHocms S emopoeo nopadka bydem Hasol-
gamo yeHmpaibHoi').

OTMETHM, YTO YEHMPAALLHLIMU NOBEPXHOCMAMU ABALIOMCA AULLL ME,
daf Komopolx unsapuanm 3 omauuer om Hyas, 160 3TOT UHBAPUAHT pa-
BeH ONpeje/uTeNt0 cieTeMbl (7.7) ypaBHEHUH 1eHTpa.

4. CrangapTHOe ynpolleHHe J0060ro ypaBHeHHs NOBEPXHOCTH
BTOPOTO NMOPAJAKa MyTeM nosBopora oceil. [lokaxeMm, 4To B HeKomopol

') Takum 06pasom, LEHTPAIbHAS IOBEPXHOCT HMEET EIHHCTBEHHBIH HEHTP.
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dexapmosol npAMOY20AbHOL clicmeme KOOPAUHAm YpasHerue OaHHOL no-
gepxnocmu S 8mopo2o nopadka we codepucum ciaeaemolx 2a:x’y’,
2a5y’2" u 2alx’2’, m.e. & ypasrenuu nosepxrnocmu S Koagduyuenmor
Qla, Q33 U Q{3 PABHLL HYAIO,

O6o3HauuM yepes F rpynny cTapliux 4ieHoB ypaBHenus (7.1)

F=a ,x2 + aggyg * a3322 +2a0xy + 2a53y2 + 2a3x2, (7.8)

M pacCMOTPHM 3HaYeHust I B TOuKax cepsl T pajuyca 1 ¢ LeHTpoM B HavaJle
KOOpAMHAT. FIHBIMH C/10BaMH, pacCMOTPHM 3HaueHus P (x, y, 2) 175 BceX TexX
3HAYeHHIl X, y U 2, KOTOPbIe CBA3aHbl COOTHOLIEHHEM ')
L4yt =1. (7.9)
[Tyctb P — Ta TO4Ka cepsl T, B KOTOPOH 3Ha4yeHue F (x, y, 2) sBJAsSeTCA MaK-
cuMasbHbIM ). Hanpasum HoByIo och Oz’ H3 Haua/1a KOOPAHHAT B TOUKY P, a
ocu Ox’ u Oy’ neprnennukynsipHo ocu Oz”. O4eBHIHO, B CHCTEME KOOPIH-
Hat Ox’y’z" Touxa P umeer koopauHathl (0, 0, 1).
Tak kax B HoBOH cucTeMe koopauHaT O 'x 'y 'z’ Bepakenue nis F umeer
3
BHI °)

F=a]x"? +aboy’® + a532"% + 2afox’y’ + 20502 + 252’7,  (7.10)
a cepa T onpesessieTcs ypaBHeHHeM

Py +z2? =), (7.11)

TO 3HauyeHHs F B TOYKAX T MOTYT GbiTb MoJy4deHbl ¢ noMoubio (7.10) miga
BCeX Tex 3HaueHWH (x’, y’, 2’), KoTopele cBA3aHbl cooTHOWeHHeM (7.11). B
YaCcTHOCTH, MaKCHMaJbHOe 3HaueHue [ Oyner B Touke (0, 0, 1).

Y6enumcsi, yTo B BeipaxKeHHH (7.10) rpynnbl cTapLIHX Y/1€HOB B CHCTEMe
Ox’y’z" KoahULHEHTD! Qg3 U @3 paBHBE Hyqw0. JlokaxeM, HanpuMep, 4TO
a3 =0 (10Ka3aTeJqbCTBO PAaBEHCTBA g3 =0 NPOBOMMTCS aHasoruuHo). [Jsi
3TOH IEJH PacCMOTPHM 3HAUeHHs F B TOUKAX OKPYMHKHOCTH L, SBASOIIEHCS
JuHKHel nepecevyenus chepst (7.11) ¢ maockoeteio y” =0, T.€. ¢ MJIOCKOCTLIO
Ox 'z’ IlycTe © — yroa, KOoTOpeIi 06pasyeT painyc-BeKTop TOUKH M Ha Ok-
py:kHocTH L ¢ ocblo Oz . Koopauuatel x”, y’, 2" Touku M, oueBHIHO, PaBHEL

x'=sin®, y'=0, z'=cos6. (7.12)

") Coornowenne (7.9) npeacrariser coGoil ypasHenue cephl panuyca | ¢ UeHTPoM B Ha-
qaje KOOpAHHAT.

%) Cipepa m siBaisieTesl 3aMKHYTHIM OFPAHHUEHHBIM MHOXKECTBOM H CJIYIKHT 00/1aCThio 3a1a-
HHsl HenpepLIBHOH (PYHKLUHKH F Tpex nepeMeHHbIX X, y H 2. OTCI0fa cllefyeT CyllecTBOBaHHe Ha
ctpepe mTako# Touku P, B KoTopoit I HMeeT MakcuMabHOe 3HaUente (eM. BuiT. | Kypea, . 14,
Teopemy 14.7).

%) Hanomuum, 4To npu noBopote Kos((QUUHEHTE FPYTINL CTAPIIHX WICHOB BLPAKAIOTCH
JIHIIb Yepe3 BeJHUHHBL M, ,, PHTYyPHPYIOLIHE B COOTHOLIEHHSAX (7.5), H uepe3 Koa(hHIHEHTH
PYNb CTAPUIMX WIeHOB B Bhpaxenun (7.8) (cm. n. | s1oro naparpadga).
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[Momcrapasas sty aHadeHus X', y' u 2’ 8 (7.10), nony4yum caemymoiiee Boipa-
KeHue ang F B Toukax L:

F = af, sin® 8 + aj}; cos® 0 + 2a/; sin@cosH =

’ ’ ’
a;, + as. Aqq —
11 33 33

: 41 00520 + als sin 26. (7.13)

Taxkum o6pasom, 3HaueHus F B Toukax L MOryT ObiThb NpejJcTaBJieHbl B BU/e
¢pyHkumH (7.13) yraa 8. dta pynkuus umeet npu 6 = 0 MakcHManbHOe 3Ha-
yeHHe (43 popmy. (7.12) caenyet, uto 3HadeHHio O =0 oTBeuaeT TouKa ¢
koopauHatamu (0, 0, 1), B koTopo#i 3Hauenne F MakcuManbHo). OTCHOIA BBI-
TeKaeT, 4To npousBoAHas GpyHkuud (7.13) paBHa HyJi0 B Touke 6 =0. dud-
(pepentupys (7.13) mo 6 1 nonaras B NoayueHHOM BhipaxeHHH 6 =0, nony-
YHM paBeHcTBO 2a/3 =0, U3 KOTOPOTO BLITEKAET PABEHCTBO HYJI0 KO3 (H-
uMeHTa a 3. Jlng nokasaTesbcTBa paBeHCTBA Qg3 =0 HYKHO paccMOTPeThb
3HaueHHs F Ha OKpY»KHOCTH N, SB/AIOIIEHCH JHHUEH NepeceyeHus cgepsl
(7.11) c iockoceThbio x =0, ¥ TOBTOPHTL NPOBEIEHHBIE BBILLIE PACCYHICHHUS.
Wrak, B cucteMe koopaunat Ox’y’z’ rpynna F cTapiiux 4leHOB ypaBHEHHS
MOBEPXHOCTH S BTOPOro NOPSAAKA HMeeT BUJL

F =al’1x’2 +2al’2x'y’+a§2y’2 +a;§32’2, (7.14)

npuueM Ha Bui6op oceil Ox " u Oy’ He HaKJI2IBIBAIOCH HUKAKHX TPeOOBaAHHI,
KpoMe TpefoBaHHH TMeprneHAUKyAgpHOCTH ocH Oz’. MHBIMH cJI0BaMH, TPH
nosopoTe cucteMbl Ox 'y ‘2z’ Bokpyr ocn Oz’ Ha J060# yroa rpynna F crap-
X 4aeHoB Gyner umeTh BHA (7.14). [Tpu 3Tom Koopauuatsl x” 1 y” mpeod-
pasyioTcst 1o opMyiaM MOBOPOTA CHCTEMBI KOOPAHHAT Ha MJIOCKOCTH, & KO-
opanHaTa 2’ He MeHsieTcsl. [109TOMY MOXKHO BBIOPATh TAKYIO CHCTEMY KOOp-
[AMHAT, B KOTOPOH KOaDDOHULUMEHT afs npu npousseineHnn x’y’ dyner pasen
HYJTIO.

Hrak, Mbl yGeqHIHCh B TOM, UTO CYuiecmayem maKas Cucmema npamo-
yeonvrolx dekapmosuvlx koopdunam Ox'y’z’, 8 Komopoil ypasrexue no-
gepxHocmu S umeem sud

a1 X% + aboy’? + 0432”7 + 2] x" + 2ab,y" + 20542 +ajy =0. (7.15)

[TpuBenenue ypasuenus (7.1) nopepxuoctu S x Buay (7.15) mul 6ynem Hasbl-
BaTh CMAHOQPMHLIM YAPOWEHUEM YPABHEHUS NOBEPXHOCMU.

§ 2. Knaccudmkauus noBepxHocTeid BToporo nopsjaka

1. Knaccudukanus HeHTpanbHbIX NoBepxHocTel. [Tycth S — 1eHT-
paJjibHas MOBEPXHOCTb BTOPOro nopsinka. [lepeHeceM Hayano KOOPAMHAT B
LEeHTP 3TOH TOBEPXHOCTH, a 3aTeM NPOM3BEJeM CTAHJAPTHOE YIPOIIEeHHe
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ypaBHeHHs 3T0H nopepxHocTH. Menoabsys seisoas nint. 1, 3 u 4 § 1 3701 raa-
BHI, JIeTKO YOEIHTbCS, YTO B pe3y/ibTaTe yKa3aHHLIX Onepauui ypaBHeHHe
TMOBEPXHOCTH MPHMET BHI ')

a]|x2+a22y2+a3322+ a44=0. (7]6)

Tak kak HHBapHAHT [y /1S LEHTPANLHOH TIOBEPXHOCTH OTJIHYEH OT HYJS H €ro
3HAYeHHe, BLIUHCJIEHHOE 171 ypaBHeHust (7.16), paBHO @ - @y - Q33, TO KO-
(HLHEHTBI @)}, Gy W Q33 YIOBJIETBOPSIOT YCIOBHIO

a“¢0, a22¢0, a33¢0. (717)

BoamoxHBI caeayoLine cayuau.

1°. Koaggpuyuenmot a,y, @y, a33 00H020 3HAKA, @ KOIPHUUUEHM Q44
omauder om Hyafs. B 3TOM c/yyae NOBepPXHOCTb S HA3bIBAETCS 3AAUMN-
coudom.

Eciiu KO3 UUHEHTBL @), Ao, A33, @yq 00HO20 3HAKA, TO JeBas 4acThb
(7.16) HU pU KaKUX 3HAYEHMSX X, Y/, 2 He oOpalllaeTcs B HYJIb, T.e. ypaBHe-
HHIO TIOBEPXHOCTH S He YIOBJIeTBOPSIIOT KOOPIHHATH HUKAKOH TOUKH. B atom
c/lyyae TMOBEPXHOCTb S HA3bIBACTCH MHUMbBLM INAUNCOUOOM.

Ecun 3HaKk K0IDGDULUHEHTOB @), Aoy, (33 TPOTHBOIOJOXKEH 3HAKY KOI(-
(HLHeHTa a4, TO TIOBEPXHOCTL S HA3BIBACTCS BEU{ECMBEHHbIM IAAUNCOU-
dom. B panbHeieM TepMHHOM «3JJIHIICOUI» GyleM Ha3blBaThb JHIIb Beue-
CMBEHHbLI 3AAUNCOUD.

OO0BIYHO ypaBHEHHE IJIJIHICOKIA 3aIIHCHIBAIOT B KAHOHHUECKOH (opme.
OUeBHIHO, YHCAA —Q44/ )|, —Q4q/ @99, =44/ 33 TOJOKHTENBHEL %), OGO3Ha-
YMM STH UMC/IA COOTBETCTBeHHO a’, b, ¢’ [locste Hec/10KHBIX npeoGpa3osa-
HHUH ypaBHeHHe 3/utHncouna (7.16) MoxkHO 3amucath B caenyonmed Gopme:

i
—+

]u:
]N

2 2 2
+ =
2 b

Y paBHenue (7.18) HasbIBaeTCS] KAHOHUHECKUM YpasHEeHUEM IAAUNCOUOa.

Ecau annuncous 3aaaH CBOMM KaHOHHYeCKHM ypaBHeHueM (7.18), To ocH
Ox, Oy v Oz HA3LIBAKOTCS €T0 2AABHBIMIU OCAMLU.

2°. H3 uemoipex Ko3@@uiyuenmos a,,, aqs, ds3, Qyq 08a 00HOEO 3HAKA, A
dsa dpyeux — npomusonoAoKHo2o. B 3ToM cilyuae NOBepXHOCTb S Ha3bl-
BaeTCs 00HONOAOCHMHbIM 2unepboioudom.

OGBIMHO ypaBHEHHE OJHOINOJIOCTHOTO THIePBOIOHIA 3aMHCHIBAIOT B Ka-
HoHuueckoi (opme. [lycTth, paau onpenesneHHoCTH, a,, >0, ay >0, az <0,
a44 < 0. Torpa uucna —ayy/a,;, —Qyy/@os, Qy4q/as3 NONOKUTENEHBEL O603Ha-
UMM 3TH UHCJIa COOTBETCTBEHHO a’, b*, . TToc/le HeCI0XKHBIX MpeoGpasoBa-

(7.18)

[
©
(5]

o

') [pu 910M oKOHUATEALHYIO CHCTEMY KOOPAMHAT Mbl 0G03Haunm Oxyz.

2 ~

%) Corntacto (7.17) W onpeneneHnio 0UMICONAE KOIOMUUMEHTHE 4y, dss, As, Ay HE PAB-
Hbl HYJIIO M 3HAK @44 NPOTHBONON0XKEH 3HAKY @) |, @99, A3
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HUH ypaBHenHe (7.16) ogHonosocTHOro runepbosonsia MOXKHO 3aMicaTth B
clenyiouei gopme:
2 2 2
X 2
—+y~—~=l. (7.19)

2
a® bt

YpaBHenue (7.19) Ha3BIBACTCS KAHOWUHYECKUM YPABHEHUEM OOHONOAOCM-
Hoeo eunepborouda.

Ecau ofHOMOMOCTHEIHA THIIepOOION] 3a/laH CBOMM KAaHOHMYECKHM ypaB-
HenueM (7.19), To ocu Ox, Oy u Oz HA3BIBAIOTCS €TI0 2AABHbIMIL OCAMU.

3ameuanune |.Ecausnaku koaUIMEHTOB @, Qs, Q33, dyq PACTIPE-
IeJeHBl HHave, YeM B PaCCMOTPEHHOM CJydae, TO KaHOHHUECKOe ypaBHEHHe
(17.19) serko mMozkeT ObITh NMOMYHEHO MyTEM NepeHMeHOBAHHS OCeH KOOpMHAT.

3°. 3HaKk 00HOe0 U3 nepsvlx Mpex KoIPPuUUeHmos ay,, @y, Uss, Ay
NPOMUBONOAONEH 3HAKY OCMAAbHLLX KO3 puyuenmos. B 3ToM ciyyae mno-
BePXHOCTb S HasblBaeTcs 08YNoA0CmHbIM eunepboioudom.

3anuiieM ypaBHeHHe IBYNOJOCTHOrO rHIepbosiona B KaHOHHYEeCKOH
(popme. IlycTs pamu onpeneneHHocTH ap; <0, agp <0, azz>0, a,4 <0. Torpa
asu/ay, >0, aﬂ,/agl? >0, —a44/a33 > 0. O603HAUMM ITH YMCIA COOTBETCTBEH-
HO uepe3 a’, b”, ¢". [Toc/le HeCOXKHBIX peoGpasoBanuii ypapHenue (7.16)

IBYIOJIOCTHOIO TUNepOo/oM1a MOKHO 3aNUCaTh B C/enyiolleld (opme:
2 2 2
gl ), (7.20)
a® b°
Ypasuenue (7.20) HasbIBaeTCS KAHOHUYECKUM YpaBHeHUeM 08Ynoaiocm-
Hoeo eunepboaouda.

Ecau apynosocTHblH runepboson 3aaH CBOMM KAHOHHYECKHM ypaBHe-
HieM, To ocH Ox, Oy 1 Oz HA3LIBAIOTCS €T0 eAABHbIMIU OCAMLU.

3ameuanune 2. Ecau sHakn ko9 HIMEHTOB @, Gy, Q33, dqq PACTIPE-
[eJIeHbl HHaYe, YeM B PACCMOTPEHHOM c/ydae, TO KAHOHHYECKOEe ypaBHeHHe
(7.20) sierko MoxKeT ObITh MOJYUEHO NYTEM eperMeHOBAHHS 0CeH KOOPAHHAT.

4°. Koagpgpuyuenm ay, pasei nyawo. B aTom caydae nosepxHocTs S Ha-
3LIBAETCS KOHYCOM BMOPO20 NOpsadKa.

Ecau koapduumenTsl @), ds, a3 ONHOTO 3HAKa, TO JeBas 4acTb (7.16)
ofpauaercs B HyJb (@, =0) auub aasg x=y=2=0, T. e. ypaBHeHHUIO TI0-
BEPXHOCTH S YIOBJIETBOPSIOT KOOPAHHATHI TOJILKO OOHOH TOUKH. B 3TOM Caty-
Yyae MoOBepPXHOCTh S HAa3LIBAGTCH MHUMbIM KOHYCOM 8mOpo2o nopadka. Ecan
KOI(OUIHEHTHI @, @y, @33 HMEIOT pa3Hble 3HAKH, TO MOBEPXHOCTb S §B-
JISIETCS 8ELUYECMBEHHbIM KOHYCOM BTOPOTO MOPSIIKA.

OGBIUHO ypaBHEHHEe BellleCTBEHHOro KOHyca BTOPOTO MOPSi/KA 3aMUChl-
BaIOT B KaHOHHYecKoH (opme. [TycTn pagu onpenenentoctu a;, >0, ay > 0,
as3 < 0. OBoznaunm 1/ay;, 1/as, —1/as; COOTBETCTBEHHO Yepe3 a, B, &
Torna ypasuenue (7.16) MoxHO 3anucaTh B BHE

2

=

+ =0. (7.21)

s:.|><
(-3 [3~]
|
nlN
[3-] -]

<
[
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YpaeHeHue (7.2]) Ha3bIBAETCS KAHOHUHECKUM YPABHEHUCM BEULLCMBEH-
HO2O KOHYCQ 8MOP020 NOPAOKQ.

3ameyaHue 3. Ecayu 3HaKH KOI(D(DULHEHTOB @y, Agy, G35 PACTIpEse-
JIeHBl MHAYe, YeM B pacCMOTPEHHOM C/Tyuae, To KaHOHHYecKoe ypaBHeHHe (7.21)
JIETKO MOKET ObITh MOJYYEHO MyTeM NMeperMeHOBAHUS OCeH KOOPIMHAT.

3amevyanue 4. B caepyoouem naparpade Mbl I0KaxeM, 4TO Bellle-
CTBEHHbIH KOHYC BTOPOTro Nnopsaka o6pa3oBaH NPsSMbIMH JHHHAMH, NPOXOAS-
LIUMH depe3 (PHKCHPOBAHHYIO TOYKY.

2. Knaccugpukanus HelleHTPaJbHBIX MOBEPXHOCTEH BTOPOro mno-
panka. [lycte S — HeleHTpasbHAs TOBEPXHOCTH BTOPOTO MOPSIIKA, T.€. 110-
BEPXHOCTD, JJIS1 KOTOPOH MHBAPHAHT [ paBeH Hymwo (cM. n. 3 § | 3T0# roa-
Bbl). [IpousBesemM cTaHaapTHOE YIpPOLEHHe YPaBHeHHS TOH MOBEPXHOCTH.
B pesyabrate ypaBHeHue noBepxHocTH npuMet BHA (7.15). Tak kak unBapu-
aHT /3;=0 u ero 3HaueHHe, BLIUUCJIEHHOE 5 ypaBHeHHs (7.15), paBHO
@i+ Qgs+ @jy TO ONMH HJIH 1B M3 KOS (DHIHEHTOB @), Gy, Q43 PABHBI HYJIO |).
B cooTBeTCTBHM C 9TUM PACCMOTPUM CJe/yIOLHe BO3MOXKHEIE CJYUaH.

1°. O0un us Kosgpuyuenmos af|, ays, 33 pasen Hyaio. Paou onpene-
JIEHHOCTH OY/IEM CUHTATB, UTO Q53 = 0 (eC/IH paBEH HYJIIO KAKOH-THO0 Apyroi
M3 YKasaHHbIX KO3POUIMEHTOB, TO MOXKHO NMepedTH K paccMaTpUBaeMoMy
c/y4a nyTeM nepeuMeHoBaHus ocell KoopauHar). [lepeiinem ot koopauHar
X', y’, 2" K HOBBIM KOOpJHHATAM X, i/, 2 110 (hopMyJiam

, ,
x=x’+a#, y=y’+a%, 2= 2! (7.22)
4y Qa9
[Mopcraeasist x”, y’, z’, naljgennsble U3 (7.22), B seByio uacthb (7.15) 1 3ame-
HSISl 3aTeM @) Ha d;;, Ay Ha Qga, 33 HA P U Q44 HA ¢, TIOJYUHM CJeayioliee
ypaBHEHHE MOBEPXHOCTH S B HOBOH cucTeMe KoopauHat Oxyz:

ay X%+ apy’ +2pz2+q=0. (7.23)

1) Ilycmo p=0, g =0. [logepxrnocmo S pacnadaemca Ha napy NAOCKO-

cmeil
xEy-agx/a, y=0.

[1pu 3tom, oueBuIHO, 3mu naockocmu OYOYM MHUMBIMU, eCAL 3HAKW @) U
Gy OOUHAKOBGL, U BEUIECMBEHHOIMU, ECAU BHAKU Q)| U Qyy PASAULHbL.
2) Tycmo p=0, g #0. YpasHenue (7.23) npuHHMaeT BUJ

anx’ +agpy’ +q=0. (7.24)

HagectHo (cM. n. 3 § 2 ra1. 4), uto ypasnerue (7.24) agasemcs ypasHeHuem
yuaundpa ¢ obpasyrowumu, napairesvrowmi ocu Oz. TIpu aTom, ecin a,y, dyy
M ¢ UMelOT OIMHAKOBEIH 3HAK, TO JieBas 4acTk (7.24) oT/JHYHA OT HyJId 114 JI0-
ObIX X U Y, T.€. yuaundp 6ydem mrumoim. Ecin e cpend KoapHHUUHEHTOB @y,

Y Bee fnepeyrc/ieHHble Ko3MO(QHUIHEeHTB He MOTYT ObITh PABHBI HYJII0, TAK KAK [1PH peodpa-
30BaHHH KOOPIMHAT MOPANOK YPaBHEHHsl He H3MeHseTcs (CM. 1. 4).
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Q99 W § UMEIOTCS KO(PPUILIHEHTH! PA3HBIX 3HAKOB, TO LUIHHAP OyIeT BellleCTBEH-
HbIM. OTMETHM, YTO B C/yuae, KOTAa @) H @y UMEIOT OIMHAKOBbIE 3HAKH, a  —
IPOTHBOIOJIOMXKHEIH, TO iy —q/a,; ¥ —q/as; nonoxutesHsl. O603HaUas
HX COOTBETCTBEHHO yepe3 a” 1 b%, Mbl nipHBeJieM ypasHerHe (7.24) K BULY

X
~ +y—2 1.
a” b
Taxum o6pazom, B OTMEUEHHOM CJ1ydae Mbl HMEEM AAUAMULCCKUL YUAUHOP.
B cayuyae, Koraa a;; ¥ @y UMEIOT pasiH4yHble 3HAKH, NMOJYYHM eunepboau-

yeckuil yuaundp. Jlerko yoeauThesi, YTO ypaBHeHHe THMepOoMHIeCKOTO 1H-
JIHHZpPA MOKET GbITh NPHBENEHO K BHIY

(7.25)

LI O | (7.26)

3) [ycme p # 0. [lpouspeneM napaJjesbHEIl MepeHOC CHCTEMBl KOOPIH-

HAT, BBIOKWpAasi HOBOE HAYAJI10 B TOUKE ¢ KOOPJHMHATAMH (O, 0- gi .Tlpu atom
P
OCTABHMM cTapble 0603Ha4YeHHd KOOPAHHAT X, Y, 2. OueBH/IHO, /IS TOTO 4YTO-

Obl NOJMYUHTD YpaBHEHHE NOBEPXHOCTH S B HOBOH CHCTeMe KOOPAHHAT, 10C-
TAaTOYHO 3aMEHHThb B ypaBHeHHH (7.23) z Ha 2 — % 2 [Tonryuum caenyomee
ypaBHeHHe: : . P

a1 X°+agy” +2pz=0. (7.27)
Ypaeuenue (7.27) onpenensieT Tak HaswBaeMele napaboaoudsl. [puue,
eCJIH @) U dgy MMEIOT OJIMHAKOBbIH 3HAK, TO Napaboson]l Ha3biBATCS IAAUTN-

muieckum. OGBIYHO ypaBHEHHE 3/IIHITHUECKOrO Napa6o0Kaa 3alHChIBAIOT
B KaHOHHUYeCKOH (hopme:

(=]

z= "_2 + (7.28)

%[

Ypasuenue (7.28) nerxko nonydaercs us (7.27). Ecan a,; u ay umeroT pas-
Hble 3HAKH, TO NapaboJouL HaseBaeTcs cunepbosuteckusm. KanoHudeckoe
ypaBHeHHe TunepHoIHuecKoro napado/oHia UMeeT BUL
2 2
x
s 28 (7.29
a®” b
D710 ypaBHEHHE TaKxKe Jerko MoKeT ObTb nosaydeHo U3 (7.27).
2°. Jlsa uz Koagpguyuenmos ay,, ay, a3 pasuel Hyito. Pagu onpene-
JIEHHOCTH OyneM cunTath, uto af; =0 u aj, =0 (ecau paBHBI HYJI0 KaKHe-
n160 Apyrue 1Ba U3 yKa3aHHLIX KOI(POUIUHEHTOB, TO MOXKHO NMEePeHTH K pac-
CMAaTPUBAEMOMY CJyUaio MyTeM NMepeMMeHOBaHHs ocell KoopauHar). [lepedi-
nem ot x’, y’, 2’ K HOBBIM KOOPAHHATAM X, Y, 2 110 Gopmyiam
a'
x=x', y=y’, z=2"+-32, (7.30)

’

Q33
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[Moncrasasas x’, y’ n z’, naiigennsie u3 (7.30), B 1eBy10 yacTh (7.15) u 3ame-
HASl 3aTeM Q43 HA Qy3, A4 HA P, A9y HA § W @44 HA r, TIOJNYUHM Cleyloliee
ypaBHeHHe MOBEePXHOCTH S B HOBOH cucTeMe KoopauHaT Oxyz:

a3322 +2px +2qy+r=0. (7.31)

1) Mycme p=0, g=0. MoBepxHocTs S pacnadaemca wa napy napai-

AEABHBLX NAOCKOCmel
z=+\-r/ay;. (7.32)

[1pu 3TOM, OUEBHIHO, ITH HAOCKOCMU OYIYM MHUMBLMU, ECAU 3HAKW Q33 U T
00UHAKOBLL, U BEUECMEBEHHbIMU, ECAU 3HAKU Q33 U I PASAUYHBL, NPUYEM
npu r=0 3mu naocKkocmu cAUBAOMCA 8 00HY.

2) Xomasa 6ol 00un us Koagpuyuernmos p uiu q omauder om Hyais. B a-
TOM CJyYae MOBEPHEM CHCTEMY KOOPAHHAT BOKPYT ock Oz Tak, 4ToObl HOBas
ocb afcurcee cTana napajiaenbHol MaocKocTH 2px + 2qy + r=0. Jlerxo yoe-
JHTLCS, UTO IPU TAKOM BEIGOpE CHCTEMBl KOOPAHHAT, IPH YCJIOBHH COXpaHe-
HUs 0003HAUEHHS X, i W 2 [ HOBBIX KOOPAMHAT ToYek, ypaBHeHue (7.31)
NpUMeT BH[,

033224"26] ’y= 0, (733)

KOTOpOE SBJASETCS ypaBHEHHEM napafioauueckoeo yuiundpa ¢ obpasyo-
LMMH, NapaJiebHbIME HOBOK ocH Ox.

§ 3. Hccanenopanue (popMbl NOBEPXHOCTEH BTOPOro nopsaka
Mo X KAHOHUYECKHM YpaBHEHUSIM

1. nnaunconn. Jlna uccae10BaHus GOPMBI JJLTHIICOHIA 0OPATUMCS K €ro
KaHOHH4YeCcKoMY ypaBHeHHIO (7.18) (cm. 1. 1 npeavinyiero naparpada)
2 2
—+

L 3
o™,

+—=1. (7.18)

o
ro

b

W3 ypaBHenud (7.18) BoiTeKaeT, 4T0 KOOPAUHAMHbLE NAOCKOCMU ABALIOM -
CA NAOCKOCMAMU CUMMEMPUL SAAUNCOUDA, @ HAYAA0 KOOPOUHAM — YeHm-
pom cummempuu. Hucaa a, b, ¢ Ha3LIBAIOTCS NOAYOCSMU SIIHIICOMIA U TIpe]-
CTABASIOT COO0H AJMHHBL OTPE3KOR, OT HAuala KOOPAHHAT 0 TOUEK Nepece-
YeHHS MJIUNCOUAA C OCSAMU KOOPAMHAT. DJJIHIICOUA MPeiCTaBaseT co0oH
OrpaHHYeHHYIO TTOB&PXHOCTD, 3aKJI0YeHHYIO, KaK 3T0 BHAHO H3 (7.18), B na-
pannenenunene | x| €a, |y| €b, |2| €c. Urobul 6onee narasmHo npeacra-
BHUTb cebe (hOpMY 3JMUNCOMIA, BHIICHUM (OPMY JHHHH nepeceyeHHs ero
MIJ0CKOCTAMH, Mapanae/]bHbBIMHA KakoH-THO0 H3 KOODIHHATHBIX MIJIOCKOCTEH.

Paju onpeseieHHOCTH PACCMOTPUM JIMHHH L, epeceyeHus 3/IHMCOH/A
¢ TIOCKOCTSIMH

=]

z=h, (7.34)
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napaie bHBIMH II0CKOCTH Oxy. Y paBHeHHe POeKIUH L THHUH L, Ha TI10C-
KocTH Oxy mnosydaercs M3 ypaBHeHHs (7.18), ecsd MOJIOKHTL B HeM 2 = A.
Takum 06pazoM, ypaBHEHHE 3TOH NMPOEKLHU UMEET BHJ
x? yQ h’).

= = L=
a® b’ c?

2 2
a*:a,fl-”—_}. br=b 1= (7.36)
(*1id c”

TO ypaBHeHHe (7.35) MOXKHO 3aMHcaTh B BHIE

(7.35)

Ecau nonoxurs

2 2
* e ¥ 9 (7.37)

az? b*?

T.e. L}, npeactasasier co60H 3/UIHIC C MOJAYOCSAMH a* H b*, KOTOpbIe MOTYT
ObITh BEIYMCAEHE 110 hopmyiam (7.36). Tak kak L, nosydaetcs «noabeMOM»
L’ wa BeicoTy A o ock Oz (eM. (7.34)), To H L, pencTaBaseT co6o# 3JIHIIC,

[Tpeacrapienne 06 JJTHICOHIE MOXKHO MOJYUHTD CASAYIOIUM 00PA3OM.
Pacemotpum Ha niockoetd Oxy cemelcTBo aaauncos (7.37) (puc. 7.1), no-
JyocH a* U b* KOTOpBIX 3aBUCAT OT A (cM. (7.36)), U KaXKIBIH TAKOH 3JIHIC
CHAOJIUM OTMETKOH A, YKa3biBalOlIeH, HAa KaKyIo BLICOTY Mo ocH Oz 1oJKeH
OLITh «MOAHAT» ITOT MJAMIC. MBI [TOJYUUM CBOETO POJIA «KAPTY» JIHIICOU-
na. Mcrnosib3yst aTy «KapTy», JerKo NpeicTaBHThL cefe NMpPOCTPaHCTBEHHBIH
BU daauncouna. Ha puc. 7.2 u3obpaxkeH 3/IHICOUT.

Puc. 7.1 Puc. 7.2

DJITUNICOM MOXKeT OBITh MoJy4eH paBHOMEPHBIM CxKaTHEM ccpepb[ OTHO-
CHUTENILHO JBYX NepPNeHAHKYAspPHBIX miockocted. MmenHo, ecin @ — Hau-
60.IbIIAS TIOMTYOCh SJLTHTICOMIA, TO OH MOXKeT GBITh MoJydeH U3 chepsl )

x
—+=+—=

2
az CE2 a2

1) Ouermmmo, chepa npenctapaser coGoi SAMHTCOH ¢ PABHLIMH TIONYOCAMH,
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pPABHOMEPHBIM CIKATHEM €€ CHAYala OTHOCHTENBHO MA0CKOCTH Oxy ¢ Koad-
(PMLHEeHTOM CaTHs b/a, a 3aTeM OTHOCHTEJBHO MIOCKOCTH Ox2 ¢ Koadpu-
yuenmom cocamus cfa.

B 3ax/ovyeHre 0OTMETHM, UTO AUHUL Nepeceterus aNauncouda ¢ nAocKo-
cmamu npedcmasasiiom cobot AAUNCHL.

B camom nene, Takas JMHUSA NpejcTaBAseT cOO0H OrPAHHUEHHYIO JHHHIO
BTOPOTO MOPSAKA ') (OrpaHHYEHHOCTD JIHHHH BLITEKAeT H3 OrPaHHUYEHHOCTH
3JJMNCOH/A), eJIHHCTBEHHOH Xe OrpaHHYeHHOH JIMHHeH BTOPOro Mopsaka
SIBJISIETCH IJIJIHIIC.

2. I'unepGoaouaBb.

1°. Oduonoaocmusiii cunepboaroud. O6paTumes K KAHOHHYECKOMY ypaB-
HeHHio (7.19) opHOMosOCTHOTO rHNEepOONoHA

2 2 2
LR Y (7.19)
a b c
M3 ypaenenns (7.19) BeiTeKkaeT, 4To KOOpJduHamuole NAOCKOCMU ABARIOM-
€S NAOCKOCMAMIU CUMMEMPUL, 4 HAYAA0 KOOPOUHAM — LeHMpPOM CUM-
mempuu 00HOROAOCMHO20 eunepboaiouda.

PaceMoTpuM JiMHUK L, iepecedenus 0HONOJIOCTHOTO rUnepOoJon/a naoc-
KOCTSIMH 2 = A. YpaBHeHHe NPOeKUHH L) TaKOH JHHHH HA MUIOCKOCTb Oxy
nosiyyaercst u3 ypasHenus (7.19), ecsaiu nosoxuth B HeMm z = h. [Tonaras

2 2
T b =b i+ (7.38)
c c

HalgeM, 4To YpaBHeHHe 3TOH [NpOeKUHH HMeeT BH
2 2

—+L =) (7.39)
a b
T.e. L}, mpepctasssieT coBOM 3JUIMIIC C MOJYOCAMH a* H b*.

PaccMOTPHM «KapTy» pacrnooxKeHHOH Hax MaocKocTbio Oxy 4acTH OIHO-
MOJIOCTHOrO runep6o/01a 2), T.e. CeMeHCTBO 3JanncoB (7.39), KaxKabld U3
KOTOPBIX CHA0KeH OTMETKOH /1, YKa3bIBAIOLIEH, HA KAKYI0 BBICOTY 1o ocH Oz
JoJeH ObITh MOAHAT 3TOT dJaunc (puc. 7.3). Obpaluasich K KapTe 0IHOMNO-
JIOCTHOTO THMepO0oIonaa, Mbl BHIHM, UTO HAWMEHBIIHH H3 pacCMaTpPHBAEMBIX
sasuncoB (7.39) noayuaercs aas i =0 (cM. Takxke Gopmyasl (7.38)).

ATOT 3JUIMIC HasblBaeTcs eopaosoim. C yBeHUeHHEM /i pasMepsl 3/1IMICa
(7.39) HeorpaHuueHHO yBeJUUHBAOTCS. TakuM 00pa3oM, OJHOMOJIOCTHBIH I'H-

h [lpeoGpaszyem cucTeMy KOOpAMHAT TaK, 4ToOH B HOBOW cHcTeme Koopauuat Ox 'y 'z’
CeKylas MI0CKOCTh onpejensiiack ypasiendenm z” =0, [Tocae takoro npeoGpazosanus 3.1-
JIATICOMAL OY/leT ONpefessThesi ypaBHeHHeM BToporo nopsika. [Mosnarasi B 3ToOM ypaBHeHHH
2’ =0, Mbl NONYYHM ypaBHEeHHe BTOPOTo NOPS/AKA JHUHHH [epecedeHns s/THICOMAA H ITIOCKO-
ctu 2" =0.

%) PacriofioxkeHHas Mo MJI0CKOCThIO Oxy yacTb OIHOTOJOCTHOTO THIEPGONOHIE CHMMET-
pHYHA paccMaTpHBAeMOH YaCcTH OTHOCHTENBHO 3TOH MJIOCKOCTH.
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nep6oMoKL MPeICTaBASeT COOO0H TTOBEPXHOCTh, COCTOSILYIO H3 00HOL MOJ0C-
TH ¥ MOA00HYI0 TPYOKe, HeOrpaHHYEHHO PaCIlUPAIOILEHCS B MONOKHTENLHOM
M OTPHLATe/IbHOM HanpasJ/aeHHuH no ocu Oz (puc. 7.4). OTMeTHM, UTO ceueHHs
OJIHOTIOJIOCTHOTrO THNepboMonaa niaockocTi Oyz U Oxz mpeacTaBasioT cofoi
runep6oibl, onpene/seMble COOTBETCTBEHHO YPAaBHEHUAMH

['oproBoit
JUTHTIC

TR
S

TopnoBoii 3yuHnc
Puc. 7.3 Puc. 7.4

2°. llsynoaocmuotii eunepbosoud. M3 xanonudeckoro ypasHenus (7.20)
2 2 2
x z
—2+y—_2—T:—l (720)
a b g
[BYMOJOCTHOrO rHiepboJ0KHIa BEITEKART, YTO KOOPOUHAMHbLLE NAOCKOCMU
ABASIOMCA €20 NAOCKOCMAMU CUMMEMPUN, O HAYAA0 KOOpOUHam — e2o
HEHMPOM CUMMEMPUU.
JIMHUH L, nepeceyeHHs ABYII0I0CTHOrO THITe pOOJIOH 1A MJIOCKOCTAMH 2 = A
NPeACTaB/SIOT COO0H 3JIIUICH, YPABHEHHS MPOEKIHMH KOTOPLIX HA IJjoC-

KocTb Oxy MMET BU]
2 2

> _+ ¥ =g (7.40)
aa‘— b*-
rjue
h? . h?
a*=a—5-1, b"=b,—-1L (7.41)
c” c

M3 copmy. (7.41) BoiTeKaeT, UTo ceKyllas MIOCKOCTh 2 = A HAUWHAeT nepece-
KaTb IBYTOJIOCTHbIH runepGosona inib npk | A| = ¢ '). MabiMu caioBamu, B cioe
MeKJLy MJIOCKOCTAMH 2 =—C M 2= C He COIePKHTCH TOYeK paccMaTpHBaeMoi
MOBEPXHOCTH; B CHY CHMMETPHH OTHOCHTEJBHO MA0CKOCTH Oxy OHA COCTOUT
13 08yx noAocmeti, pacTioOKeHHBIX BHE YKA3aHHOTO BILLE CJI0S1.

" Tlpu || < ¢ nonkopentoe Brpaenne B GopMynax (7.41) oTpHuaTe BHO,
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Ha puc. 7.5 uzobpaxeHa «kapTa» BepXHeH MOJOCTH JBYNOJOCTHOTO I'H-
nepboaonna. M3 gopmya (7.41) caepyer, 4to Npu yBeJHYEHHH A SJJHIICH
(7.40) HeorpaHUYEHHO YBEJHUMBAIOTCS], TAK UTO N10JOCTH ABYIOJOCTHOTO TH-
nepboJiona npeacTapasioT cobol 6eckoHeuHble yamwu. Ha puc. 7.6 usobpa-
KeH JBYNOJOCTHEIHA runepoosous. OTMeTHM, UTO Ce-
YeHHS JIBYTNOJOCTHOTO THNEePGONOHIA TIOCKOCTAMH
Oyz u Oxz npeactaBasioT co0o# runepdo.IBl (CM.
puc. 7.6).

3. ITapaGosonabl.

1°. Jasunmuneckui napaboroud. Obpamasch K
KaHOHHYECKOMY YpaBHeHHIO (7.28) a/HNTHYeCKOro
napaboJsona

2 2
z=—+L, (7.28)
a~ b

\"-—

(TN
=

Puc. 7.5 Puc. 7.6

MBI BUAHM, uTO 115 Hero Oxz u Oyz A84810mca NAOCKOCMAMU CUMMEMPUN.
Ocb Oz, npeacTap/sioias JHHUIO TepeceyeHust ITHX MJIOCKOCTeH, Ha3blBaeT-
¢l 0CbI0 dnaunmuseckozo napabosouda. V3 ypasuenns (7.28) BoiTexkaer, 4To
JUIMITHIECKHH TTapabo/IOH] PacroioKeH B noaynpoctpanctee 2 = 0. JIuHHH
L, nepeceyenns 31AMNTHYECKOTO Napabo/101,1a Na0cKo-
CTSIMH 2 = A, i > 0, npeacTaBsioT OG0 3JIHIICHL, TTPOo-
eKuMH L} KoTopeix Ha muockocTH Oxy onpenensiorcs
ypaBHeHHeM

2 2
Lo (7.42)
E 4 b’:ﬂ_
rje
a*=ah, b*=bh. (7.43)

W3 dopmyasl (7.43) caenyeT, 4To NpH yBe/HYeHHH A
saauncesl (7.42) HeorpaHHYeHHO YBeJNHYUBAIOTCS, Tak
UTO VIHNTHYECKHH NMapadoson npeicTaBadeT co00H BeCKOHeUHYIO Yally.
Ha puc. 7.7 n3o0paxkeH 31JUNTHUECKHH TIapadoJIoH]L.

Puc. 7.7
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OGpaTHMCsl K CEUEHHSIM FLIHNTHYECKOTO napabo/ona NI0CKOCTIMH
Yy =hu x=Ah, napannenbHbIMH COOTBETCTBEHHO KOOPAHHATHBIM MJ0CKOCTAM
Oxz u Oyz.
[TnockocTk x = A, Hampumep, nepecekaeT IUNTHUECKHH Mapadoaons
no napaboJe ; 5
z—h—2=y—2 x=h (7.44)
a b
OuesuaHo, napadona (7.44) noayuaercss TaAKMM NapaJjie/bHBIM MepeHo-
coM napabo.ibl

2=y’ J0?, x =0, (7.45)

NpeacTaB/soLeld COO0H ceueHue LIUNTHUECKOro Napabo101aa N10CKOCThIO
x =0, npu KoTopoM ee BepiIKHA, UMetonlas KoopauHath (0, 0, 0), nepexo-
[T B TOUKY ¢ KOOpAHHATaMH (x = A, y =0, 2 =h"/a”). UHBIMH cI0BaMH, 3.4-
aunmuyeckud napaboroud obpasyemcs nymem napasieLbHoeo nepeme-
enia napaboael (7.45), koeda ee sepuwiuna dsuxemcs 80016 napabobl
z=x’/a’, y=0, npedcmasasioweii coboi cewenue IAAUNMULECKOZ0 Na-
paboarouda naockocmoro iy = 0.

CoBeplueHHO aHaJ0THYHO MOXKHO YOeIHTLCS B TOM, HTO JLIHNTHYECKHH
napa0oJ/I0H MOXKeT ObIThb MOJIyUeH MyTeM MapaJ/ie/bHOro nepeMelleHH s na-
paGo/ibl, TpejcTaB/IsolLeH co60f ceueHHe napabosouaa MJI0CKoCThiO iy =0
BIOJIb CeYeHHs MJOCKOCTbhIO X = 0.

2°. Tunepboauueckuil napaboroud. V13 KaHoHHUecKoro ypaBHeHHs (7.29)

2 2
g = x_g - 9_2 (7.29)
a b
runepbosHueckoro napaboaonia BeiTekaet, uro niockocmu Oxz u Oyz as-
anomes naockocmamu cummempui. Ocb Oz HaspiBaeTCs ocvio eunepbo-
Auveckozo napabosouda.

JIMHUK z = h nepeceueHus runepboaHUecKoro napaboJona ¢ MiIocKo-

CTAMH 2 = h npeacTaBad0T cobor npu A >0 runepdonst
2 2

;2 _bi? =1 (7.46)
¢ MOJYOCSIMH
a*=avh, b =bh (7.47)
anpu h <0 — conpsizkeHHble THMepOobl 1 runepbos (7.46)
Lol i (7.48)
a*? b*i’

C MMOJYOCAMH

a*=a~—-h, b*=bJ-h. (7.49)
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Henonways dopmyast (7.46)—(7.49), 1erko nocTpouTh «KapTy» runepdorHuec-
Koro napadosouna (puc. 7.8). OTMeTHM ellle, UTO MJI0CKOCTE 2 = () nepecexaer
rurnepOoIHiecKHi napaboou Mo ABYM MpSMbIM:

y= iEx, (7.50)
a
W3 dopmya (7.47) u (7.49) BeiTekaet, 9to npamble (7.50) aBASIOTCH acHMII-
Totamu runepbon (7.46) u (7.48).

Kapra runeposanyeckoro napadoJionsia jaeT npejcTaB/ieHue o ero rnpo-
cTpaHCTBeHHOH (opMe (puc. 7.9). Kax u B caydae saaunTH4eckoro napa6o-
Jloujia, MOKHO yOeUThCH B TOM, YTO FHNepOOoIHYeCKHH Napabo/on MoXeT
OBITH TOJYYeH MyTeM napaJ/iej]bHOro nepemelleHHs napadoJsl, NpeacTas-
Jgswulei coboi cevenue naockoctbio Oxz (Oyz), Korjga ee BepllHHA JBU-
JKEeTCs BAOJb apadodibl, ABJAILEHCH ceueHHeM napabo/ionia Nao0cKoCTbIO
Oyz (Ox2).

Puc. 7.8 Puc. 7.9

4. KoHyC ¥ HIWJIUHAPBI BTOPOTO MOPAIKA.
1°. Konyc smopoeo nopsdxa. B npeabiayuiem naparpade Mbl Ha3BaJu
BEIlleCTBEHHLIM KOHYCOM BTOPOrO MOPSKa NMOBEPXHOCTh S, ONpefe/seMyr
ypaBHeHHeM (7.21):
P
AT R
Y6enumcs, uTO BeUIECTBEHHBIH KOHYC S 06pasosan npamoimu AUHUAML,
npoxodaujumu uepes Hawaro O koopduram. EcTeCTBeHHO Ha3bBaTh TOU-
Ky O 6epulunoil Konyca.
Jlns nokasarenbeTBa cOpPMYIHPOBAHHOTO YTBEPAK/EHHS, OUEBHUIHO, J10-
CTATOYHO YCTAHOBHTL, UTO NMpaAMas L, coegHHAIONLAA MPOH3BOALHYIO, OT-
JHYHYIO OT Hauana KoopAuHAT TouKy My(xg, Yo, 29) KOHYyca (7.21) u Haua-

J0 KoopauHat O (puc. 7.10), nesHkom pacrnoJaraeTcs Ha KOHyce, T.e. KO-
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OpAHHATH (X, , 2) J000H Touku M npaMol L yIOBIeTBOPSAIOT YpaBHEHHIO
(7.21).
Tak kak Touka My(xg, Yo, 2g) JEXKUT HA KOHyce (7.21), TO

2 2 2

x—f’+y—f’—z—‘?=0. (7.51) 2

a2 b! C')
Koopaunartsl (x, y, 2) modoi Touku M npamoit L
paBHBI COOTBETCTBEHHO f X, tYq, 2y, THE I —
HekoTopoe uucao. [loncrapnsas 9TH 3HAUEHHS
IS X, {/ § 2 B JIEBYI0 4acTh (7.21), BuiHOCS ¢ 232
CKOOKH M yuuThIiBad (7.51), Mbl yBeauMcs B TOM,
yro M nexkuT Ha KoHyce. Takum o6pasom, yTBepiK-
IeHHe nokasaHo. [Ipencrasienne o hopme KOHY-
ca MoxeT ObIThb MOJYYeHO METOLOM CeueHHH.
Jlerko yGeauThes, UTo ceyeHUs KOHYca MI0CKo-
CTAMH 2 =/ NPeACTABJASIOT COBOH 3JJIHICH ¢

M(x,y,2)
M, (X, Yor 20)

a b
noayocsamu a*=—h, b*=—h.
c ¢

2°. Huaundper smopoeo nopadka. B npo- Puc. 7.10
necce KJaccu(UKaIUMK TOBEPXHOCTEH BTOPOTO
NOPsiIKa HAM BCTPETHINCh dALUNMUUECKUL, 2unepboaLtecKul W napa-
boautecKutl yuaundpol. Y paBHeHUs STUX MOBEPXHOCTEH COOTBETCTBEHHO

HMET BU]J
2 2 2 2
:_2+‘z—2:1! :—2—%:1' y2:2pxl). (752)

Pucynok 7.11 naer npeactaB/ieH#e o opme 3THX LHJHHIPOB.

X

X
DAMUNTHYCCKH [Munepbonuueckmit [Mapabonnueckmii
LUUITHHAD UMIMHAD LUWIHHAD

Puc. 7.11

') Ypasrense napaGoanueckoro WHIHHIPA y = 2pX JIeTKO [0ydaeTcs u3 ypapaetus (7.33)
MyTeM NepeHMeHOBaHHS 0CeH KOOPAWHAT H MPOCTHIX aPU(PMETHUECKHX ONepaLHi.
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3aMeTHM, uTO UMAMHAPE! (7.52) COCTOSAT U3 NPAMBIX JHUHUH, MapalIe/b-
HBIX ocH Oz.

5. [IpsiMmoauHeliHble 00pa3yioLMe NOBEPXHOCTEH BTOPOTO MOPAL-
Ka. Kpome KoHyca H LIMJIHHIPOB, NOBEPXHOCTAMH BTOPOTO NOPSIKA, COCTOR-
IIUMH M3 MPSIMOJHHEHHBIX 00pa3yIolKX, ABASIOTCS OJAHONOJOCTHBIH TUIep-
fosioun ¥ runepdoauueckud napadosoun. bosee TouHO, cnpaBenauBo cJe-
Lylollee yTBepKIeHHe.

Yepes kaucdyro mouky odHonoaocmuo2o eunepbosouda u eunepboau-
yecko2o napaborouda npoxodam 08e paziudHble NPAMbLE AUHUL, Uell-
KOM PACROAQEARUWUECA HA YKAZAHHBIX NOBEPXHOCTLAX.

Taxum o6pasom, odHonosocmAoll eunepboioud u eunepboiuecKull
napaboroud NOKPoLmol 0BYMA PAAUYHEIMU CEMCUCMBAMU NP AMOLLUHEL -
Hoix obpasyrowux. Ha pucynkax 7.12 u 7.13 nokasaHo pacnosoxeHue nps-
MOJIMHEHHBIX 00pa3yIOLIMX COOTBETCTBEHHO HA OLHONOJOCTHOM runepbo-
JIOWJe ¥ runepOoHYecKom napadoone.

B

Pue. 7.12 Pue. 7.13

PaccmoTpuM cHaua/na ofHONOMOCTHLIH rUnepOoMoH, 3a1aHHbBIH CBOUM
KAHOHUYECKHM yPaBHEHHEM

2 2 2
X- y' 2 _
OueBHaHO, a0bas npamad [, onpegenseMas Kak JHHHA NepeceyeH s M10¢-
KOCTeH
f—f=h(1—i), 1(5+f)=1+2, (7.53)
& e b a ¢ b

Npu J000M OTJHYHOM OT HYJIsl 3HAUEHHH A LEJHKOM pacroJfiaraercst Ha I'H-
nepboaouge (7.19), ubo ypaBuenue (7.19) npencrasasier coGoi anredpau-
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YyecKoe CJIeICTBHE ypaBHeHUH (7.53) (yparHenue (7.19) noayuaercs U3 ypae-

HeHuH (7.53) nytem ux nepemHoxkenus). [lpamas I l—% =0, L3220
a C

COOTBETCTBYeT ypaBHeHHsM (7.53) npu A = co. TouHO Tak e Jerko yoeauThes,
uTto J0bag npamas [, onpegenseMas Kak JHHUA epecevyeHns MmIoCKoCTeN

f—E=?u(l+£), l(£+5)=1—£,
a ¢ b a ¢ b

x oz
Kyja BKJalouaercs npsmas [ : 1+ Y-0 L+2=0, COOTBETCTBYIOLIAS
a c

A =00, MpH JM1000M 3HaYeHUH A pacronaraercs Ha rumep6onouae (7.19).

Hetpyano 3aMeTHTh, yTo npaMbie [ 1 [} pasawgns. Takum oGpa3om, Ha
OIHOTIOJIOCTHOM THITepBOI0N/e HMEIOTCS 1BA PA3JIHYHBIX CEMEHCTBA MPAMBIX
I, u I}, Jlnda 3aBepiueHus 10Ka3aTe/bCTBa YTBEPKACHHS 10CTaTOMHO y6e-
OHTLCS, YTO Yepes 06y TOUKy THnepboaouIa NPOXOIHT HEKOTopas mps-
Mast cemeiicta I M HekoTopasi npsiMas ceMeiictsa 5. Mbl orpannuumes
JOKA3aTe/IbCTBOM 3TOFO JIHLIE A5 cemericTsa Iy, ubo pis cemeiicrsa I 1o-
Ka3aTeJbCTBO aHAJOHYHO.

IMycts Touka My(xg, 4o, 2p) HaxoauTes Ha runepboaounse (7.20), Tak uro

2 2 2
S - (7.54)
a b c

Ecau touka My nexut Ha npamon I'. uau I, To yTBep:KIeHHe OUeBH]-
HO. B mpoTuBHOM cayuae BEIGepeM TaKOe 3HAUEHHE A, UTOOHI UHCIA Xg, Yo, 2o
VOBJETBOPSIH MEePBOMY H3 ypaBHeHHH (7.53), H 0603HAaUHM ero uepes Ag.
Taxum obpasom,

X 2
L. BN (1 —%0] (7.55)

a c

Y6enumcst, uTO IpH BEIOPAHHOM 3HAUEHHH A = Ay UHCJIA Xg, Yo, 29 YAOBJIETBO-
PSAIIOT M BTOPOMY U3 ypaBHeHHH (7.53), uto o3HauaeT, uto Touxa My(xg, Yo, 20),
NpUHALIeKaLLas runepooJOnLy, TTPHHALIEKHT TaKkKe W psaMoi (7.53).
MonyeTtuM, 4To 310 He TakK. Toraa

AO("—MZ—OJ;&H%’. (7.56)

a Cc

[Tepemuoxkast (7.55) u (7.56), MoJyIHM HepaBEHCTBO

2 2 2
Xo & Yoy
_‘J__Qil_—'z’
a- ¢ b
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KOTOpPOe MPOTHBOPEUHT COOTHOWEeHHIO (7.54). Takum obpasom, npsimas I,
pacrnosnaraercsl Ha runepdoJioHie W MPOXOAMT Yepes 3aaHHYI0 ero TOUKY
Mo(x0, Yo, 20)-
CoBepllIeHHO aHAJIOTHYHO PACcCyaasi, MOXKHO yOeIUThCs, 4TO runepoo-
2 2
Y

. X .
JIMYeCKHH napabo/ion z = — ——7 TOKPBIT IBYMsl CeMeHCTBAMH NPSMbIX
a b

IT, u [T}, KOTOpBIe COOTBETCTBEHHO 33[aI0TCsl YPABHEHHAMH

z=x("+y), PR
b b

a a

z=7\.(f—£),k:£+£, rie A€ (-oo, 0).
a b a b



NPUJIOKEHHE

IPOBJIEMbI OCHOBAHUH TEOMETPHH
H OBOCHOBAHHSA METOJA KOOPJIHHAT

§ 1. AKCHOMBI 3JIeMEHTAPHOI reoMeTpPHH

Bynem paccmaTtpuBaTh TPHM MHOXKecTBa 00BeKTOB J00O0H
MPHPOILL 00BLEKTHI MEPBOT0 MHOKECTBa Oy1eM HMeHOBaTh mouKamu 1 0bo-
3HAYATH GOJBIIUMH JAaTHHCKUMH GykBamu A, B, C, ..., 06BeKTbl BTOPOro MHO-
KecTBa OyfleM MMeHOBaTh npamolmi ¥ 0003HAYATh MaJbIMH JATHHCKHMMH
Oykeamu a, b, ¢, ..., 00BEKTHl TPEThEro MHOXKecTBa OyleM HMEHOBAThb nA0C-
Kocmami. 1 0603HAYATh TPeUecKHMH OGYKBaMH o, B, v, ...

Bynem cuutath, uTo B paccMaTpHUBAEMbIX MHOXKECTBAX KAKUM-IHO0 CIlo-
coOOM OTpeieeHsl COOTHOM e HHU 1 MeXKAY 00BeKTaMHU, BelpaxKaeMble
TPeMsi TEDMHHAMH: NPUHAdAeHUm, AeHum mewdy v Konepysnmen '), Ha-
npumep, ToUKa A TPUHANIEKHUT MPAMOH @ WJIH TJIOCKOCTH O To4uka B, npu-
HaJJIesKalas IpsMOd @, JIeKHT MeKAy MPHHAIIeKAINMH TOH XKe NpSMOH
ToukaMu A u C; 0TPe30K NMpsMoi @, OrpaHHYeHHLIH PHHALICKALIMH 3TOH
npsiMoit ToukaMu A U B, KOHIPY3HTeH 0Tpe3Ky NpsMoi b, orpaHHyeHHOMY
MpHHAAIEKAUIHMH 3TOH npsMod Toukamu C u D.

Bynem TpeboBatk, uT00bl yKa3aHHBIE COOTHOLLEHHUS YA0BAETBOPSLIH (op-
MYJHMPYEMBIM HHXKE ABAaALaTH akKCHOMAaM ),

Bce akcHoMBI pasjensioTes Ha STk TPYIIL.

['pynna I comepzkuUT BoceMb aKCHOM MPHHALNEHKHOCTH.

['pynna Il conepkuT yeThipe aKCHOMBI MOPSIIKA.

['pynna Il copepMUT NATH AKCHOM KOHTPYIHTHOCTH.,

I'pynna IV conep:HT IBe aKCHOMBI HEMPePLIBHOCTH.

Ipynna V coepKuT OJIHy aKCHOMY Napasiie/IbHOCTH.

[Tepexonum k hopMyIHpOBKe akcHoM o rpynnaM. OQHOBpeMeHHO OyaeM
YKa3bIBATb HEKOTOPBIE YTBEPK/eHHS, BLITEKAOLHE H3 (POPMYJIHPYEMBIX aKCHOM.
IT0 NOMOKET HaM BLISICHHThL OCHOBHBIE TIPHHIIMIIBI JIOTHUECKOr0 pas3BepThiBa-
HUS FEOMETPHH M 000CHOBATb BO3MOKHOCTD YCTAHOBAEHHS B3aHMHO OIHO3HAY-
HOro COOTBETCTBHA MEXKIY MHOXKeCTBOM BCeX TOYEK HPHMOI:I H MHOXKeCTBOM
BCEeX BelIeCTBEHHLIX UHCes, T.e. 000CHOBATbL METOJ KOOPAHHAT.

1. AKcHOMBI NPUHAANENKHOCTH.

I, 1. Kakxoset 6ot Hu Goiau dse mouku A u B, cywecmsyem npamas a,
Komopol npuradsexcam obe amu MoUKU.

'Y To ectn «pasen».

g )

*) Bo BceM 0CTaNBHOM Kak PHPOAA CAMHX 0GBeKTOB, Tak H CMOCo6 3a1aHHs COOTHOLICHHI
MeJly STHMH 00LEKTaMH ABJSIOTCS IPOH3BO/ILHEIMH,
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I, 2. Kaxosel vt Hu Goiau dse pazautnsie mouku A u B, cywecmayem
He Boaee 00HOU NPAMOLL, KOMOPOI NPUHADACHAM ML MOUKLU.

I, 3. Kaxcdoii npamoil a npunadiescam no kpained mepe 0se moKU.
Cywecmsyom no Kpaixel mepe mpu moyku, He npuradiexaujiue 00Hol
npamoil.

YKa3zaHHble TPH aKCHOMBI HCUEPIBIBAIOT CMUCOK AKCHMOM TPUHAIEKHOC-
TH naaHuMeTpud. Cledyionine NsSTh AKCHOM BMeCTe C yKa3aHHBIMH TpeMs
AKCHOMaMHU 3aBepLIaloT CMUCOK aKCHOM MPHHAL/IeKHOCTH CTePeOMeTPHH.

1, 4. Kaxosot 6ot Hu Goiau mpu mouku A, B u C, He npuradaexcauiue
00HOIL NPAMOILL, CYULecCmsyem NA0CKOCmMe O, KOMOPOU NPURAOAEHam Imu
mpu mouxu. Kaxdoi naockocmu npunadiexcum xoms 6ol 00HQ MO4KQ.

I, 5. Kaxosel 6ut Hu Ooiaw mpu mouxku A, B u C, ne npunadiexauiue
00HOl npamoil, cyuwiecmsyem He 6oaee 00HOU NAOCKOCMU, KOMOPOIL npu-
HadAexcam amu mouKu.

I, 6. Ecau 0se npunadiexcawyue npamoi a paziutnoe mouxu A u B
npUHadieNam HeKkomopol NAOCKOCMU O, MO Kaxoas NPpUHaAdiexauias
nPAMOl @ MO4Ka NPUHAOAEH UM YKABAHHOL NAOCKOCMU.

I, 7. Ecau cywecmsyem odna mouka A, npurnadaemauw,as deym nioc-
kocmam o u P, mo cyujecmsyem no Kpaiinel mepe ewje o0na mouxa B,
NPUHAOAEHAUA S IMUM NACCKOCHLAM.

I, 8. Cywecmsyiom no Kpatuei mepe wemolpe mouku, He ApuHadie-
scauyue 00HOIL NAOCKOCMU.

C 1eJblo HCMOMB30BAHHUS TIPUBBLIMHON 17151 HAC TreoMeTpPHUecKoi TepMHHO-
JIOTHH JIOTOBOPHUMCS OTOKIECTB/ATh MEXKIY COBOH C/efyloline BhIpaKeHus:
1) «Touka A NpUHAANEKHUT NPAMOH @ (MIOCKOCTH O)»; 2) «npsiMast a (mJ1oc-
KOCTB O) TPOXOIHT uyepe3 ToUKH A», 3) «Touka A JIexHT Ha NPsAMOit @ (Ha IJ10C-
KOCTH Of)»; 4) «TouKa A 9BJsieTcs TOUKOM NPSIMOU @ (MJIOCKOCTH OU)» M T.1I.

C nMoMOLIbIO YKA3aHHBIX AaKCHOM YXKe MOTYT ObITh J0Ka3aHbl HEKOTOpPbIe
teopemsl. Tax, U3 akcromsl [, 2 HemocpeCTBEHHO BLITEKAET CJEIYIOIIEe YT-
BepIK/IeHHE.

Teopema 1. [lge pasauunsie npamote He mozym umems bGoabuie 00HOl
obuiel mouku.

[TpenocTaasieM YMTaTe 10 JOKA3aTebCTBO CJAENYIOMINX YTBepPKIEHHH,
BEITEKamMX U3 akcuom I, 1-8 ).

Teopema 2. [lse naockocmu aubo coscem He umerom obujux mouex,
AU60 umerom obuiyio NPAMYIO, HA KOMOPOIL Aexam 8ce ux obujie mouKil.

Teopema 3. [lrockocme u He aexcauias HQ Hell NPAMAA He MO2ym
umems boavuie o0HOU 0bwell mouku.

Teopema 4. Yepes npamyio i He ACHAUYID HA Hel MOYKY ul 4epes
dee paziutnble npsamole ¢ 06uel moukol npoxodum 00HA U MOALKO 00HA
NAOCKOCMY.

') B cayuae BOSHUKHOBEHHS 3aTPYIHEHHUE OTChLIaeM unTaTens K kuure HB. Edumosa
«Bricwas reomerpus». — M.: Hayka, 1978.
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Teopema 5. Kaxcdas niockocme codepacum no Kpaiuel mepe mpu
MoUKU.

2. AKcuoMBbI opsAaKa.

I, 1. Ecau mouxa B npamoi a remcum mexmdy mouxamu A u C moil se
npamotl, mo A, Bu C — paszauirsie mouky yka3anuor npamoi, npuyem B
aexcum marxace u mexncdy C u A.

11, 2. Kakosel 6ol Hu Gviau 0se pasauunsie mouku A u C, na onpedense-
MOL umi NPAMOIL cyujecmayem no Kpaiveil mepe odna mouxa B maxas,
ymo C aedxcum mexcdy A u B.

I1, 3. Cpedu arobelx mpex pasiuuHslx mo4ex 00HOU NPAMOU CYujecn-
syem ne Goaee 00HOUL MOUKU, Aexcauel nencdy 0syms dpyeumu.

ChopMyaUpoBaHHbIE TPH AKCHOMBI OTHOCSITCH K PACTIONOKEHHIO FreoMeT-
pHUeCKHX 00BEKTOB Ha NPSIMOK H O3TOMY HA3BIBAIOTCS AUHELHBIMU AKCUO-
mamu nopsadka. PopMmyaupyemas HUkKe MOCJAEIHAS AKCHOMA MOPSIKA OTHO-
CHTCS! K PACIIOJIOKEHHIO TeOMETPHUECKUX 0OBEKTOB HA N0 C K 0 ¢ T 1. [las
TOro 4To6b CHOPMYNHPOBATL ITY AKCHOMY, BBEJEM IOHSATHE OTpE3Ka.

[Mapy pasauunbix Touek A U B HasoBeM ompeskom U 6yeM 0603HauaTh CHM-
BosioM AB uin BA. Touku A n B 6yaem HasbiBaTh Koryamu otpeska AB. Touku
npsiMoH, onpesessieMod A u B, nexxauye Mexny A u B, 6y1eM HasbIBaTh 8HYM-
PEHHUMU MOYKAMU WITH TIPOCTO mouKamy oTpe3ka AB. OctanbHble TOYKH yKa-
3aHHOH NpsSMOH BY/IeM Ha3blBaTh BHEULHUMU TOUKaMH oTpe3Ka AB.

11, 4 (axcuoma lMawa). Ecau A, B u C — mpu mouku, He aexcauiue Ha
O0HOIL NPAMOL, 1L @ — HEKOMOopas NPAMAA 8 NAOCKOCHU, onpedeisemol
SMUML MOYKAMU, HE COOLPHAULan KL OOHOL U3 YKAZAHHBLY MO1eK U npo-
xodsauwan yepes Hekomopyr mouky ompeska AB, mo ama npamasn npo-
xodum maxae aubo wepes nexomopyro mouxy ompeska AC, aubo uepes
nekomopyo mouky ompesxa BC.

[MTopuepkuem, uto U3 ogHux akcuom nopsiaka II, 1-4 ewe He BhiTeKkaer,
uTo 1060 OTPE30K MMeeT BHyTpeHHHe TOUKH. OHAKO, NPUBJEKAs ellle aK-
CHOMBI IPHHAJIeXKHOCTH I, -3, MOXKHO 0KasaTh clelyiollee yTBepKIeHHe.

Teopema 6. Kaxosol 6ot nu Goiau dee pasautrele mouku A u B, na npa-
MOUL, umu onpedeanemoll, cyuwecmayem no kpatner mepe odna mouxa C,
aescaujan mexndy A u B.

[1pennaraem uurartenio, onupasch Ha akcuomsl [, 1-8 npuHaaIeKHOCTH
1 akcuomsbl 11, 1-4 nopsnxka, nocaenoBaTebHO 10Ka3aTh CeLYIOLIHE YTBE PK-
nenus ').

Teopema 7. Cpedu awbolx mpex pasiuiHolXx mouex 00HOU npAMOil
gceeda cyujecmsyem o0Ha mouka, Aexwawas mexcody 0syms opyeumu.

Teopema 8. Ecau mouku A, B u C He npuradreanam odHol npamotl u
ecau HeKomopas npamMas a nepecexaem ”) Kaxue-Aubo 06a u3 OMPesKos

') Bipouem, 10Ka3aTenbeTBo Beex NPHBOAMMBIX HHKE YTBEPIKIACHHI MOKHO HAHTH B KHH-
re HB.Epumona «Beicwas reomerpusi» (cM. cHocky Ha ¢. 206).

%) [0 TepPMHHOM «TIPSMAs MepPeceKaeT OTPe30Ks Mbl IOPA3YMEBAEM, UTO YKA3aHHAR MPS-
Masi CONePKHUT HEKOTOPYIO BHYTPEHHIOKW TOMKY 3TOTO OTpe3Ka.
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AB, BC u AC, mo ama npamas He nepecexaem mpemuil U3 yKa3aHHbLY
ompesKos.

Teopema 9. Ecau B aexmcum na ompesxe AC u C — na ompesxe BD, mo
B u C aexmcam na ompesrke AD.

Teopema 10. Ecau C aexcum na ompeske AD, a B — na ompeske AC,
mo B aexcum makce Ha ompeske AD, a C — Ha ompeske BD.

Teopema 11. Mexcoy awboimu 08YMS PASAULHBIMU MOUKAMU NP AMOL
cyujecmayem 6ecKkoneuHo MHO20 OpYy2ux ee mouex.

Teopema 12. ITycme kaxdasn uz mouex C u D aexcum mexdy moukamu
A u B. Tozda ecau M aexcum mexcdy C u D, mo M rexmcum u mexdy A u B.

Teopema 13. Ecau mouxu C u D aexcam mexnoy mouxamu A u B, mo
ace mouku ompeska CD npunadiexcam ompesky AB (8 amom cayuae mol
6ydem eosopume, umo ompesox CD rexcum snympu ompesxka AB).

Teopema 14. Ecau mouka C aexacum mexcdy moukamu A u B, mo: 1) Hurka-
kas mouka ompeska AC ne moxcem Ootmo mouxoi ompeska CB, 2) kaxcdas
omauuran om C mouka ompeska AB npunadaexcum aubo ompeaxy AC, aubo
ompesky CB.

YKasaHHble YTBepPKIeHHS MO3BOMSIOT yropadodums MHOXKECTBO TOUEK
JI000H NpsAMOH U BbIOpaTh HA TOH NMPAMOH Hanpasierue.

Bynem roBopuThb, UTO BE pasauuHble TOUKH A U B npsaMo# a Aexam no
pasHble CMopoHel (no 00HY CMOPOHY) OT TpeTbed ToukH O TOH Ke NPAMOH,
ecJsii Touka O JiexuT (He sexuT) Mexxkay A u B. M3 ykasaHHbIX BhIlLE YTBEPK-
JleHHH BEITEKaeT cJeylollast Teopema.

Teopema 15. [Tpoussoavnaa mouxa O Kaamdod npamnoil a pasbusaem
BCE OCMAAbHbLE MOUKI 3MOU NPAMOL HA 0BG HERYCMbLX KAACCA MAK, YN0
Atobvle dge mouKku npamoil a, npuradiexcauiie 00OHOMY 1L MomY He Kiac-
cy, aexcam no odny cmopony om O, a aobsvle 0se mouKku, npuxadiexca-
wiue pasHolm KAQCCam, Aexam no pagusie cmopoust om 0.

Takum 06pasom, 3agaHue Ha JI000H NPSIMOH IBYX pas3auuHbLIX Touek O u £
ornpejie/IsieT Ha 3TOH NpAMOH Ay% Wau noaynpamyo OF, obnanawlyio tem
CBOHCTBOM, 4TO J1100asl ee TOUKa M TOUKA £ Jiexar no ofHy cropony ot 0.

Bui6pas Ha npsMol a aBe pasiuyHble ToUkH O W E, Mbl MOXKEM Tenepb
OTpeNeNuTh NOPAOOK CAedo8aHUA TOUEK HA MPAMOH 10 CJeIyIoleMy npa-
Buay: 1) eciin A n B — smo6ule Touku ayua OF, To 6y1eM roBOpHTh, uTo A
npedwecmsyem B, ecan A nexut mexny O u B; 2) 6ynem roBopHTb, 4TO
touka O npedwecmeyem mobol Touke ayda OF; 3) 6yaeM ToBOPHTb, 4TO
Modas Touka, He npuHaaaexamas aydy OF, npedwecmsyem kaxk Touke O,
Tak W Jbod Touke, npuHagiexaued ayuy OF; 4) ecin A u B — jio6uie
TOUKH, He NpuHamnexamue ayay OF, 10 Mbl OyIeM roBOpuTh, uto A nped-
uiecmsyem B, ecnu B nexut mexay A u O.

Jlerko npoBepHTh, 4TO A/ BLIOPAHHOrO MOPSAKA CAEIOBAHUS TOUEK
NPsIMON @ CHPABEIJIHBO CBOLCMBO MPAH3UMIULEBHOCMU ECAL
A npedwecmsyem B, a B npeduwecmsyem C, mo A npedwecmayem C.
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AKCHOMEI, TIpHBe/IeHHBIe BbIlIe, MO3BOJAIOT YIOPSAOYHTL U TOYKH, MPH-
HajIeXKallKe POH3BONBHON MI0CKOCTH . [IpeanaraeM yuTaTeN0 J0KA3aTh
clenyiollee yTRepxKIeHHe ).

Teopema 16. Kawdas npamas a, npunadiexcauias nA0CKOCMU O, pas3-
densiem He nexcawjue Ha Hel mouKy dmol NAOCKOCMU Ha 084 HENYcmolx
Kaacca mak, wmo aobvie dse mouku A u B us paswoix xaaccos onpede-
asiom ompesok AB, codepacawui mouxky npamoi a, a robvie dge mouku
A u A’ uz o0noeco Kaacca onpedeasiiom ompesok AA’, enympu komopoezo
He Aexcum Hi 00na mouka npamol a.

B COOTBETCTBHHU ¢ YTBEPIKIEHHEM ITOH TEOPEMbl Ml OYIIEM TOBOPHTh,
uto Touku A u A’ (0fHOTO Klacca) Aexcam 8 NA0CKOCMU O. N0 00HY CMopo-
HYy om npsamoi a, a Toukn A u B (pa3HLIX K/1aCCOB) AexHam 8 NAOCKOCMU O
no PasHule CMOPOHbL OM NPAMOLL Q.

3. AKCMOMBI KOHTPY3IHTHOCTH.

111, 1. Ecau A u B — dse mouku Ha npamoil a, A" — mouxa na moi we
npamotl uau Ha dpyeol npamoil a’, mo no danuywo om mouxu A’ cmopony
npamol a’ Halddemca, u npumom moAvko odna, mouka B’ maxasa, uwmo
ompeszok A’B’ konepyaumen ompeaky AB. Kaxdeiwi ompesok AB kone-
pyarmen ompesxy BA®).

111, 2. Ecau ompesku A’B’ u A”B” KoHepyanmuer 00HOMY U momy e
ompesky AB, mo oHu Konepyarnmuel u mexcdy coboil.

111, 3. [Tycmo AB u BC — dsa ompesxka npsamoil a, He umeruie obuux
sHympernux mouwex, A'B” u B’C’ — dsa ompeska moil e npamoi uiu
dpyeoil npamoil a’, maxkxce He umerowyue obuux sHympennux moyvex. Toe-
da, ecau ompesok AB konepyanmen ompesky A’B’, a ompesox BC kowe-
pyanmen ompesky B'C’, mo ompesox AC konepyanmen ompesky A'C’".

CopMyTHPOBAHHBIE TPU AKCHOMBI OTHOCSITCSI K KOHTPY3HTHOCTH OTpe3-
KoB. [l1st pOPMYNTUPOBKH IBYX CJIEAYIOLIMX AKCHOM HaM NOHAJOOUTCS MOHS-
THE /20 U €T0 BHYMPEHHUX MOUEK.

[apa nosynpsaMbIX A ¥ k, BHIXOISLIMX W3 ONHOH U TOH Ke Touku O U He
JIeJKAINX Ha OTHOH TPSAMOH, Ha3blBaeTcs yeaom U 0603HaYaeTcsl CHMBOJIOM
Z(h, R) wnu Z(k, h).

Eciu nosynpsamble A 1 k 3anaiotes Asymsi cBouMu Toukamu OA u OB, To
Mbl Oya1eM 0603HauaTh yroa ciMBosoM ZAOB win ZBOA.

B cunty Teopemsl 4 mtofble 1Ba myva A U k, cocTaBasiomue yroa Z(h, k),
OTMPENensioT, W TIPUTOM eIHHCTBEHHYIO, TIOCKOCTD (.

') B cayuae sarpyanensii cm. kuury HB. Eumona «Buicias reoMerpus» (cM. cHoc-
Ky Ha ¢. 206).

?) M3 5701 aKCHOMBI BHITEKAET BO3MOMKHOCTb NIepeMelleH s oTpeaka AB BIoIb paMoit, Ha
KOTOPO#H OH JIEXKHT (¢ coXpaHeHHeM ero [IHHB W Hanpasaenus). bynem ropopute, 4to na-
npasgennsiii ompesok CD noayuer 8 peayrbmame nepemelyens HanpasieHnozo ompes-
Ka AB, ecan otpesok CD KoHrpysHteH otpe3ky AB H ec/id 1000 0Tpe3ok AD NexUT BHYTPH
otpeaka BC, nuto otpesok BC nexuT BHYTpH oTpeska AD.
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Brympennumu moukamu Z(h, k) 6yneM Ha3bIBaTh T€ TOUKH MJIOCKOCTH O,
KOTOpBIE, BO-MIEPBLIX, JIEKAT 110 Ty CTOPOHY OT NPAMOH, colepKallel Jyu f,
4TO M J00asi TOUKA Jiy4ya R, 4, BO-BTOPLIX, JIEXKAT 110 TY CTOPOHY OT NPSIMOH,
coflepxKalllell J1yy R, 4To H J06as ToUKa Jayya f.

II1, 4. [Tycmo dansr Z(h, k) Ha naockocmu o, npamas a’ Ha 3moil He
uau Ha Kakoi-aubo dpyeoil naockocmu o u 3adana onpedereHHas cmo-
pona naockocmu o omHocumenvno npamot a’. [lycme h' — ayw nps-
mot a’, ucxodawuil u3 Hexkomopoi moukuy O, Toeda na naockocmu o
cyujecmsyem odun 1 moavko 00un ayw k' makoil, wmo Z(h, k) Konepyan-
men Z(h', k'), u npu amom 8ce sHympennue mouku Z(h’, k') aexmam no
3a0anHyro cmopory om npamoi a’. Kaxdoli yeor KOHepyaHmen camomy
cebe.

II1, 5. [lyemo A, B u C — mpu mouku, He Aexcauiie Ha 00HOL npamoll,
A’, B" u C" — Opyeue mpu mouku, maxice me Aexcauiue Ha o0HOL nps-
moli. Toeda, ecau ompesox AB kounepyanmen ompesky A’B’, ompesox AC
kouepyanmen ompeaky A'C" u ZBAC kounepyanmen £B'A’C’, mo ZABC
konepyanmen LA'B'C” u LACB kounepyanmen £LA'C’B’.

JloroBopumest Ternepb 0 cpaBHEHHH HEKOHTPYIHTHBEIX OTPE3KOB H YIVIOB.

Bynem roBopuTh, 4to 0Tpe3ok AB Goavuwie otpeska A’B’, ecau Ha nps-
MOH, onpeesnsieMoi ToukaMu A u B, HaleTcs JiexKaras Mexay 3THMH TOU-
kKamu Touka C Takas, 4yto orpesok AC Kourpysuren otpesky A’B’. Bynem
FOBOPHUTh, 4TO 0Tpe30oKk AB mernvue otpeska A'B’, ecan orpesok A'B’ GoJib-
e orpeska AB.

Tot takr, uto orpe3ok AB menbiue oTpeska A’B’ (KOHTpYIHTEH OTpes-
Ky A’B’), cHMBOJIH4eCKH Oy/eM 3aMHuCchbiBaTh Tak:

AB<A'B’ (AB=A'B’).

Bynem roBoputh, uto ZAOB 6onbume ZA’O’B’, ecin B TIOCKOCTH,
onpeneasieMoil ZAOB, naiigercs ayd OC, Bce TOYKH KOTOPOTO SBJASIOTCS
BHYTpeHHHUMH Toukamu LAOB, takoi, uto LAOC wourpysuren ZA'O’B’.
Bynem rosoputs, uro ZAOB menvwe £LA’0'B’, ecau ZA'O’B’ 6oublie
ZAOB.

C MOMOIIBIO aKCHOM TTPHHALIEKHOCTH, TTOPSAAKA H KOHTPYIHTHOCTH MOXK-
HO [10Ka3aTb LEJbIH Psiil KAaCCHUYECKUX TeopeM 3JeMeHTapHOH reoMeTpHH.
Crona oTHocsiTCsi: 1) TPH IIMPOKO H3BECTHBIE TEOPEMbl 0 KOHIPYIHTHOCTH
(paBeHCTBE) IBYX TPEYTOJBLHHKOB; 2) TEOPeMa O KOHTPYIHTHOCTH BePTHKAJb-
HBIX YTJIOB; 3) TeopeMa 0 KOHTPYIHTHOCTH BCEX TPSIMBIX YTJ/IOB; 4) TeopeMa o
€JIMHCTBEHHOCTH NEepreHuKyaapa, ONyLUIeHHOro U3 TOYKH Ha NPAMYI0; 5) Teo-
peMa 0 eIMHCTBEHHOCTH MepreHIHKYJIpa, BOCCTAHOBJIEHHOTO H3 JaHHOH
TOYKH NPsIMOH; 6) TeOpeMa o BHELIHEM YTJIe TPeyroJbHHKA; 7) TeopeMa o
CPABHEHHH TEPTEHANKYIAPa U HAKIOHHOH,

HPEHH&FHEM yUTaTeJa CaMOMy nocJeaoBaTeJibHO JOKAa3aTh TOJBKO YTO
nepevyrcaeHHbIe TEOPEMBL.
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4. AKcMoMBI HenpepbIBHOCTHA. C MOMOIIBK aKCHOM MPHHAIEKHOC-
TH, TIOPSAKA U KOHIPYIHTHOCTH MBI TIPOM3BE/IH CPABHEHHE OTPE3KOB, MO3BO-
Jsiollee 3aK/II0UUTh, KAKHM M3 TPeX 3HAKOB <, = HJIH > CBSi3aHbl JaHHbIE [1Ba
oTpeska.

YKa3aHHBIX aKCHOM, OIHAKO, HEIOCTATOUHO: 1) 17151 060CHOBAHM ST BO3MOXK-
HOCTH H3MEPEHHS OTPE3KOB, [I03BOJISIIOLIET0 I0CTABUTL B COOTBETCTBHE KaX-
LIOMY OTpe3Ky onpejie/leHHOe BelllecTBeHHOe YHCJ/0; 2) 415 060CHOBAHHUSA
TOTO, YTO YKa3aHHOEe COOTBETCTBHE ABJASETCH B3aUMHO OJHO3HAYHBIM.

Jlnst npoBefieHHsl TAKOro 060CHOBAHUS CJledyeT NPHCOEMHUTh K aKCHO-
mawm I, II, Il nBe akcuomor nenpepvisrocmu.

IV, 1 (akcuoma Apxumeda). [Tycmo AB u CD — npoussonvrole om-
peaku. Toeda na npamoi, onpedeasemol moukamu A u B, cywecmeayem
KoHeuroe yucio mouex Ay, As,..., A,, pacnosoxennolx mak, 4mo mouxa A,
aexcum mexcdy A u Ay, mouka Ay aemcum mencdy A, u As, ..., mouka A,_,
aexcum mexcoy A,y u A, npuwem ompeaku AA, A\As, ..., A, A, KoHnepyanm-
not ompesky CD u mouka B aexcum mexndy A u A,

1V, 2 (akcuoma auneinoid noanomst). CosoKYnHOCMs 8Cex Mo4ex npo-
U3B0N6HOL NPAMOL @ HEAL3S NONOAHUME HOBbIMU OOBEeKmamu (MoUKamu)
max, umoboi: 1) Ha NONOAHERHOU NP AMOLL Bbliw onpedesersl COOMHOULEHUA
«ACHUM MeHOy» U «KOHZPYIHmMeH», onpedeser nopadok cLedo8aHus
mouexk u cnpasedausol axcuomol Konepysumnocmu I, 1-3 u akcuoma
Apxumeda IV, 1; 2) no omrowernuto Kk npexcHum mouxam npamoi onpede-
AeHHble Ha NONOAHEHHOU NP AMOLL COOMHOULEHUA <ACHCUIM MENCDY» U «KOH-
ZPYIHMEH» COXPAHAAU CMAPBLL CMBICA.

Mbi cefiyac nokaxem, uto npucoeauHenue K akcuomam I, 1-3, [l u III, 1-3
akciomel Apxumesa IV, | nosBossieT NOCTaBHTL B COOTBETCTBHE KaxKI0H
TOUKE MPOH3BOJIBLHON MPAMOM @ onpejiejieHHOe BellleCTBEHHOe YUCI0 X, Ha-
3blBaeMoe KOOPAMHATOH 3TOH TOUKH, a MPUCOeHHEHHE ellle H AKCHOMBbI JIH-
HeliHOH nosHOTHL [V, 2 o3BoJISeT yTBepxaaTh, 4TO KOOPAHHATHI BCeX TOUeK
NpPsAMOH @ UCYePNbIBAIOT MHOMKECTBO BCEX BellleCTBEHHBIX HHCelI.

5. O6ocHoBaHMe MeTOda KOOpAHHAT. [IpepBem Ha BpeMs U3/10:KeHHe
AKCHOM reomeTp}m, yTOOB Ha OCHOBAHHH y)}(e H3JIO2KeHHBbIX aKCHOM J4aTb
o0ocHOBaHHe MeToga KOOpAHHAT Ha ]'[pSIMOf[.

CHauaJia JloKaxKeM cjejyioliee yTBep/eHHe.

ITepsasn ocrosnas meopema. Axcuomer 1, 1-3, 11, 1ll, 1-3 u akcuoma
IV, 1 Apxumeda nozsoasiom esecmu na 41000l NPAMOL 4 KOOPOUHAMbL
maK, 4mo BulnoAHeHbl caedytoujue mpebosaHus:

1°. Kaxdoi mouke M npamol a coomsemcmsyem onpedeienHoe ge-
U{eCMBEHHOe YUCAD X, HO3blBAEMOE ee KOOPOUHAMOLL.

2°. Pasubim moukam coomeememeyom pasiele KOOpOUKambt, npuiem
mouka My nexcum mendy M, u My moeda u moavko moeda, kozda aubo
X| < X9 < X3, AUBO X > X) > X5 (30ech x|, Xy Ul X3 — KOopOuHamet mouex M,
My u My coomsemcmsenno).
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3°. Ompesku MM, u MM} konepyanmusr moeda u moivko moada,
Ko20a xo — x; = X5 — X| (30€Chb X, Xo, X| H X5 — KoOpOuHamor moyex M,,
My, M 1 M5 cOOTBETCTBEHHO).

4°. Ecau sewjecmeenole HUCAQ X, U Xy npedcmasafiom coboi koopdu-
HAMmMbl HEKOMOPLLX MOYeK, MO U BeUeCmBeHHoe HUCA0 X, £ Xy npedcmas-
asiem coboil KoopduHamy HeKomopol MmouKu.

JlokazaTtedabcTso. Boibepem Ha NpsMOi @ MPOU3BOJbHYIO TOUKY O
B KauecTBe Haya/a KOOPAMHAT H MPOU3BOJAbHYIO OTAHYHYIO 0T O TOuKy £ B
KauecTBe TOUKH ¢ KOOpAHHATOH equnuua. Ilycte M — npousBonbHas TOuKa
npsAMoi a. Pagu onpeneneHHOCTH NMpeAnoJOXHM, 4To M JeXHUT ¢ TOH xe
croposbl oT O, uto # E (akcuomsl [, 1-3, [T u III, 1-3 o6ecneunpaoT Bo3MOK-
HOCTb YCTAHOBJEHHA MOPSAKA CleJJoBaHHS ToUek Ha npsaMoi a). Kakoesl Obl
HH OBLIH LieJ0e MOJOKHTEeNbHOE YHCIO 71 U LIe10€ HeoTPHIATebHOe YHCJIO M,
MBI MOKE€M, OTKJIaAbBasi oTpe3ok OM B 0HOM U TOM jKe HalpaBJIeHHH T10C-
JieJloBaTeIbHO 1 pa3, NOCTPOHThL O0TPe30K 7 - OM M aHaNOTHYHO MOCTPOMTD
oTpe3ok m - OF (BO3MOXKHOCTb OTKJ/I3JBIBAaTh KOHTPY3IHTHHIH OTPE30K B JIH-
6oM HanpaB/ieHHH W OpaTh CYMMY KOHTPYHTHBIX OTPe3KOB, He HMEHIIHX
001LIMX BHYTPEHHHX TOYeK, BbiTeKaeT U3 akcuowm I, 1-3, Il u I, I-3).

B cHaty TOIBKO UTO YIOMSIHYTHIX aKCHOM JIOObIE 1Ba OTPe3Ka Mbl MOKeM
cpaBHHBaTE. CTag0 ObITh, H 0Tpe3ku n - OM u m - OF npH pasiudHbX 1 U m
OynyT cBA3aHbl JHO0 3HAKOM <, JIMOO 3HAKOM 2.

PaceMoTpuM Bee BO3MOKHbIE pAllHOHA/bHbIE YHcaa m /i, X MoxKHO pas-
OHTb Ha JIBa KJ1acca, OTHOCS K 8epXHemy KAACCY Te U3 HUX, VI KOTOPBIX

n-OM<m- OE, (I.1)
H K HUMCHEMY I-CJ’I‘.CLCCy Te, 4J54 KOTOprX
n-OM >m- OE. (T1.2)

Y6enumest B TOM, 4TO 3TH JBa KJacca OJHO3HAYHO ONpeslesioT Bellle-
CTBEHHOE YHCJ0 X, KOTOPOe Mbl H TOCTaBHM B COOTBETCTBHe Touke M W Haso-
BEM ee KoopduHamo.

CHauaja y6euMcst B TOM, 4TO 2/000€ payuoOHAAbHOe YUCAO U3 BepX-
Heao kaacca 60abuie 1100020 PAYUOHAALHOE0 HUCAA U3 HUNCHE20 KAACCA.
[TpuBons, Jqobble ABa palMOHANBHBIX YHC/IA H3 PA3HBIX KJACCOB K 00LieMy
3HaMeHaTe 10 H 0003Havas nocaeaHui yepes n, Mol u3 (I1.1) u (I1.2) noay-
YHUM, YTO YHMC/AUTE/Ib YHC/a M3 BEePXHero kjaacca 0oJbllie YHCAUTENS HYHCIa
H3 HHZKHETO KJacca, OTC!OIlEi H BbITEKAET, HTO HHCJIO M3 BEPXHETO KJacCca
OoJble YKC/a H3 HUAHETO KJacca.

Janee zameTM, uTo 06a KAQCCa He ABASLIOMCA NYCMbIMU: HHAKHEMY
KJIACCY 3aBeOMO NPHHALIEKHT PallHOHANBHOE YHCIO HYJb, a 115 YCTaHOB-
JIeHHsl HEMYCTOTH! BEPXHEr0 K/1acca I0CTaTOUHO MOJOXKHUTb 1 = | U 3aMeTHTb,
uTo akcuoma Apxumena IV, | rapaHTHpyeT CylecTBOBAHHE TAKOTO HATY PaJib-
HOT'O YHCHa M, 4TO NMpH n = 1 cnpasegnnso HepaseHcTBO ([1.1).
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B cuuty TeopeMel 0 TOUHBIX FPAHSIX HEMYCTOrO OrPaHHUEHHOTO CBEPXY (CHH-
3y) MHOXKECTBA ') CYIIECTBYeT TOUHAS BePXHSIS IPaHb X PAlMOHANbHBIX YH-
ceJl HHXKHETO KJIacca U TOUHAS HUKHSAS TPaHb X PallMOHaNbHBIX UHCE BepX-
Hero KJacca.

Yoenumcst B TOM, UTO 3TH TPAHH X U X 3aKAl04eHbl Mexnoy KaK y2o0Ho
OAUBKUMU PAUUOHANLHBIMUL YUcAaMU U nosmomy cosnadatwom. JloctaTouHo
[0KAa3aTh, UTO CYULCMBYIOM KAK Yy200H0 OAU3KUEe HUCAQ PA3HBLY KAACCO8, a
3TO BEITEKAET W3 TOTO, YTO JIfl KaK YTOJHO DOJIBLIOre HOMepa 1 HalaeTcs Ho-
Mep m TAKOH, 4TO pallMOHANLHOE YHCJO0 (M + 1)/n NpUHALIEIKUT BepXHeMY
K/1accy, a palMoHa/IbHOe YHCI0 m,/it IPHHANIEKHT HHXKHEMY Kiaccy o).

[Tos10:KuUM TeMepb X = X = X W MOCTABHM BeLIECTBEHHOE YHCI0 X B COOT-
BeTcTBUe Touke M, Ha3BaB ero KoopauHATOH 3TOH ToukH. TpeGosanue 1°
000CHOBAHO.

[Tycmo menepo M, u M, — kakue yeodro dse mouku, aexcawjue no my
ace cmopony om O, umo u E, u maxue, umo M, aexcum mexcdy O u M,, m.e.
OM, > OM,. Hokaxem, umo ecau x| u x, — Koopdunamor moyex M, u M,
COOMBEMCMBEHHO, MO Xy > X|.

Bribepem HOMep 7 HACTOMLKO GOJMBLIKM, UTOOLI pasHOCTb 0Tpeskos OM,
u OM,, noBTopeHHas n pas, npes3oinia orpe3ok OF (3T0 MOXKHO ¢/le/1aTh B
cualy Bee TOH e akcHomsl Apxumena IV, 1). Torna, o6osHauast uepes m Hau-
Hoabulee 1e10e YHCJIO0, 15 KOTOPOTo

n-0OM,zm- OE,
MBI TTOJIYUHM, YTO
n-OM,<(m+1)-OE, (I1.3)

W B CHJIy C/IeJIAHHOTO BhIIIe BEIOOpa HOMepa 7
n-0OMy>(m+1)- OE. (I1.4)

M3 (I1.3) sakaiouaem, 4TO pallHOHAaMbLHOE YHCI0 (M + 1) /n OTHOCHTCS K
BEPXHEMY KJaccy [10 OTHOLIeHHIO K Touke M, t.e. (m+1)/n = x, au3(I1.4)
3aKJ/i04aeM, 4To TO JKe caMoe palHoHaabHoe YyHeao (m + 1)/n oTHOCHTCA K
HIKHEMY KJacCy T0 OTHOIIeHHIO K Touke My, W moatomy x, > (m+ 1) /n.
Tem caMbIM HepaBeHCTBO Xy > X JA0KAa3aHO.

Ecau Tenepb Mbl HMeeM Ha NPSIMOH @ KaKoe YroJHO YHCJI0 TOYEeK, HAYLIHX
B nopsake O, M|, M,,..., M, (B cTopony E 3)), TO U3 TOJBKO YTO JOKA3aHHOTO
YTBEPKIAEHHS 715 KOOPAMHAT 3THX Touek noayyum O < x; < xy <... < X,.

Tem cambiM 51 cayuasi pacnoJ/ioXKeHHs TOUeK Mo Ty ke CTopoHy ot O,
yTo ¥ E, TpeboBanue 2° nokasano. [li1a touek M, Jexaiux Ha npsamMoH a no

'Y Cm. ein. 1, reopemy 2.1.

) Tor akt, uTo Aas NI060T0 HOMEpa N HaWAeTCs YKa3aHHbLIH HoMep m (TakoH, UTo crpa-
BEMHBO (I1.1)), cHOBa BHTEKaeT U3 akcHoMBl Apxumena [V, |.

%) B nanbheiimenm sra CTOPOHA HMEHYETCS NOAONUMEALHOL.
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OPYTYI0 CTOPOHY 0T O, COBEPILIEHHO aHAMOTHUHO BBOAATCS OTPULATENBHEIE
KOOPJMHATHL ¥ IOBTOPEHHEM TeX JKe PacCyXKIEHHH Mbl yCTAHABJIHBAEM Tpe-
GoBaHus 1° 1 2° B 00LeM BHJE.

Jlas yeranoBaeHHd TpeGoBaHHH 3° M 4° MBI CHavaJia IoKaxeM, 4mo ecau
Ha npamol a 8 noaoxcumesvtyo cmopony om O ezamor mouku My, My u
M, npuuem M, rexcum mexcdy O u M u ompesku MM u OM, konepyarm-
Hbl, MO X = X| + Xy (3[1eChb X, X| H Xy — KoopauHaTel Toyek M, M, u M, coot-
BeTCTBEHHO).

Bo3bMeM M3 HHXKHUX KJACCOB, OTBEYAIOLIUX KOOPAMHATAM X| H X,, JBA
npou3B0AbHbLX PALUOHANBHBIX UHCIIE, 0003HAUHE HX (T10C/Ie NPUBEIEHUS K
0011eMy 3HAMEHATE/II0 1) COOTBETCTBEHHO uepes m,/n u mo/n. Toraa

n-OM,zm,-0E, n-0OMy2=m,-OFE.
CxnanbiBast Moc/IefHHE ABa HePaBeHCTBA, MOMYUHM
n-OM =z (m, +my)- OF. (T1.5)

Tounee roBops, B neBoi yacth ([1.5) MBIl HOAYUHM CYMMY 1 pa3 OT/JIOXKEHHO-
ro otpeska OM, 1 n pas oT/10:KkeHHOro oTpe3ka OM,, HO IIoc/Ie Neperpymmu-
POBKH C/IaraeMBIX Mbl H MIOJY4HM 71 pa3 IOBTOPEHHYIO CyMMy OTpe3koB OM,
u OM,, 1.e.n-OM "), .

2

m
M3 nepasenctsa (I1.5) 3akj04aem, uTo palMoHaabHOE YHCI0 —Lg—=
n n

NPUHALJIEKHT HHIKHe MY Kjaccy, oTBedalolleMy KOOpPAHHATE X.
CoBeplieHHO aHAJIOTHYHO, B3SB A100ble PALHOHAJbHbIE Yicaa my/n 1 my/n
M3 BepPXHUX KNACCOB, OTBEHAIOUIMX KOOPAHHATAM X| H Xy, MBI yOeaumcs B

m M
TOM, 4TO pallHOHaJbHOE YHCJO0 ok NMPUHHALJIEKHT 8epXHeEMY KACCY,

oTBeualleMy KoopiuHate x. "

Ho Torza 13 onpeznesieHust CyMMbl BellleCTBEHHBIX YHCEJ H U3 TOTO, YTO
palHoHaJ/bHble YHCJ/1a KaK H3 BEPXHEro, TaK W U3 HHKHero KJaccoB Kak yroj-
HO TOYHO MPHOIHKAIOT COOTBETCTBYIOUIYI KOOPAHHATY, MBI MOJYYHM, UTO
BELeCTBEHHOE YHC/I0 X PABHO CYMMe X| + Xo.

Tem camblM HaAMM 10Ka3aHO, YTO omAaoxume om mowku M, ¢ koopduna-
moil x, (8 noioxcumenvryto cmopory) ompesox OM, — amo sce pasHo,
wmo nocmpoume mouky M ¢ Koopdurnamotl x, ydogremsoparoued yycao-
BUIO X = X| + X, TIE Xy >0 — Koopdurnama mouku M,.

IT0 yTBepKIeHNE MBI I0Ka3aaH A4 cayyas x, > 0, HO JIerKo pacmpoct-
pPaHHTEL ero ¥ Ha o0IIKH cayuad (npefocTaBasieM 3To unutatesaw). M3 noka-

') To, uTo B reoMeTpPUHECKOl CYMME OTPE3KOB Mbi MOXEM, HE MEHSIS CYMMBI, [IePeCTaRIATh
ciiaraemble, BHITEKAET W3 CAELYIOUMX coobpareHiit. JIocTaTouHo yOeqHThCsi B BO3MOXKHOCTH
fepecTaHoBKH LIS ABYX CJaraeMbiX, a 370 HEMOCPeACTBEHHO BhITEKaeT W3 akcHombl III, 3, B
(hOPMYJIMPOBKE KOTOPOH HMYEro He CKa3aHo O MOPSJKe, B KOTOPOM «[PHCTABISIOTCS» IPYT K
npyry caaraemsie otpe3kd A'B” u B'C’. lpu nwéoM ux nopsanke cymma A’C” KOHTpy3HTHA
otpesky AC.
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3aHHOTO YTBEP:KJEHHA cpa3y e BhTeKaeT TpeGoBanve 4°, a 114 j0Kasa-
TeJbCTBA YTBEPXKIAEHHs 3° IOCTATOUHO 3aMETHTh, UTO OTK/AAAbIBAHHE JaH-
HOTO OTPe3Ka PABHOCHABHO A00ABJEHHIO K KOOPAHHATE TOUKH MOCTOSHHOTO
caraemoro. Ileppasi OCHOBHAsi TeopeMa MOMHOCTBIO J0Ka3aHa ').

3ameuanue Ocobo nogfuepKHeM, UTO B NePBOH OCHOBHOH TeopeMe
He ymsepacdaemcs, HTO KaxI0MYy BellleCTBEHHOMY YHCJY X COOTBETCTBYET
ornpefejeHHas TOYKa Ha NpPAMOH (T.e. He yTBepPK/AAeTCs, UTO COOTBETCTBHE
MEXIy TOYKAMH NPSMOH H BeIeCTBeHHBIMH YHCJAaMH gBJSETCH B3aHMHO
OIHO3HAYHBIM).

Mul ceffuac yBHUIHUM, YTO ITO HEBO3MOXKHO JI0KA3aTh, OMHPASICH TOJIBKO
Ha akcuomsl [, 1-3, 1L, III, 1-2 u IV, | 1 He npuBIeKas akCHOMY JHHEHHON
noJiHotel IV, 2.

Bmopas ocnosunas meopema. [lycmo cnpasedauser axcuoma 1, 1-3,
I1, 1L, 1-3, IV, | u Ha npamol a 8sedenol koopdunameot. Toeda, 048 moeo
4mobbl Kaxcoomy Beecm8eHOMY HUCLY X OMBEHALa HEKOMOPAsa MOYKa
npamoil a, m.e. daa moeo, umobvl mexcdy scemu mMouKamu npamol a u
BCeMU BEULECMBEHHBIMIL HUCAAMIU CYUECMBOBAL0 83AUMHO OOHO3HAYHOE
coomsemcmaue, Heobxodumo u docmamourno, umobsl boira cnpasediusa
akcuoma auHelHou noanomeot IV, 2.

HokazarteawscTro. 1) locTatounocTs. JokaxeM, uyto eciu
CYILECTBYIOT BeIeCTBEHHbIE UMCIA X, KOTOPBIM HE OTBeYaeT HUKaKas TO4Ka
npsaMmoi a, To akcuoma 1V, 2 3aBenoMo HecnpaseIuBa.

[TycThb cyulecTBYIOT yKa3aHHEIe BelllecTBeHHbIe uncaa x. Kaxnoe us HUX
MBI HA30BEM HOBOU MOYKOL W TPHCOEIHHUM BCE HOBbIE TOUKH K COBOKYITHO-
CTH MPeKHUX TOYEK NMPAMOH a.

Ha nononnenHo# npgmoii (Ha3oBeM ee g ) yie KaxJIOMY BellleCTBeHHO-
MY YHCJIY OTBe4YaeT TO4YKa, U 06paTHO.

Onpejesum Ha @ COOTHOLUIEHMS «JI€KHT MEXK/IY» M «KOHIPYIHTeH». by-
[eM FOBOPUTH, UTO TouKa M, npamoi a aexcum mexdy M, u Ms, ecau nubo
X| < Xy < X3, TUO0 X| > X5 > X3, TO€ MOJ X|, Xo H X3 HY?KHO TIOHUMATE KOOPIH-
HATY COOTBeTCTBYIOLEH TOukH M, M, u M;, ecsid 3Ta TOUKA MpexHsA, U
camy 3Ty TOUKy, ec/ii oHa HoBad. OueBH/IHO, YTO B TPUMEHEHHH K MPeKHHM
TOYKAM OTpee/IeHHOe HA @ COOTHOLIEHHE «JICXKHT Mek1y» COXpaHseT cTa-
PBIH CMBICII.

Bynem roeopurts, uto orpesox MM, npsamoil @ KoH2py3HmMeH OTPe3Ky
ToH ke npamoi M {M3, eciu xy — x| = X5 — X |, T TIOJ X, X, X | U X5 HYXKHO
MOHUMATh KOOPAHHATY cOOTBeTCTRYIOUeH Touku M, My, M| u Mj, ecin ata
TOYKa MPeXHSs, U caMy 3TY TOUKY, ec/ii oHa HOoBas. CHOBA OUYeBH/IHO, UTO B
NPHUMEHEHHH K TPEKHUM TOYKaM ONpeleeHHoe Ha d COOTHOIIEHHEe «KOHT-
PY9HTEH» COXpaHsIeT CTapblil CMBICJ.

") MoguepkHen, 4To NpH 10KA3ATEILCTBE NEPBOi OCHOBHOM TeopeMsl akcHombl I, 1-3 u II
HCNOABIOBAALCH AL AR YCMAHOBAEHUA NOPAOKA cAA08AHUA MOYEK HA NPAMOILL.
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OueBHIHO TaKxKe, YTO AJs TOUEK MOMOJNHEHHOH TpAMOH @ omnpeeneH
MOPSAN0K CJAeIOBAHHS M ClpaBe/IMBEl aKCHOMBI KOHTpy3HTHOCTH III, 1-3 u
akcHoma Apxumena IV, 1.

TeM camMbIM Mbl YCTAHOBH/IH BO3MOYKHOCTh TOTOJHEHHST MPSIMOH, NPOTH-
BOpeYallly10 aKCHOMe JIHHeHHOH nosHoThl [V, 2.

JlocTaToOuHOCTE JOKA34HA.

2. Heo6xonumocThb. [lokaxeM, 4HTO ec/id aKCHOMa JTUMHEHHOH MoJ-
HoTbl [V, 2 He HMeeT MecTa, TO KOOPAHHATLI BCeX TOUEK NPSIMOH a He Heuep-
MBIBAIOT BCEX BellleCTBeHHBIX UHCe.

Ecou akcroma VI, 2 He uMeeT MecTa, TO CYIIECTBYET MOMOJMHEHHAS HOBEI-
MU TOUKAMH NpsaMast @, AJs BCeX TOUEK KOTOPOH OMpeesneHsl COOTHOLIEHHS
«IEHMUT MENKIY» M «KOHIPYSHTEH», ONpee/eH NOPSI0K CJASJOBAHUS U CHpa-
BeIJIUBEI aKCHOMbl KoHrpysHTHoetH I, 1-3 u akcuoma Apxumepa [V, 1. B
CHJIY TIePBOH OCHOBHOH TEOpeMbl Ha MOTNOJHEeHHOH NMPsIMOA & MOKHO BBECTH
KOOpAHHATHI (B 3T0H Teopeme akcuowmsl I, 1-3 u Il uenosb3oBanuces aumb B
(hopMe BO3MOKHOCTH YCTAHOBJIEHHS Ha IaHHOH MPSIMOH Mops/Ka CJel0BaHHs
TOYEK).

Mbl nosyuuM, uTo Kaxa0# TOUKe MOnoJHeHHOH MpsIMOH d OTBeuvaet oIl
pelejieHHOe BeleCTBEHHOe YMCJIO, MPUUEM PA3HBIM TOUKAM OTBEUalOT pas-
JIMUHEIE BelllecTBeHHbIe uncaa. Ho oTciona ciaeayet, UTo Te BelleCTBeHHbIE
UMCJId, KOTOPble OTBEYAIOT TOUKAM, IPOM3BOISALLUM MONOJHEHHE, He OyayT
COOTBETCTBOBATb HY OJIHOW TOYKe HCXOAHOH npsmoi a. Heo6xonumocTs 1o-
KasaHa. Bropas ocHOBHasi TeopeMa MOJHOCTBIO JOKa3aHa.

6. Akcuoma mapaajeabHocTH. CaMas NOC/eHsAs] aKCHOMa UrpaeTr B
reoMeTpPHH (PYHIAMEHTANBHYIO POJIb, ONpe/ieNsis pasjie/eHHe reoMeTpUH Ha
JIBE JOTHUECKH HEMPOTHBOPEYHBLIE W B3aWMHO HCKIKYAIIIHE APYT ApyTa
CHCTEMBI: €BKJIHIOBY M HEEBKIHIOBY TEOMETPHH.

B reomerpun Epkanaa sta akcuoma GopmyaupyeTcs Tak:

V. llyemov a — npoussoivas npamas u A — mouKa, 1exauias BHe
npamoil a, moeda 8 naockocmu o, onpedeasemoi mouxoi A u npamoli a,
cyujecmsyem re Hoaee odHol npamoil, npoxodawed vepes A u He nepece-
Karowei a.

Jloaroe Bpems reoMeTpbl BBISICHSIH BOIIPOC O TOM, He fBJSETCS JIH aKCHO-
Ma napaniefsHocTH V caecTBHeM BeeX ocTanbHbiX akcuom I, 11 11T, TV, Dror
Bonpoc Obla pemieH Jlo6aueBCKHUM 1. KOTOPBIH I0Ka3al, uTo akchuoma V He
ABJSETCH CcaeAcTBHeM akcHom [-IV.

[To-npyromy peaynbrat JIo6aueBCKOTO MOKHO C(HOPMYMTHPOBATE TAK: €CAL
K akcuomanm 1-1V npucoedunume ymeepicdenue, ompuyarouee cnpaseo-
ausocmy akcuomvl V, mo caedcmsus scex amux nosoxcenul 6ydym co-
CMasAfAmy A02UHECKU HENPOMUBOpeusyio cucmemy (Heeskiudosy 2eo-
memputro Jlobauesckoeo).

1) Huxonaii Meanosuu JloGauesckuii — BeHKmii pycexnit matematik (1793-1856).
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Cxema 0Ka3aTebCTBA HENPOTHBOPEUHBOCTH reoMeTpHHu JloGaueBcKoro
uznaraercsi B § 3 Hactosiuero [Tpunoxenus.

3/mech Ke Mbl OTMETHM, UTO CHCTEMY CJIeNCTBHH, BHITEKAIONUX U3 Of-
HUX ToJbKO akcHoM I-IV, oBeiuHo HasbiBAWOT abcoatomHol ceomempuell.
AbconoTHasa reomeTpus AiBAfeTCsA 06LeH YACTbIO KaK eBKAMIOBOH, TaK U
HEeeBKJIHI0BOH reoMeTpuil, K60 BCe MpPeIJoXKeHUs, KOTOPbe MOTYT ObITh
IOKAa3aHBl TOJBKO ¢ MoMollbio akcHoM [-IV, BepHbI Kak B reomerpun EBk-
JHaa, TaK U B reoMeTpHu JloGaueBCKOro (MpUMephbl TAKHX TNpeioxKeHHN
YMTATE/b HAHLET B NMpeablAyLHX NYHKTAX).

§ 2. Cxema noKa3aTe]bCTBa HENPOTHBOPEUHUBOCTH
reomeTpun EBknuna

HameTtum cxemy nokasaTte/bCcTBa HEMPOTHBOPEYHBOCTH BCEX MSTH TPy
akcHoM reomeTpud EBkanga.

Panu npocToTel orpaHMYMMCS 10KA3aTeJbCTBOM HETIPOTH B O P € Y U-
BOCTH TNJAaHHMeTpHUH EBKIAHIA, T.e. yCTAHOBHM HETIPOTHBOpE-
YUBOCTh cHcTeMbl akcuom I, 1-3, 11-V.

Jl1st 1oKa3aTebCTBA JOCTATOUHO NOCTPOUTD KAKYIO-HHOYIb KOHKPeTHYIO
peanu3aluno COBOKYITHOCTH 00BLEKTOB, YAOBAETBOPSAIOIINX BCeM YKa3aHHLIM
aKCHOMaM.

Mbl MOCTPOUM Tak Ha3blBaeMyl0 dexapmosy WIH apu@memuieckyto
peann3alHi COBOKYNHOCTH O00BEKTOB, yAOBJIeTBOPAILINX aKCHOMAaM IJa-
HUMeTpuH. Tem cambIM BONpOC O HENPOTHBOPEUHBOCTH NiIaHHMeTpHH EBk-
sanza 6yaeT CBeieH K BOMPOCY O HEMPOTHBOPEUHBOCTH apU(IMETHKH.

Hasosem mouxoi 100y ynopsooueHHYIO Napy BelleCTBeHHBIX YHCeJ
(x, y), a npamoil — OTHOLIEHHe TpeX BellleCTBeHHBIX UHceN (i : v : W) IpH
yenoeun, uto u + v’ 201,

Bynem roBopHth, 4TO TOUKA (X, Y) npuxadiexcum npamol (1 : v : w), ecau
crpaeeJIMBO PaBeHCTBO

ux+vy+w=0. (I1.6)

[lokaxem crnpaBelIMBOCTb akcHoM [, 1-3.

KakoBbl 66l HY OBIIK ABe pasiH4Hble TOUKH (X, ) U (X9, Yfa), IpAMad %)
(Y1 —Yo: Xo— X 1 X Y2 — XoYf ), KAK JI€TKO YOEIUTLCS, COdepHUm Imu mouKu
(akcuoma I, 1).

[lanee U3 ypaBHeHUH

ux,+ovy;+w=0, uxy,+vy,+w=0

") Othowensenm (u : v : w) HasbBaeTCA COBOKYMHOCTb TPEX BelIeCTBEHHBIX YHCea u, v, @
MPH YCAOBHH, 4TO NpH 06GoM A # 0 COBOKYITHOCTH i, U, @ W A, AU, AW paccMaTpHBAIOTCH KaK
TOX/AECTBEeHHbIE.

?) Tak kak Toukm (X, yy) ¥ (X9, Y3) pa3nHUHBL, TO (x| — .152)2 +(y - _t,rg):2 #0.
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BBITEKAET, UTO & : U : W= (Y, — Ys) : (Xo — X)) : (X Y2 — Xal/y), TAK YTO TOUKAMH
(X1, Yy) M (X, yo) OTIPEILASETCS MOALKO O0Ha IpaMast (u : v : w) (akcHoma |, 2).

Haxonel, cnpaBefJIMBOCTb aKCHOMBI |, 3 BEITEKaeT M3 TOTO, YTO YpaBHe-
Hue (T1.6) ¢ AByMS HEM3BECTHBLIMH X M 4 Bcerja uMmeer GecuHC/leHHOe MHO-
JKECTBO PelLIeHHH H He BCSKaf napa X U Y eCThb peleHue ypaBHeHHH (I'[ 6).

Tenephb ONpele UM COOTHOIIEHHE «IeKHT MexKay». Tak Kak u’ + v° =0,
To anbo u =0, audo v =0.

Ecau v #0, To 6yaeM roBopHTb, UTO TOUKA (X, o) Aedcum mencdy (x,, y,)
U (X3, Y3), €CIH TG0 X | < Xy < X3, TUOO0 X| > Xy > Xx3. Ecan ke v =0 (npu sTOM
zapenomo u #0), To 6yaeM rOBOPHTB, YTO TOYKA (Xo, o) AedCUM MeNcY
(X1, 41) w (X3, Y3), ecatn THOO Y < Yo < Y3, THO0 Y, > Yo > Y3.

CnpaseanupocTb akcuom I, 1-3 nposepsiercss TpusHaiabHo, Heckosbko
KponoT/aHBYi0 npoBepky akcuomsl [awa 11, 4 Ml omyctim.

O6paTHMcs TeMepb K ONpeaeeHHI0 COOTHOLIEHHS «KOHTPYyaHTeH». C 3T0M
Ie/IbI0 PACCMOTPHM TaK HasblBAEMOE OpPMOcOHAAbHOEe Npeobpasosanie.
[IpeoGpasoBanie

X'=aqx+by+c,, Yy =ax+byy+cy, (I.7)

nepeBosiLIee MPOH3BOMBHYIO TOUKY (X, y) B ONpeeseHHYyI0 Touky (x', y'),
Ha3bIBAETCH OPMO20HAAbHbLM, €CTH BBITOJIHEHDl COOTHOLIEHHS

al+bl=1, af+bi=1, aay+bby=0. (I1.8)

Jlerko 10Ka3ath, 4To BCsiKOe OpTOroHanbHoe npeodpasosauue (I11.7), (I1.8)
MOKHO NPEACTABUTL B OJHOH U3 clenyrwux Gopm: 1160 B BUie

=ox — By+c,, y =Px+oy+cy, (11.9)

aubo B BUIE
=ox+PBy+c;, y =Bx - oy+cy, (I1.10)

nmpHyeM B 060MX cayuasx o + B = 1. [Tpeo6pazosanns (I1.9) u (I1.10) 06brdHO
Ha3bIBAIOT OpMO20HAALHOIMU NPEoBPa308aHUAMI COOTBETCTBEHHO NEPEO20
1 8mopoeo poda.

[TycTb faHbl TPOH3BOMAbHAS MpAMast (4 @ U @) ¥ Ha Hel HeKOTOpas TouKa
(X0, Yo), TAK UTO UXg+ VYg+w=0.

Jlerko ybeanuTbCsd B TOM, YTO COBOKYIHOCTB TOHeK (X, y), Te

x=xg+0t, y=yy— ut, (T.11)

NPHHAMIEKHT NPAMOH (1 : v : w) A5 J060ro BellecTBeHHOro yueaa f. Jla-
Jee icHO, uTo npH { > 0 Bee yKasaHHble TOUKH (X, i) JeXKaT 10 OHY CTOPO-
HY OT TOUKH (Xg, Yo), @ npu { <0 3TH TOYKH JIeXKaT MO APYTYIO CTOPOHY OT
(x0: Yo)-
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MubiMu cioeamu, ypapHenus ([1.11) npu BCeBO3MOMKHBIX MOJOMKHTEb-
HBIX [ ONpPefeNsioT BCe TOUKH MOJYIPAMOH, HCXOASIIEH U3 TOUKH (X, o) U
Jlexallled Ha NpsaMoH (1 @ v @ w). DTy NOJYIPSAMYI0 Mbl OyIeM 0003HAUATD
CHUMBOJIOM (Xq, Yo, U, —UL).

Oxa3sbBaeTCs1, BCAKOE OPTOroHasbHoe npeofpazoBanme (Kak nepBoro, Tak
U BTOPOTO poja) NepeBoauT Mo6Yi0 NOJyNpSIMYI0 CHOBA B moaynpsmyo. bo-
Jlee TOUHO, CMpPaBelJIMBO CJeflyiollee YTBep:KIeHHe: OPMO20HAAbHOE fpe-
obpaszosanue (I11.9) uan (I1.10) nepesodum noaynpamyio (x,, Yo, v, —U) 8
noaynpamyro (xq, Yo, v’ —u’), ede daa cayuas npeobpasosanus (I1.9)

xg=0xg — Byo+cy yo=Pxg+ousp+co
v'=ow+Bu, u'=-Pv- oy,
u das cayuas npeobpaszosanus (I1.10)
xo=0oxg+Pyg+cp. yo=Pxo — oy +co.

v'=ow-Pu, u=-Pv-ou,

Tenepn HasoBeM oTpe3ok AB konepyawmusim oTpesky A’B’, ecan cy-
I[ECTBYET OPTOroHadbHOe npeolpasoBaHHe, KOTOpPOe NMepeBOJHT Touky A B
Touky A’, a Touky B B Touky B’. ¥ron Z(h, k) HA30BeM KOHTPYIHTHBIM
Z(h', k7), ecaim cyllecTBYeT OPTOrOHANBHOE TPe00pasoBatue, epeposiiee
NOMYNIPAMYIO A B TONYTIPAMYIO A U IONYNPAMYIO £ B TTOJSYTIpAMYI0 R,

Janee nyxHo neperity K nposepke akcuowm III, 1-5. Akcuoma Ill, 2 BeiTe-
KaeT M3 IPYMNOBBIX CBOHCTB OPTOrOHAJBHOrO Mpeodpa3oBaHusl, B CHIY KO-
TOPBIX KaK TI0C/JIeL0BATebHOE MPOBEIEHHEe IBYX OPTOTOHAMBHLIX Mpeobpa-
30BaHWH, Tak W rnpeobpasoBaHue, o6paTHOE K OPTOrOHAJIBHOMY, CHOBA $iB-
JISIIOTCS OPTOrOHANbHBIMK MTpeobpazoBaHusiMu. [TpoBepKa ocTalbHBIX AKCHOM
rpynnsl III Tpe6yeT KponoTAMBOH TeXHHKH H HCIOJb30BaHHS YKa3aHHOTO
BbIILIE YTBEPXKAEHHS, H Mbl €€ ONMYCTHM.

UTo ke KacaeTcs akCMOM HelpepbiBHOCTH, To akcioMa Apxumena [V, |
NpoBepsieTCH HeMOCPeACTBEHHO, a CIIPABeAIMBOCTL AKCHOMBI TONHOTHL [V, 2
BBITEKAeT M3 TOrO, UTO MEX/Y BCEMH TOUKaMH J000H NpsMoil U BCceMH Be-
HEeCTBEHHBIMH YUCJAMH MOXKHO YCTAHOBHTbH B3aUMHO OJIHO3HA4YHOE COOT-
BeTCTBHeE (CM. BTOPYIO OCHOBHYI0 TeopeMmy u3 1. 5 § 1).

Hawm ocraeTcs elle npoBepHThL CMpaBeIJIHBOCTE AKCHOMBI [TapaJliebHO-
ctu V. Ilyets (1 : v: @) — npou3BoJIbHAS NPsSIMast U (Xg, Yy) — TOUKA BHe ee,
TaK UTO UXy+ vyy+w #0.

Iycts (u” : v’ w’) — npsMasi, npoxonsiuias Yepes TouKy (Xg, Yo), T.€.
YJ0BJIe TBOPAIOLLAS YCJIOBHIO

u’'xy+vyy+w’ =0. (T1. 12)
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[Tockoabky 3Ta npsmMas He mepeceKaeT MPAMY (4 @ U : @), N0MKHA ObITh
HEeCOBMeCTHA CHCTeMa ypaBHeHHH

ux+v'y+w' =0, ux+vy+w=0. (TT. 13)

M3 necoBmectHoctu cuctembl ([1.13) zakmiouaem, uto 4’ :u=v’: v, Ui,
uTO TO XKe camoe, U’ =Auw, v’ =Av, Tie A — Hekoropoe yucsao. Ho torma us
(IT.12) noyunum @’ =—Muxg+vy), T.e. u” 1 v’ 1w’ = u:v : —~(uxy+vyy).
Hrak, oTHowennst &’ : v’ : @’ 0JHO3HAYHO ONpeJie/ieHbl, T.e. CYLIeCTBYeT
eIHHCTBeHHas npaMas (4’ v’ : w’), npoxonsiias yepes (xg, ig) H He mepe-
ceKalolas npamMon (¢ : v : w).

Tem caMbIM 10Ka3aTebCTBO HENPOTHBOPEUUBOCTH MJIaHUMETPHH EBK/IH-
Ja 3aBepIleHo.

3aMeuaHue AHaJTOTMUHO OKA3bIBAETCA HEMPOTHBODPE U HU-
BOCTb cTepeomeTpud EBKJMZa. g 3T0ro Mel HasbiBaem mou-
Kot q100Yy10 YIopaaoUYeHHY0 TPOHKY BellleCTBeHHBIX YHcel (X, Y, 2), nps-
MOL — COBOKYIHOCTB BCeX TPOEK (X, ¥, 2), 3JEMEHTHI X, Y/, 2 KOTOPBIX CBfA3a-
Hbl CHCTeMOH [BYX JHHEHHBIX YPaBHEHHH, RAOCKOCMbIO — COBOKYMHOCTh
BCEX TPOEK (X, ¥, 2), 3JeMEHTHI X, If, 2 KOTOPBIX YIOBJETBOPSIOT OIHOMY JIH-
HEHHOMY YpPaBHEHHIO.

§ 3. Cxema nokKa3aTelbCTBA HENPOTHBOPEUHUBOCTH
reomeTpuH JlobaueBckoro

Jlis NpoCTOTHl OrPaHHUYNMCH JO0Ka3aTeJbCTBOM HENpPOTH-
BOPEYMUBOCTH nNaaHumerpuu JlobauyeBcKkoro, 1.e. no-
CTPOMM KOHKPETHYIO peasi3aliio COBOKYTHOCTH 00beKTOB, YI0B/IETBOPSIIO-
uux akciomam I, 1-3, [I-IV u axcuome, otpuuaioueii cnpasenusocts V.
Jl1s nocTpoeHUs yKa3aHHOH peaqu3allMi Mul OyeM OMHpaTbCs Ha yIKe ycTa-
HOBJIEHHYIO HaAMH HEeTIPOTHBOPEUHBOCTE MJaHuMeTpuH EBKauaa, T.e. cBenem
BOTIPOC O HENPOTHBOPEUHBOCTH MIaHUMETPHH J10O6a4ueBCKOro K BOMPOCY O
HeTpOTHBOPEYHBOCTH NianuMeTpuu EBpkauna. Manaraemas 8 aToM naparpa-
e Moneab npuHagnexut A. INyankape ).

PaccMOTPHM Ha eBKJAHAOBOH MIOCKOCTH FOPH30HTAJNbHYIO MPSIMYIO X H
OMHPAIOLLYICS Ha Hee 8epXHI0H TOMYIIOCKOCTD.

Bce Touku 3TOH BepxHeH MOMYMIOCKOCTH Mbl HA30BEM HEe8KAUOO86IMU
mouKaMmu, a BCe JiexKallue B BePXHeH MOJYIJIOCKOCTH MOJYOKPYKHOCTH C
LLEHTPOM Ha NPSIMOHA X W BCe BEPTHKAaJbHBIE MOJYNPSMbIE, HCXOASLLHE U3
TOYeK MpPSMOH X, Ha30BeM HeesKAudosoimu npaAmbimu (KCTaTH, YKa3aHHbIe
MOJAyTNpsiMble yI0OHO pacCMaTPHBATE KAK MOJYOKPYAKHOCTH OeCKOHEUHO
GosblIOro paauyca).

D) Anpu [yankape — dpanuysckuit matematik (1854-1912).
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Mer onpesesuM Mexay HEeBKJAHWAOBBIMH TOYKAMH W HEeBKJIHIOBBIMU
MPSIMBIMH COOTHOLIEHUS «TIPHHAIJIEKUT», «JIEKHUT MEXKAY» H «KOHTPYIH-
TeH» H yOeUMCH B CIIpaBelJIMBOCTH BCeX aKCHOM abdCOJNWTHOH
reomMeTpHH (T.e akcuom I, 1-3, [I-1V). [Tocae 3TOrO MBI MOKaXKeEM, YTO
B NMOCTPOEHHOH MOJIENH CIpaBeMBA aKCHOMA napasenbHocTH JloGaues-
CKOro (T.e. oTpuuaHue akcuomel V EBkauna).

Mol GyjieM roBOPUTB, YTO HEEBKJAMIOBA TouKa A npunadieicum HeeBK-
JIUI0BOH NPAMOH @, ec/ii TOUYKa BepXHeH NoJymaoCKOCTH A JeMHHT Ha NoJy-
OKPYKHOCTH .

CnpapenyMBOCTh akcHoM 1, 1-3 yeranaenueaercs TpuBHalbHO. Tak, ak-
cuombl I, 1 1 1, 2 sxBUBaNeHTHBI YTBEPKAEHUIO, YTO Yepe3 ABe TOUKH Bepx-
HEH MOJYMJIOCKOCTH MOXKHO MPOBECTH TOJBKO OIHY OKPYKHOCTb, HMEIOLLYIO
LEHTP Ha npsiMoi x. Akcuoma I, 3 SKBHBaJeHTHa YTBEPXHAEHHUIO, UTO HA JII0-
60 NOJNYOKPYKHOCTH HMEIOTCS 110 KpaHHeH Mepe IBe TOYKH U UMeeTCs XOTH
Obl 0IHA TOYKA BHE 3TOH MOJYOKPYAKHOCTH.

[TepeiineM K yCTAaHOBJ/JEHHIO COOTHOIIEHHS «/1eXUT Mexay». [lycTsb
A, B, C — Tpu TOYKH HEeBKJIHAOBOH MPSMOH, H300paxaeMOH MOJyOKpYyK-
HOCTBIO . Bynem roBoputhb, uto TouKa B (B HEeBKJIMIOBOM CMbIC/IE) A€HCLM
mexcdy A u C, ecsii B Ha TONYOKPYKHOCTH @ JeKHT MexKay A 1 C (B eBKIH-
IOBOM CMBICJIE).

[Tpu Takom onpejeseHHH COOTHOLIEHHS «JIEKHUT MEXKIYy» JIerko ycTa-
HaBJMBaeTcd crnpaBeMuBocTh akeroM II, 1-3. Bnpouewm, nopsaky caeno-
BaHHS TOYEK HAa HeeBKJHJOBOH NpPsAMOH, H300paKaeMOH MOJTYOKPYXK-
HOCTBIO @, MOMKHO TIPUAATL U GoJiee HATAAAHLIH BHA. Buimyckas U3 1eHTpa
O NOJyOKPYKHOCTH @ BCEBO3MOXKHBIE JIYUH, MBI C MOMOLIBI) 3THX Jy4ek
MOXEM B3aUMHO OJHO3HAYHO CIPOELHPOBATH BCE TOUKH MOJYOKPYXKHOC-
TH @ Ha BCe TOUKH HEKOTOPOH NpSIMOH ¥, NapadJesibHON X H Jiexalllell Bbille
MOJYOKPYXKHOCTH &.

Torpa nopsigoK ciel0BaHHs TOUEK HEEBKJIHIOBON NPSIMOA @ COOTBET-
CTBYeT MOPSAKY cJeloBaHHA 00pasoB 3THX Touek Ha npsmoll y. [TonyTHo
JOKax<eM, UTo gce mouku At06oil HeesKAudogoll NPAMOiL @ HAX00Amca 80
B3AUMHO OOHO3HAYHOM COOMBEMCMBUL C MHONECMBOM BCEX BEULeCMBEH-
HOLY qUcen.

Ham eme caenyer nposeputh akcuomy II, 4 Tlawa, HO aoKasaTesbCTBO
ITOH aKCHOMBI SIBJISIETCS HATJISITHO BIIOJHE OUEBHIHLIM, H Mbl €70 OIYCTHM.

Tenepb Mul epefiieM K ONpeJeeHHI0 COOTHOLIEHHS «KOHTPY3HTeH». B
HaJJeXAalleM ero OnpefeJeHHH U COCTOUT ocTpoyMHue moaeau Ilyanxape.
He BnaBasich B JleTa/1, OCTAHOBHUMCS HAa OCHOBHBIX MJIeSX ONpeje/eHUs 3To-
TO COOTHOLIEHHS.

BBeneM B pacCcMOTpeHHe ClelHalbHOE peobpasoBaHHe eBKAHIOBOH
MJIOCKOCTH, H3BECTHOE MO/ Ha3BaHueM uneepcuu. [lyctb puKcupoBana npo-
W3BOJIbHASI OKPYXKHOCTh pajiyca r ¢ ueHTpoM B Touke A. Husepcuerl omuo-
CUMEeNbHO YKA3AHHOI OKPYHIHOCMY HA3BIBAETCS TaKoe NpeodpasoBaHue
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TOUEK MICCKOCTH, TPY KOTOPOM Jio6as, oTauuHas ot A Touka miockoctd M
MepexoauT B TOUKY M, Jexaulywo Ha 0JHOM ¢ TOUKOH M nyde, BEIXOASIIEM
3 A, M TaKyI0, 4TO BHIOJHEHO ycaopre AM’ - AM =r?,

HazoBeM HeeBKJHAOB 0Tpe30K AB KoHepyIHmHbLM HEeBKJIULOBY OTpe3-
Ky A’B’, ec/iM CyIIeCTBYeT Takas MocJe 0BaTeNLHOCTE HHBEPCHH, UTO HX
NpOH3BeleHHe 0TOOpAKAeT eBKIUIOBY KPYroByio ayry AB B KpyroByw ayry
A’B’.

Heesxaudosoim yeaom 6yjieM Ha3bIBaTh COBOKYMHOCTh JBYX HEeBKJM/0-
BbIX MOJYTPAMBIX, HCXOASIIUX W3 OHOH TOUKH.

Hazoeem HeeBkamnoB yroat Z(h', k") KOHepYyIHMHbLM HEEBKIUIOBY VIJIY
Z(h, k), ecnu cymecTByeT Takas MOCJAeI0BATEIbHOCTb HHBEPCHH, UTO HX
MpoK3BefeHHe 0ToOpaKaeT CTOPOHBI MEPBOTO yrja Ha CTOPOHBI BTOPOTO.

[Tocie MpUHATHIX OMpefeneHHH NpoBepka akcuoM KoHrpysHTHOCTH II1, 1-5
IpeBpaLlaeTcs B TeXHUYEeCKYo paboTy, KOTOPYIO Mbl MOZKEM OIYCTHTb.

[TpoBepka akcuombl Apxumena [V, 1 Tak:Ke He BbI3bIBA€T HUKAKHX TPY]-
HOCTeH M HCMO/b3YeT JHIIb CBOHCTBA HHBEPCHH.

[Tocneanss akcMoma aGCcoIOTHON TeOMETPHN — akcHoMa noJiHoTh [V, 2
cripaBe/l/iMBa BCJeJACTBHE TOrO, YTO (KAK 9TO YCTAHOBJEHO BbILIE) MeXKIy
BCeMH TOUKaMH JI0OO0H «HeeBKJAMIAOBOH NMPSIMOH» W BCEMH BellleCTBeHHBIMH
YHCJIaMH MOMKHO YCTAHOBUTH B3aHMHO OTHO3HAYHOE COOTBETCTBHE (CM. BTO-
pYy10 OCHOBHYI0 TeopeMy U3 1. 5 § 1).

HMrak, nis Haled Mone/H clipaBelJiiBbl Bce akCHOMbl aGCOJ/IOTHOH Teo-
metpuu (I, 1-3, II-1V).

Kak e 06cTOUT €10 ¢ aKCHOMOH napagnebHocT V ? Bo3bmeM qw06yto
«HEEBKJHJIOBY TPAMYIO», H300paxaeMyio MoJYOKPYKHOCTbIO @, H J100yio
Touky A, et He npuHaniexallyw. Jlerko npoBepuTs, uTo Yepes Touky A npo-
XOAHUT OECKOHeHHO MHO20 PA3JHUYHBIX MOJYOKPYKHOCTEH, HMEIOIMX LeHT-
pbl Ha TIPSIMOH X M He UMEIOLIHX O6IIHX TOUEK € MOJYOKPYKHOCTBIO a.

DT0 03HauaeT, YTO B pacCMaTPUBAEMOH HAMH MOJEJH CIpaBe/INBa aK-
cvoMa napaJjuiesnbHoctH JlobaueBcKoro.

Tem camblM MBI 3aBepLINIH J10Ka3aTeJbCTBO HENPOTHBOPEYHBOCTH MJa-
HUMeTpuH JlofaueBCKOro M OJHOBPEMEHHO M0Ka3ajd, YTo akcHoMma napas-
JeabHocTH V EBKiMna He siBasercs caencteueM akcuom I, 1-3, [I-1V aéco-
JIIOTHOH IeOMeTPHH.

§ 4. 3aknuHTe bHBIE 3AMEeYaHUS
0 npobjeMax aKCHOMATHKHU

[Tpu n3yueHHH 11000H CUCTEMBI AaKCHOM €CTECTBEHHO BO3HHKAIOT CJIe/YI0-
mue Tpu npodsaemel: 1) npobaeMa HEMPOTHBOPEUHBOCTH CHCTEMEI AKCHOM;
2) npobJyieMa MHHUMAJBHOCTH CHCTEMBI aKCHOM (BBISICHAIOLAS BOMIPOC O TOM,
He fIBJISIeTCS JIH KaXK/Jas U3 paccMaTpHBaeMblX aKCHOM CJIefICTBHEM OCTallb-
HEIX); 3) Mpo6JeMa MOJHOTH CHCTEeMbl AKCHOM (TTPHHSITO CHCTEMY aKCHOM
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HA3LIBATL MOAHOL, eCH MEeXIy 3J1eMeHTAMHU JIByX JIOOBIX ee peaqu3aluil
MOYKHO YCTAHOBHTB B3aHMHO OJHO3HAYHOE COOTBETCTBHE, COXPAHSIOLIEe yC-
TaHOBJIEHHbIE MEKIY 3JeMeHTaMH COOTHOLIEHHS).

B § 3 1 4 Mbl yCTaHOBMJIM HENPOTHBOPEUHBOCTb CHCTEMBl AKCHOM Kak
reomeTpuu EBkanga, Tak u reomeTpun Jlo6aueBckoro.

HpOﬁJIEMa MHHHMAJbHOCTH CHUCTEMbBl dKCHOM IFeOMETpHH HABJASACTCH
04yeHb TPYL0eMKOH M TpebyeT obcTosTeIbHOrO HecaenoBannd. [Tpumepom
TAKOro UCCJ/e0BaHUS ABJAETCS YCTAHOBJAEHHBIH HAMH (PAKT, YTO aKCHOMa
napajiesibHOCTH V He SB/ASeTCS CJAeACTEBUEM OCTAJNLHEIX aKCHOM.

[TonHOTA CHCTEMBI AKCHOM TFEOMETPUH YCTAHABJIMBAETCS NOCPEACTBOM
BBeJIeHUs 1/151 1000 peanu3aluui KOOPIMHATHOH CHCTEMBI H TOC/eLyoLIe-
ro yCTaHoBJIeHHA B3AHMHO OJJHO3HAYHOI'0 COOTBETCTBH A (C COXpaHeHHeM BCex
COOTHOUIEHHWH) MeXK/1y TOUKAMH, TPAMBIMH H TJIOCKOCTAMH JaHHOH peanu3a-
KK (B KOOPAHHATHOH 3aMHCH) U 1eKapTOBOH peasn3aliy, H3y4eHHOH B § 2.
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