On the Solvability of a Nonlinear Optimal
Control Problem for the Thermal Processes
Described by Fredholm Integro-Differential
Equations

Akylbek Kerimbekov

Abstract The problem of nonlinear optimal control of the thermal process de-
scribed by Fredholm integro-differential equation was investigated. The concept of
a weak generalized solution of the boundary problem was introduced and the algo-
rithm for its construction was indicated. It was established that the optimal control
is defined as a solution of a nonlinear integral equation satisfying the additional
condition in the form of inequality. Sufficient conditions for unique solvability of
nonlinear optimization were found and the algorithm for constructing approximate
solutions was developed. The convergence of approximate solutions with respect to
control, optimal process and functional was investigated.
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1 Imntroduction

Many applied problems are described by integro-differential equations [5, 7]. As it
was noticed in [3, Introduction] in many applications mathematical models which
contain integro-differentional operators haven’t been studied or have been studied
not enough because of controlled system’s difficulty. Problems of control processes
described by integro-differential equations, in the case in which control functions
enter the equations non-linearly, were almost not studied. In this paper, the solvabil-
ity of control problem with the quadratic quality criterion was investigated. Using
the maximum principle in the case in which the controlled process is described by a
Fredholm integro-differential equation, the optimality condition was obtained in the
form of a nonlinear integral equation and differential inequality, i.e. optimal control
is defined as a solution of the specific problem that is new in the theory of inte-
gral equations. By applying the method of [2] sufficient conditions were found for
unique solvability of this problem and the algorithm was indicated for constructing
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804 A. Kerimbekov

solutions of nonlinear optimization problems with arbitrary precision in the form
of a triplet (u°(), vO(z, x), J[u®()]), where u®(r) is the optimal control, v°(¢, x) is
the optimal process, J [uo(t)] is the minimal value of the functional.

2 Boundary Value Problem of the Controlled Process

Let the state of a thermal process be described by a scalar function v(¢, x), which
in the region Q7 = O x (0, T'], where Q is a region of the space R” bounded by a
piecewise smooth curve y, satisfies the integral-differential equation [5, 7]

v — Av=2»x /OT K, tv(r,x)dt + g(t, x)f[t, u(t)],
xeQCR,, O<t<T (2.1)
and on the boundary of @ satisfies the initial condition
v(0,x)=v(x), xe€Q (2.2)

and the boundary condition

n

I'v(t,x)= Z ajj (x)vxj (t, x)cos(8, x;) + a(x)v(t,x) =0,
i, j=1

xeq, O<t<T. (2.3)

Here A is the elliptic operator defined by the formula:

Av(t,x)= ) (aij vg; (1, %)), = c@)vt, x),
ij=1
a;j(x) =a;i(x), Z ajj(x)aja; > aozaiz, ap > 0;

i,j=1 i=1

8 is a normal vector, outgoing from the point x € ¢; T is a fixed moment of time,
K (z, 7) is a given function defined in the region D =(0<r <1,0<7 <1) and
satisfying the condition

T T
/ / K?(t, v)dtdt = Ky < o0, (2.4)
0 0

i.e. K(t, t) is an element of the Hilbert space H(D) = L,(D);
glt,x) € H(Q), Y(x) e HO, 1), flt.u@®)] € HO,T),

2.5
fult.u®]#£0, Vee(,1),
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are given functions; a(x) > 0, c¢(x) > 0 are known measurable functions; u(t) €
H (0, T) is a control function, A is a parameter and « > 0 is a constant.

As is known, under conditions (2.5) problem (2.1)—(2.3) has no classical solu-
tions. Therefore, we will use the notion of a weak generalized solution of problem
(2.1)—(2.3).

The solution of problem (2.1)—(2.3) we will seek in the form:

vt %) =Y vy (D2 (x),
n=1 (2.6)

on(t) = (02, %), 2 () = / 0(t, X (D),
e

where z,,(x), n =1, 2, 3, ... are eigenfunction function of the boundary value prob-
lem

Az(x) = —)*z(x), x€Q,
I'z(x)=0, xe€gq,

which form a complete orthonormal system in the Hilbert space H(Q), and the
corresponding eigenvalues A, satisfy the following conditions

Anfkn—i-lf”" lim A, =00
n—00

Definition 2.1 A weak generalized solution of problem (2.1)~(2.3) is a function
v(t, x) € H(Q) that satisfies the initial condition in a weak sense, i.e. for any func-
tion ¢o(x) € H(Q) we have the equality:

lim / v(t,x)¢0(x)dx:/ ¥ (x)go(x)dx,
t—+0 0 0

and the Fourier coefficients v, (¢) satisfy the linear Fredholm integral equation of
the second type

t T
(1) = / e—)ﬁl(t—ﬁ <A/ K(z,s)v,(s)ds + g4 (T)f[r, u(f)])dl’
0 0

2
+ el e, 2D

where v, and g,(¢) are the Fourier coefficients of the functions v (x), g(¢, x) re-
spectively.

To determine the Fourier coefficients v, (¢) (2.7) can be rewritten as

T
un(t) = A / Ko(t, )0 ()ds + i (0), 238)
0
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806 A. Kerimbekov
where

t
K, (t,5) = / MUK (¢, 5)d, 2.9)
0

t
an(t) = ety + / e g (o) [, u () ]dr (2.10)
0

The solution of integral equation (2.8) we find by the formula [1]:

T
vty = / Rut, 5, Matn(5)ds + an 1), 2.11)
0
where
m .
Rultos, ) =Y A Kuitt ), n=1,2,3,..., (2.12)
n=1

is the resolvent K, 1(f, s) = K, (¢, 5), and the iterated kernels K, ; (¢, s) are defined
by the formula [1]

T
Kﬂ,i-ﬁ-l(tas):/ Kﬂ(tv U)Kn,i(n,s)dn’ i:172737"'7 (2'13)
0

foreachn =1,2,3,.... We investigate the convergence of Neumann series (2.12).
According to (2.9) and (2.13) by direct calculation the following estimates are es-
tablished

(KoT)'™!

2
| Kn,i(t,5)]” < @y

T
/ K2y, )dy, i=1,2,3,.... (2.14)
0

Neumann series (2.12) is dominated by the numerical series

50 o0
Zki_lKn,i(t, s) < Z T Kait, 9)]
i=1 i=l

r 21 VR
K2(y,5)d — A=
< </O (1, 5) n) 2 ;(I | Txg) ;

which converges for every n = 1,2,3, ... for the values of the parameter A that
satisfy the inequality

VKT
2Rz

x| <1

Note that

2
] < =1, —— 00,

/KOT n—0o
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i.e. the radius of convergence increases when # is growing. However, the Neumann
series, for the parameter values A that satisfy the condition

V2
M < ——=A1, A#0 2.15
[A] KT 1 # (2.15)
converges absolutely for any n = 1,2, 3, ... . In this case the resolvent as the sum of

an absolutely convergent series is a continuous function and satisfies the following
estimates

T 1/2 1 o0 m i—1
R,(t, s, K2y, s)d — A—O)
|R(t,s )|§</O (m,s) n) T ;(I | GYY)

1 T 1/2
= ( / K*(, S)dn) :
222 — A VEKoT \O

(2.16)
T 1 T T
/Rﬁ(t,s,x)dsg //Kz(n,s)dnds
0 (/247 = IMVKoT)2 70 70
Ky

(/243 — MVEKoT)?

Thus, the solution of problem (2.1)—(2.3) we find by (2.6), where v, (¢) is defined by
formula (2.11) as the unique solution of integral equation (2.8). It is easy to verify
that this solution satisfies initial condition (2.2).

Now we show that this solution is an element of the space H(Qr). Taking into
account (2.9) and (2.10) by direct calculation it is easy to show that the following
inequality holds

T
/ /vz(t,x)dxdt
o Jo
T S 2 T ©©
5/ /(Zv(t)zn(x)) dxdt:/ > vkt
0 o\,—1 0 h=1
T T 2
5/ Z(x/ R,(t, s, x)an(s)dera,,(t)) dt
0 n=1 0

T T T
52/ Z(ﬂ/ Rﬁ(t,s,x)ds/ aﬁ(s)dera,%(t))dt
((—t 0 0
2 0 T T ©©
2( 12KoT Z/ aﬁ(s)der/ Zaﬁ(t)dt)
0 0 =1

(/22 — IMVEKoT)? n=1

IA
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242K T
< 2< 0 + 1)
(/243 — [AWEKoT)?

00 0o LT T
><2T<Ztﬁ,%+2/ gﬁ(r)df/ fZ[r,u(r)]dr)
n=1 n=1 0 0

W2KoT
:4T< £ + 1)
(/223 — |AVKoT )2

(w5 + (a5 | £ u@]]5))-

From this inequality it follows that v(#, x) € H(Q7). When the functions v, (), n =
1,2,3,..., are determined by formulas (2.11)—(2.12), it is not always possible to
find the exact resolvent R, (¢, s, ). In practice, the approximations of the resolvent
are considered most often. The truncated series of the form

m
R™(t, 5, 1) = in—lK,,,i(t, s), n=1273,..., (2.17)
i=1

is called mth approximation of the resolvent R,(t,s,A) for each fixed n =
1,2,3,....
The function v} (¢) defined by the formula

T
uy(t)zxfo Rt 5, Matn(s)ds +an(t), n=1,23,..., (2.18)

is called the mth approximation of the function v, (¢) for each fixed n =1,2,3,....
According to the formula (2.6), the mth approximation of the solution v(¢, x) of
boundary value problem (2.1)—(2.3) we find from the formula

vt x) =) vi(E)za(x), (2.19)

n=1

where v}’ (t) have the form (2.18). We show that the approximate solution v) (¢, x)
of boundary value problem (2.1)—(2.3) converges to the exact solution v(f, x) with
respect to the norm of the space H(Qr). Taking into account (2.12), (2.14), (2.15),
(2.17), (2.18) and the inequality

e~ 4 & L e 1
Z o' §am+1+/ axdx:(xm+1+—l ax|m+1 :am+1<1 — ),
P— m+1 no no

0<a<l,
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by direct computation we find that

2

T
[vn(t) — vf(;)]z _ <A/ [Rn(t, 5, 0) — R (4, s, A)]an(s)ds)
0

r T
=< )\42 / [Rn (t, S, )\,) — Rzi (l, s, )\,)]st / (xﬁ(s)ds
0 0

oo

T A 2 T
5)»2/ ( Z |K|Z_I|Kn,i(t,5‘)|) ds/ Oli(S)dS
0 . 0

i=m+1

. 2
K i KoT \' ™! T
sxz—‘;<2 (w/%) )/ aZ(s)ds
20; it 207 0
AZK0<| | KOT)Z’"(l 1 )2
=73 Vo Y
20 2)»1 1n|A| KoT

2
247

x/T o2(s5)ds < C, (x)<|x| KOT)Zm (2.20)
0 2)»% ’ '

22K, 1 2
Cr(d) = 1 -
2 KoT
In|A| /2%

where

232
2 Ty 2
x <1ﬁn(x)+/ gn(t)dr”f[t,u(t)]”H). (2.21)
0
Note that, because the parameter A satisfies (2.15), we have the inequality
1
0<l— —— < o0. (2.22)
KT
In|A| 232

The convergence of the approximate solutions of boundary-value problem follows
from

Jot, x) — v, 0|5,

T % 2
:/ / (Z[Uﬂ(t)_vf(f)]zn(m) dxdt
0 Q n=1
2m
:/ Z””“)‘”m“) ‘“</ ZC (M(W%T) i
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T KoT 2m
x<¢3+/ g,%<r>dr||f[r,u<r>]||,2,)<|x| /—02) dt
0 2)‘1

A2K0T< 1 )2
<=1~
A In || KoT

2
247

KoT 2m
< (I + a0l [ u(t)]HZ)(lM,/—ziz ) el
1

3 Formulation of Optimal Control Problem and Conditions
of Optimality

Consider the optimization problem in which it is required to minimize the integral
functional

T
J[u(t)]Z/Q[U(T,x)—g(x)]zdx+2ﬁ/0 Mt u®]dt, B>0, (3.1

where &(x) € H(Q), My[t,u(t)] € H(O, T)—are given functions on the set of solu-
tions of problem (2.1)—(2.3), i.e. we need to find the control u(t)y e H(O, T) which
together with the corresponding solution v(z, x) of boundary value problem (2.1)—
(2.3) gives the smallest possible value of functional (3.1). In this case u%(t) is called
the optimal control, and V0, x) the optimal process.

Since by condition (2.5) each control u(¢) uniquely defines the controlled process
v (¢, x), the solution of boundary value problem (2.1)—+2.3) of the form v(z, x) +
Av(t, x) corresponds to the control u(r) + Au(t), where Av(t, x) is the increment
corresponding to the increment Au(z). According to the procedure of application of
the maximum principle [3, 4, 6], the increment of the functional (3.1) can be written
as

AJu] = Ju+ Au] — J[u]

T
:-/ AH[I,U(t,x),a)(t,x),u(t)]dt—i—/ AVH(T, x)dx, (3.2)
0 o
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where
All(t,v,w,u)= H(t, v(t, x), w(t, x), u(t)
+ Au(t)) — H(t, v(t, x), o, x), u(t)),

H(t, v(t,x),w(t, x), u(t)) :/ g(t, x)wlt, x)dxf[t, u(t)] — Z,BM[I, u(t)],
Q

(3.3)
and the function e (¢, x) is a solution of the adjoint boundary value problem

T
a)t—i—Aa)—i—/ K, Ho(rt,x)dt =0, xeQ,0<t<T,
0

o(T, x) +2[o(T,x) =] =0, x€Q, S

I'o(d,x)=0, xegq.

According to the maximum principle for systems with distributed parameters [6],
the optimal control is determined by the relations

2BMu[t, u®)] £ [t u)] = / g(t, o (t, x)dx, (3.5)
o
M, [t u(t)]

fult, u(t)](m)u >0, (3.6)

which are called the optimality conditions.

4 Solution of the Adjoint Boundary-Value Problem

We are looking for solution of boundary value problem (3.4) in the form of the series

o(t.x) =Y 0 (t)zn(x). @.1)

i=1

It is easy to verify that the Fourier coefficients w(#, x) for each fixed n =
1,2,3, ..., satisfy the conditions

T
w;,(t)—xﬁw,,(t)z—x/ K (z, Dy (t)dT,
0

@ (T) 4 2[va(T) — & ] =0,

which can be converted to the linear non-homogeneous Fredholm integral equation
of the second type

T
on(t) = x/ Bu(s, Dy (s)ds — 2e=a(T=1) [va(T) —&]. (4.2)
0
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where the kernel
T 2
B, (s, 1) :/ e T=DK (s, t)dr and B,(s, T)=0. (4.3)
t
The solution of (4.2) we find by the formula [1]
22T r AT
wn(t) = —2[va(T) —gn]<e— n{T=1) +x/ Py (s, 1, h)e *nl —~“>ds), (4.4)
0

where the resolvent P, (s, #, A) of the kernel B, (s, ) is given by

e.9)
Pu(s,t,0) =Y M7 B, i(s,0),
i=1

T
Bﬂ,i-"-l(sat):\/‘ Bﬂ(nat)Bﬂ,i(Sv r])dna i:172737"'7
0

and by the condition (2.14) it is a continuous function, and satisfies the inequality

1 T 1/2
|Pus,t,0)] < </ K2, s)dn) ) (4.5)
V222 — A VEKT \O

It is easy to verify that w(t, x) is an element of the space H(Q).
This follows from the inequality

T
/ /a)z(t,x)dxdt
o Jo
T S 2 T ©©
:/ / an(t)zn(x) dxdt:/ Zwﬁ(t)dt
0 o\ _ [U—
n=1 n=1
T 5
58/ Z[Un(T) _sn]
0 n=1
2 T T 2
x <e—2kn<T—f> + 22 / P2(s,t, )ds / e—%(T—”ds)dt
0 0

T 00
58/0 Z[Un(T) _sn]z
n=1

1 rrer 1
x <1 +22 / / K?(s, n)dndsmn)dt
(/203 — [AVET)2 /0 IO 1
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2
> Ko )Z 21— £2) < ox,
13./222 — AVKoT)?/ n=i

which holds by the following relations

< 16T<1+

Y )y <oo and Y &2 =Ew)]7
= n=1

5 Nonlinear Integral Equation of Optimal Control

We find the optimal control according to optimality conditions (3.5) and (3.6). We
substitute in (3.5) the solution of adjoint boundary value problem (3.4) defined by
(4.1) and (4.4). First, we calculate the integral

/Q g, ¥y, ¥)dx = /Q > en 0z Y oz @dx = Y g 1)
n=1 k=1 n=1

and rewrite equality (3.5) in the form

BM, [t u®)]f, [t u(t)]

g T
= - Zgn (t)[vn(T) - sn] <e_k3l(T_t) + A / P,(s,t, )»)E_A%T_S)ds).
0
n=1

According to (2.6), we reduce this equality to the form

BM,[t,u®] 7 [t utr) +ZL «, x)/ Gp(s, M) f[s,u(s)]ds

n=1
o0
=Y Ly(t. hy, (5.1)
where

2 T T 2 T

Ln(r,ngn(r)[e—M D4 / Pu(t,t, 1) —”dr], (5.2)
0

2 T T 2

Galt, x)zgna)[e—M D4 / Ru(T, r,me—kn“—”dr}, (5.3)

t

T
by = £y — Pn |:e_)‘3lT + x/ R,(T, , )»)e_)“%fdri|. (5.4)
0

akl7 @rambler.ru



814 A. Kerimbekov

Thus, the optimal control is defined as the solution of nonlinear integral equa-
tion (5.1), and here we must have condition (3.6). Condition (3.6) restricts the class
of functions of external actions f[¢, u(t)]. Therefore, we assume that the function
flt, u(@)] satisfies (3.6) for any control u(¢) € H(0, T).

Nonlinear integral equation (5.1) is solved according to the procedure of
work [7]. We set

BMu[t.u®]f ! [t u®] = p(0). (5.5)
Lemma 5.1 The function p(t) is an element of space H(O, T).
Proof By (2.5), we have the estimate

| £t [t u@®]]| < Mo, ¥tel[0,T]. O

Since u(r) € H(0, T), the statement of the lemma follows by the inequality

T T
/O pr()dt §ﬁ2/0 |7 e u @] M, u@)] ar
T
§ﬁ2M§/ M2[t,u®)]@)dt < oc.
0

According to (3.6), the control u(¢) is uniquely determined by equality (5.5), i.e.
there is a function ¢ such that

u(t) = ¢(t, p0), B). (5.6)

By (5.5) and (5.6) we rewrite (5.1) in the form

00 T 00
PO+ Y Lalt.h) /O (s, 2) f[s, 9(s, p(s). B)|ds =3 Lu(t. Wb, (5.7)

n=1 n=1
or in the operator form

p()=G[p®)], (5.8)

where
00 T
G[pa)]:ZLn(r,x)[hn— /O Gn(s,?»)f[s,w(s,p(S),ﬁ)]dS}- (5.9)
n=1

Now we turn to the problem of unique solvability of operator equation (5.8).

Lemma 5.2 The operator G maps the space H(O, T) into itself, i.e. G[p(t)] is an
element of the space H(0,T).

akl7 @rambler.ru
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Proof By direct calculation we have the inequality
T
/ G*[p)]ar
0
T
0

[os) T 2
:/ (ZLn(t,A)[hn—/() Gn(s,)»)f[s,(p(s,p(s),ﬁ)]dsi|) dt
n=1

T o x T T
52/ ZLﬁ(t,x)Z[hﬁJr/ Gﬁ(s,x)ds/ s, o(s. p(s), B)]d
0 n=1 n=1 0 0

T > N
<2 Zzg,%a)[e—“n”—”
0 n=1
T T 2 5
+2 / Pz, 1, 2)dt / e‘“ﬂ”‘”dr} 2[||s<x>||H
0 0

)»ZKO 1 2
+2(1+ LA
(/222 — MVEReT)? 21

x 2
12KoT
+Zzg3(t)<1+ 0
n=1 (/223 — |AVEKoT)?

T (e8]
§C/ Zgﬁ(t)dt < 0,
0 n=1

from which the statement of the lemma follows.

)”f[s"ﬂ(svp(s),ﬁ)]||il}dt

Lemma 5.3 Suppose conditions
£t u®] = fle.70]|, < folu@w) —a@)| ;. fo>0

and

le[t. ). B] = o[t. 5. B]| y <00 ®) | ) =P | 5. @0(B) >0
are satisfied. Then if the condition

a2 Ko

(212 — agyKoT)?
is met, where o is a positive constant satisfying the inequality

V25
VEKoT’

y =2||g<r,x>||§,<1+ )fo(ﬂo(ﬁ) <1,

[A] <ap <

then the operator G is contractive.

akl7 @rambler.ru
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Proof By direct calculations, we have the inequality

T
/ Glp] - GIp| at
0

T[> r
= / (Z L., A)/ Gu(s, 1)
0 n=1 0

2
< ([0 (s p). B)] = f[s. (5. P (). ﬁ)])ds) i
T 0 T T
L; G2(s, 1)d Lo (s, p(s),
<[} Srien s [ cin s [ (7lsnte.p00.)]

— f[s. 9(s. Bls). B)])*dsdt
22Ky

(/227 — |MVEGT )2

2
< [2||g<f,x>||2<1 + )forpo(ﬁ)HP(S) —?(S)HH} :

from which we find that
|Glp1 - GIP|
A,ZKO
(/223 — |AMVEoT )2

< 2||g<r,x>||i,<1 + )fowo(ﬁ)”p(t) 50| -

Theorem 5.4 Suppose that conditions (2.4)-(2.5), (3.6), (4.5), (5.10)—(5.13) are
satisfied. Then operator equation (5.8) has a unigue solution in the space H(0, T).

Proof According to Lemmas 5.1 and 5.2, operator equation (5.8) can be considered
in the space H (0, T'). According to LLemma 5.3 operator G is contractive. Since the
Hilbert space H (0, T') is a complete metric space, by the theorem on contraction
mappings the operator G has a unique fixed point, i.e. operator equation (5.8) has a
unique solution. |

The solution of operator equation (5.8) can be found by the method of successive
approximations, i.e. nth approximation of the solution is found by the formula

pﬂ(t):G[pﬂ—l(t)]a n:172737"'7
where po(t) is an arbitary element of the space H(0, T'), and we have the estimate

n
<X

<15 |G[po)] = po®] - (5.14)

7@ — pa®|
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where 0 < y < 1 is the construction constant. The exact solution can be found as
the limit of the approximate solutions, i.e.

P = lim pu(0).
Substituting this solution in (5.6) we find the required optimal control
u () = p[t. p). B]. (5.15)
The optimal process vO(t, x), i.e. the solution of boundary value problem (2.1)—(2.5)

corresponding to the optimal control u°(¢), according to (2.6) and (2.7) we find from
the formula

oo

T
W, x) = Z(A/ R, (t, s, May,(s)ds — an(t))zn(x)
0

n=1
o0 T
:Z[w <e—k5f +x/ R (t, s,)»)e_)‘gls)ds
n=1 0
T 2
+ / RO g (1) [, u0(0)]d T
0

T 5
+ A / Ry (t,s, 1) / e_k'%(s_”)gn(n)f[n,uo(n)]dndS}Zn(X)- (5.16)
0 0

The minimum value of the functional (3.2) is calculated by the formula
1 5 T
T[u®)] = / [vO(T, %) — )] dx + B / M[t,u(t)]at. (5.17)
0 0

The found triple (u°(t), vO(t, x), J[u®(t)]) is a solution of the nonlinear optimiza-
tion problem.

6 An Approximate Solution of the Optimization Problem
In practice, it is not always possible to find the exact solution of (5.8), i.e. the limit

function p(¢). Therefore, in most of the cases only approximate solutions pg(¢) of
(5.8) are looked for, where the number & is determined by the inequality

k
150) = pe)]y < L—]Glpo®)] = po®)]y < (6.1)
l—y

for given ¢ > 0. By substituting the approximate solution pg(¢) in (5.6) we find the
kth approximation of optimal control

ur(t) = @[t, pr(t), - (6.2)
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Lemma 6.1 Let the function ¢lt, v (t), B] satisfy the Lipschitz condition with re-
spect to the functional variable v (t), i.e.

le[z.91@). B] = ¢[t. 9200). B] |y < 20 B) | (91(0) = 920} ) -
P0(B) > 0. (6.3)

Then the kth approximate controls converge to the optimal control u®(t) in the norm
of the Hilbert space H(Q) as k — o0.

Proof Lemma’s assertion follows from the inequality
|® @) —ux )|y = e[t p°©), B] = o[t px®). Bl
<@oB] p" ) — P
k
Y
<P |Glpo@] = po®)] g ———0- (6.4)
|

Lemma 6.2 Let the function f[t, u(t)] satisfy the Lipschitz condition with respect
to the functional variable u(t), i.e.

| £t ur®] = £t u2®]| 5 < follur@®) —u2®)| (6.5)

and we have (6.3). Then m, kth approximations of the solution v’ (t, x) of boundary
value problem (2.1)—(2.3) converge to the exact solution v(t, x) in the norm of the
Hilbert space H(Q) as m, k — o0.

Proof Approximations of the optimal process v°(¢, x) are determined by two in-
dices k and m and have the form

oo

T
uzi(t,x)ZZ{lpn(e—kﬁwrx/ Rff(t,s,)»)e_)‘%sds)
0

n=1

t
+ /O R g (1) f [ g ()] d

T T 2
+x/ gn(f)/ Rt 5, M)e D dsf[x, uk(r)]dr}zn(x). (6.6)
0 0

Since

0O, x) — o (t, x)

0 T
= Z{lﬁn)»/ [Rn(t, S, A) — RZ/L(I, s, A)]e—kis}ds
n=1 0
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gy 0
+ [ B () = o (v k)
0
T T 2
+x/ gn(r)/ [Ru(t,s,2) — RI(t,5,1)]e ™0~ dsf [, u(0)]dr
0 T

T T 2
+x/ gn(r)/ R™(t, 5, M)~ "~ ds
0 T

x [f(r.u (D)) — f(r, ux () ]drza(x),

by calculations, used to prove the convergence of the approximate solutions of
boundary value problem (2.1)—(2.3), we get the relation

2m k 2
2 KoT Y
||v°<t,x>—v?<r,x>||Hsc1<x><|x| /—mz) +c2<x><1_y) ——— 0.
1 ,

where
A2 Ko T 1
10 = ([ + 1 n] [ - el =52 (1 - )
KoT
A,ZKO
Co(2) <1 + )
203(/203 — M|VEKoT)?
x T g, )|} f202 B G[po®)] = po®)] 7,

by which assertion of the lemma follows. |

Lemma 6.3 The m, kith approximations Jylur ()] of the minimum value of the
Junctional J [uo(t)] converges o the exact value as m, k — 0.

Proof Since

T
J[uo(t)]:/ [UO(T,x)—f(x)]zdx—i—ﬁ/ M(t,u®@)]dt
o 0

T
Julur (0] = /Q [0 (7. ) — &) 2dx + B /O Mt u(6))ds

it is not difficult to obtain the inequality

|7 [u® @] = I [ur 0]
= / [T, x) — )] = [V (T, %) — £ ] )

+2ﬁ/ [t, u®®)] — M[t, urx(t)])dt
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< [T, %) + v (T, x) = 26|y VT, %) — (T, )|
+28VT|M[t,u’ )] - M[t,ux O] |,
< [WO(T, %) + v (T, x) = 28|y VT, %) — (T, )|
+ 28V Tmo|u®(t) —ue )] ;-
By Lemmas 6.1 and 6.2, and in view of the fact that
u’(t)ye HO,T),  v(T,x)e H(0,1),
E@)eHO, D,  flt.u(®)] e HO,T),

we obtain the relation

Kol \ 2" k o\291/2
| I[u’@)] = I [ur 0] sco<x>[cl<x><|x| /Lz) +c2<x>< Y ) }
209 1—vy

+ 28T (B) |G po(t)] — po<r>||H1y—k ——0,
— 9 mk—00
where
Co() = [ v™(T, x) +vf (T, x) = 26(0) | .
by which the statement of the lemma follows. |

Thus, by Lemmas 6.1-6.3 it is proved that the approximate solutions (u*(f),
vk (¢, x), J[u®(1)]) of the problem of the nonlinear optimization converge to the
exact solution (u°(r), v°(¢, x), J[u®(r)]) with respect to control, optimal process
and functional.

7 Conclusion

The obtained results are theoretical and can be used to develop methods for studying
optimal control of systems with nonlinear by distributed parameter and constructive
methods for solving them. They can be applied to solving applied problems.
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