International Journal of Pure and Applied Mathematics

Volume 113 No. 4 2017, 87-101

ISSN: 1311-8080 (printed version); ISSN: 1314-3395 (on-line version)
url: http://www.ijpam.eu
doi: 10.12732/ijpam.v113i4.9 ijpam.eu

GENERALIZED SOLUTION OF A BOUNDARY VALUE
PROBLEM UNDER POINT EXPOSURE
OF EXTERNAL FORCES

A. Kerimbekov!, E.F. Abdyldaeva?, U.E. Duyshenalieva?
L2Kyrgyz-Russian Slavic University
Bishkek, KYRGYZSTAN

3Talas State University
Talas, KYRGYZSTAN

Abstract: In the paper, we study a problem of constructing the generalized solutions of the
boundary value problem with wave equation under point exposure of external forces, when
the wave process is described by Fredholm integral-differential equation. We have developed
an algorithm for constructing the generalized solution of the boundary value problem, which
together with its generalized derivative are elements of a Hilbert space. Sufficient conditions
for the existence of a unique generalized solution are found. The presence of an integral
term in equation stipulate the construction of two types of approximations of the generalized
solution of the boundary problem. We prove the convergence of these approximations to the

solution of the boundary value problem.

AMS Subject Classification: 49K20
Key Words: boundary value problem, generalized solution, resolvent, point exposure,

approximation solution, convergence

1. Problem Formulation

Consider the wave process described by boundary value problem
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T m
Vie = Vi + A / KtV (ra)dr + 3 gu(@)6( — ai) fult, un (1)),
0 k=1
V(O,.’E) = 1)[)1(%), ‘/t(O,CC) = Q;Z)Q('T)v 0<z< 1, (1)
Vo(t,0) =0, Vi(t,1) +aV(t,1) =0, 0< ¢ <T,

where the function V' (¢,z) describes the state of the elastic thread with length
equal to one, which fluctuates under the influence of external disturbing forces
gr(x) fe[t,ur(t)], &k =1,2,3,...,m , attached accordingly to the interior points
x1,T2, ..., T, of the interval (0.1); ¢1(x) € Hi(0,1),92(z) € H(0,1),gx(z) €
H(0,1), fr[t,ur(t)] € H(0,T) are given functions and functions fi[t, ux(t)] are
nonlinear functions with respect to functional variable uy(¢) and they are mono-
tone functions, i.e.

3fk [t, Uk (t)]

8uk (t)

Kernel K(t,7) in the domain D ={0 <t <7T,0 <7 < T} is defined and is an
element of space H(D), i.e.

#0,Vt € [0,T]. (2)

T T
/ / K%(t,7)drdt = Ky < oc. (3)
0 0

H(Y) is a Hilbert space of square-integrable functions defined on the set Y
H,(Y) is a Sobolev spaces of the first order. The given functions g (z) are con-
tinuous for each fixed k = 1,2,3,...,m , have continuous derivatives g; (x) and
satisfy the conditions gx(1) = 0; d(x — ),z € (0,1) is a singular generalized
function of Dirac; T is a fixed moment of time, o > 0 is a positive constant; A
is a parameter.

2. Solution

The solution of problem (1) we will seek in the form of Fourier series:
o0 1
V(ta) = 3 Valt)an(o), Valt) = [ Vita)zn (o ()
n=1 0

where z,(z) are defined as the solution of boundary problem 2 (z)+ A2z, (z) =
0, 2,(0)=0, 2 (1)+az,(1) =0, and form an orthonormal system of eigen-
functions in the space H(0, 1), and the corresponding eigenvalues \,, satisfy the
following conditions A, < Ap41, nh_)rgo Ap =00, (n—1)m <A\ <5(2n—1),n =
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1,2,3,...,; The Fourier coefficients V,,(t) are defined as the solution of the fol-
lowing Cauchy problem

V() + AL Vn / K (t,7)Va(r)dr+
+ng i) zn (1) filt, ue (1)), (5)
k=1

And have the form of (6)

1
Vi (t) = 1y, cos A t+)\ sin A\, t+

—/sm)\ t—T</Kt5 s)ds+

£3° guen)znee) fulr ui )ar. (6)

k=1

i.e. defined as the solution of the Fredholm integral equation of the second kind.
This equation can be rewritten as

T
:/0 K, (t,s)Vh(s)ds + an(t), (7)

where

K,(t,s) = /t sin A\, (t — 7)K (7, s)dr, K(0,s) =0,

1
A Jo
an(t) = P1n cos Ay t+ ¢2n sin A\, t+

—/ sin A\, (t — 7) Z k(zk)zn (zk) fr [T, wk (7)]dT.

Definition 1. The function of form (4), which belongs to the Hilbert space
H(Q), Q@ =(0,1)x(0,T), is called a generalized solution of the boundary value
problem (1).

The solution of the integral equation (8) we find by the following formulas
[11].

T
Va(t) = )\/0 R, (t, s, N)an(s)ds + an(t), (8)
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where

a5, ) Z)\Z YK, i(t,s), n=1,2,3, ... (9)

is a resolvent of the kernel Kn,1(t, s) = Kyu(t,s), and the iterated kernels
K, (t,s) are defined by formulas

T
Kpivi(t,s) = / K(t,n)Kyi(n,s)dn, i=1,2,3, ..
0

and the following estimate holds

, KoT
/0 Bt s < s (10)

where the radius of convergence of the Neumann series (9) for the parameter A
and each fixed n = 1,2,3, ... is determined by the inequality
An
11
ik (11)

From (11) follows that the radius of convergence of the Neumann series increases
when n is growing. It is not difficult to notice that the Neumann series converges

Al <

for any n = 1,2,3,..., for values of the parameter \ satisfying the following
inequality
A< (12)
VET?

We note that this interval can be extended by reducing the value of Kj,
which closely connected with the kernel K (¢, 7). According to formulas (4), (8),
we find the solution of problem (1) by the formula

o0

Vt,z) = Z <)\ /OT Ru(t, s, Nan(s)ds + an(t)) zn(z) =
n=1
= i {wnt. N+

= / alt A g<xk>zn<xk>fk[n,ukmndn}zn(a:); (13)

where
T
U (t,\) = U1 [cos Ant + )\/ R, (t,s,\) cos )\nsds] +
0

T
—|—% [Sin At + )\/ R, (t,s,\)sin )\nsds] :
0

n
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sin A, (t — —I—)\fo n(t, 8, A) sin A, (s — n)ds,
En(tﬂ%)\): 0<77<t
)‘fo n(t, s, A)sin A, (s —n)ds, t <n <T.

Note that, function ,(¢,7, \) is continuous when ¢t = 7.

Lemma 1. Solution of boundary value problem (1), which is defined by
the formulas (13) - (14), is an element of the Hilbert space H(Q).

Proof. The assertion of the lemma is verified by direct computation and
follows from the relation

T 1 T
2 2
/0 /OV(t,x)dxdt§/0 nzlvn(t)dtg
T o0
2(t,\
§2/0 ;{wn(t, )+

T T 2
+)\i2 ; 5721(15,77,)\)61?7/0 <ng ) 2n (k) f [0, wk(n )]> dn}dtg

< 2/ Z {% (t, \)+
T,
1By en(t,m,A) / mng )z () fi [, wg (m))dn b dt <

0
N Ko T? 1
()\ _ |)\| /—K T2)2:| {“¢1($)“%I(0,1) + FH¢2(3:)H%I(O’1)+

—|—mTng o) || frlt, u(t HH 0,7) Z )\2}

k=1

SST[I—I—

A2K(T? ] ) 1 )
+ = -
e | @l + zlva

= 11
S gl s O o + 5)} <o

k=1

<8T[1+
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This relation was obtained with taking into account the following inequalities

/Ti 2(¢ )\)dt<4T[1—|— NETE }Z( 2 >
0 — wn ) = ( |)\| 0T2) wln A%¢2n )

/TEQ(t n,\)dn < 2T <1+ Kol )
o 7 - (O — (NVET2)2 )

O

Lemma 2. The solution of the boundary value problem (1), which is
defined by formulas (13) - (14), has a generalized derivative and this generalized
derivative belongs to the Hilbert space H(Q) .

Proof. Differentiating the series (13), we obtain the function of the following
form
[e.9]

Vi) =3 {wmu, A+ (15)

n=1
m

T
e [t ) st ldnpanta) (10

where 1, (t, \) and ,4(t,n, \) are derivatives with respect to ¢ variable and are
defined by formulas

T
Yt (t, N) = 1y [—)\n sin A\t + )\/ Ry (t, s, \) cos )\nsds] +
0

T
ﬁ% [)\ cos A t+)\/ Ryi(t, s, \)sin )\nsds] :
n 0
An €08 Ay (t — —I—)\fo nt(t, 8, \) sin A\, (s — n)ds,
€nt(t7n7)‘): O<77<t

)‘fo Ryi(t, s, \)sin A\ (s —n)ds, t <n <T;

Note that, when ¢ = n function £,,(¢,7, A) has discontinuity equal to the value
An-

Assertion of the lemma is verified by direct computation and follows from
the following relation

T 1 T 0
/ / V2(t, x)dxdt = / > Vidt <
0 Jo [(—
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T o0
2
< /0 > {%(t,m

1 T
= /0 22, (t,m, ) /ngkxk () F7 . )]dn}dtS

N KoT? H 5
< 8T |1+ (A23, + ¢3,)
{ (M — NVET?)? Z e

1
TS @Al o S r} <
k=2 "

n=1

Tm Y )l filts wun 0, (6 " 7> } o

n=1

§8T[1+

This relation was obtained with taking account the following inequalities

N KT
(An = AVEQT?)?

T
/ R%,(t,5,\)ds <
0

1

gk (Tk)zn(Tk) = /o ()20 (2)0 (2 — 21)dx <
1

< \/5/0 gr(z)cosh,xd(x — xp)de = \)\/_gk,

1
gk = /0 (gr(2)d(x — x1)),, sinA\pxdz| .

O

Theorem 2. Suppose that the conditions (2), (12) hold and functions
frlt,ux(t)] € H(0,T) for each ui(t) € H(0,T). Then the boundary value prob-
lem (1) has a unique generalized solution V (t,x) and this generalized solution
together with the generalized derivative Vi(t,z) are elements of the Hilbert

space H(Q).

Proof. The assertion of theorem 1 follows from Lemmas 1 and 2. O
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3. Approximate Solutions and their Convergence

Solution of boundary value problem is defined as the sum of the infinite series
and it is not always possible to find their explicitly. Therefore, in practice we
construct the approximations of the exact solution and prove their convergence.
In the boundary value problem (1) the existence of the integral term in equation
stipulate the construction of two types of approximations of the generalized
solution of the boundary problem.

3.1. Approximation of the Solution of Boundary Value Problem
with Respect to the Resolvent and its Convergence

The resolvent of the integral equation (7) is defined as the sum of infinite series
(9) and it is not always possible to find explicitly. Therefore, we consider the
approximation of the resolvent in the form of the following finite sum

N
RY(t,5,0) =Y XNT'K,(t, s),
i=1

and the corresponding solutions of boundary problem (1) we find by formula

o0

VNt a) =) {wﬁ(t, M)+

n=1

T
T AR SRV )

where
T
DN (t,N) = Y1y l:COS Ant + )\/ RN(t,s,)\) cos )\nsds} +
0

¢1n

T (17)
+ [Sin Ant + )\/ RN(t,s,\)sin )\nsds] ;
0

An
Sin g (t— 1) + A i RN (, 5, \) sin Ay (s — n)ds,

5711\[(t7V7)‘): 0<n<t,
)\foT RN (t,s,\)sin \, (s —n)ds, t<n<T;

N=1,2,3,..,.

Function V' (¢, ) is called the N-th approximation of the generalized solution
(13) of the boundary value problem (1).



GENERALIZED SOLUTION OF A BOUNDARY VALUE... 95

Lemma 3. N-th approximation of the generalized solution of boundary
value problem (1) converges to the exact solution in the norm of the Hilbert

space H(Q) .

Proof. The assertion of lemma 3 is proved by direct computation i.e. by

inequality |\[¥ KOT < 1, the assertion of lemma 3 follows from the following
relations

T o0 2
V) =V @)l = [ ;(vnu) - vnN<t>> it =
T o0
= / Z {¢n(t7)‘) - ¢r]zv(t7)‘)+
0 n=1
+A /OT(én(t,n, A) = el (t,m, A)An(n)dn)}th <
s — N (t,N) %+
sz/o ;{wn(m el (t,

T T
a2 /0 (en(t,m, ) — < (8,m, M) 2dn / Ai<n>dn>}dt <
\/ K0T2) »
1

< 2A2TK0<W

(- mmm) | Sl ()
o ) (Z gk<xk>zn<xk>fk[n,uk<n>]2)dn}dt <

k=1
\/KOTQ 1 2
2 2
DI {2T<||w1< Mo + 3512, 1>>

n=1

2 - 2 2 r 2
¥m 3 i)z o) NG [w(n)]dn} <
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) ) (i)

22
< AT K0<w . -

’I?,T
1

T (1@l + 5 e@lBian )+

xS ) il | =0

k=1
[n(t, ) = o (8, M)

<
1 NTKy [ VEoT2\ 2 1 2

< 2T (93, + 5 ¥4, Al - —,
A2 A2 A 1 ANV EoT?

n
n

T 2
/ <5n(t,n, A) = el (t,m, A)) dn <
0

t T
{ / )\/ (Rn(t, s,\) — RN(t,s, A)) sinAp (s — n)dsdn+
0 n
T 2

<

< /OT ()\ /nT <Rn(t, 5,A) — RN (t,s, A)) sinAn,(n — s)ds>2d77 <

T 2
< )\QTQ/ (Rn(t,s,)\) — Rﬁ(t,s,x)> ds <
0

< 2 TKo |)\|\/K0T2 2N . 1 2
A A 1 AV EeT? )
An

n

Thus, the followng relation holds

VK T2 > N
— 0,

IV t.2) = V¥ ()l < 0 (W

where
a0y = oVE (1- — (L LY.
nA 0 A/ KoT? N6

In "

(18)
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1
(@l + 55 We@lron )+

m 1/2
3 el el o) b
k=1

4. The Convergence of the Approximations of Generalized
Derivative of the Boundary Value Problem Solution

According to (17), N-th approximation of the generalized derivative we find by
formula

oo T
V) = 3 (e + 3 [Ny - manfa e, 09

n=1

where

An(m) = gi(wr)2n () filn, i (n)]dn.
k=1

Lemma 4. N-th approximation of the generalized derivative of the bound-

ary value problem (1) solution converges to function Vi(t,z) in the norm of
Hilbert space H(Q) .

Proof. Assertion of lemma 4 is proved by direct computation, it follows
from

Wit,z) V¥ (6,020 / Z{wmw—w%(t,m
=1
2
+ /0 (nt(tam, A) — (01, A)Anm)dn)} it <
T
N 2
<o ;{wm(w (1024
T T
52 [ (nlton ) = e ) 2an [ aan pat <
T ©© / 2N
<2 /0 Z{2A2K0T2(w%n+%%w§n> (w §0T2> x

n=1 n
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2 / 2
x(l ! ) —A2T4K0(])\] Kol )
\)\|\/K0T2 An

1 2T
1l-— A <
t i D/ FT? ) [ Ahonnan far <
n n
= 1 VET?
<27 )" {2A2K0T2 (% + A—Qwén) (IAI - >
n=1 n

n

5 7\ 2N
X (1 — L ) + )\2K0T2T02(\)\‘\/K0—T> X
l |>\ /KOTZ )\TL
n n
2 m
(1) Y ) Al felt s (D)1
ln‘)"\/m k=1 ' ’ nenr

which is obtained based on the following inequalities

[t (8, ) — YD (8, N)]? <
2
< oT\? (q,z)%n = ¢2n>TKO<|A|” K°T2> <1 _ ;> ,
In

n

T 2
/ (Ent(t,n, A) —ant(t,n, A)) dn <
0
VET?\ 2 - 1 2
1 AW EoT? '
nN o

< NT°K (IAI

7’1

Thus, the followng relation holds

Y K°T2>N -0, (20)

IVitt.a) = V¥ (t2) ) < GO (A

where

1
20vy _ 2 7 2 2
C3(\) = AT KT (1 - WEer? ) {“¢l(x)“H(O,l) +
A1

1 m
ot ) oy + T > felt s (0 s o (r T é) }
1

k=1



GENERALIZED SOLUTION OF A BOUNDARY VALUE... 99

5. A Finite-Dimensional Approximation of the Boundary Value
Problem Solution and its Convergence

In practice we usually deal with the finite-dimensional approximations of the
solution. According to (16) and (18) we find the finite-dimensional approxima-
tions of the generalized solution of problem (1) and its generalized derivative
by the following formulas

T

T
V() = (e + 5 [N e - duwan o)

n=1

r

T
V() = o { o)+ 5 [ Nt - dutain o)

n=1

Initially we will prove their convergence to functions (16) and (18). This follows
from the following equations

Vien) -V g = [ S {uens
n=r+1

—/ (t,m,A) An(n )dn} dt <

T
> {2+ [ XA bt <

<2/
n=r+1

0
N2 KoT?
§8T<1 VT >{ Z w1n+— Z Ui, + (21)

n=r+1 n=r+1

+'mTng 2 | fults we (O o, Z X } —0

k=1 n=r+1

and

VN (8, 2) — VY (0, 2) ) = / { SN N+
n=r+1

—/ en(t,m, ) ()dn}dtS

T
<2/ { D2t N) + )\12/ an(t’”v)‘)Ai(??)dn}dtg

n=r-+1
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<8T(1+ NETE ){ i R i W2+ (22)
; ()\1 - |)\| K0T2)2 n=r+1 " )\% n=r+1 o

o0

m 1
+Tm Y Gell felt, w0y D )\_2} =0
k=1

n=r+1 "7
for any N =1,2,3,...,.
Theorem 3. Finite approximations of the generalized solution of problem

(1) and its generalized derivative converge to functions (13) and (16) in norm
of Hilbert space H(Q).

Proof. Assertion of the theorem follows from the following relations

IV (t,z) = VNt 2) ) < IV (Ez) = VN 2) ) +
HIVN(t2) = VN (@) ) — 0,
IVit,2) = VY (t @) rg) < IVilt,z) — Vi (¢ 2) ) +
HIVN(t,2) = Vi (8 2) i) = 0,

which take place according to the formulas (18) and (20) - (5).

Conclusion

A boundary value problem of the form (1) is frequently found in practice, in
particular in the study of the optimal control problem for the oscillation pro-
cesses described by integro-differential equations in partial derivatives. Here-
with functions ug(t) € H(0,T), k = 1,2,3,...,m can be consider as the control
parameters, by which the controlled process can be converted from one state to
another predetermined desired state. In this context, the study of the problem
(1) can be continued as the problem of optimal control.

Brief abstract of this work has been published in the Materials of the work-
shop " Differential operators and modeling of complex systems” (April 7-8, 2017,
Almaty, Kazakhstan) [12].
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