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Ìåòîäîì Êîëîñîâà­Ìóñõåëèøâèëè ñ ó÷åòîì ðàçðàáîòàííîé ìåòîäèêè ñ èñïîëüçîâàíèåì ïðîãðàììíîé ñðåäû
 óñòàíîâëåíû çàêîíîìåðíîñòè ðàñïðåäåëåíèÿ íàïðÿæåíèé è äåôîðìàöèé âîêðóã òóííåëÿ, êîã­

äà åå ôîðìà ïîïåðå÷íîãî ñå÷åíèÿ èìååò òðàïåöèåâèäíóþ ôîðìó ñ ðàçâèòûìè âåðòèêàëüíûìè ñòåíêàìè è 
ðàñïîëîæåíà â çîíå âëèÿíèÿ ìåæãîðíîé âïàäèíû. Îòìå÷åíî, ÷òî ìàññèâû ìåæãîðíûõ âïàäèí èñïûòûâàþò 
äåéñòâèå îáú¸ìíûõ ñèë è òåêòîíè÷åñêîå ñæàòèå, à íà êîíòóð òóííåëÿ äåéñòâóåò ãèäðîñòàòè÷åñêèé íàïîð. 

Äëÿ îïðåäåëåíèÿ ïîëåé íàïðÿæåíèé ïîñòðîåíà ìîäåëü íà÷àëüíîãî íàïðÿæåííîãî ñîñòîÿíèÿ ìàññèâîâ ñ 
ãîðíûì ðåëüåôîì. Ìîäåëü ïðåäñòàâëåíà â âèäå ñóììû ÷åòûðåõ ïîëåé. Ïåðâîå ïîëå íàïðÿæåíèé ÿâëÿåòñÿ 
èíòåãðàëàìè äèôôåðåíöèàëüíûõ óðàâíåíèé ðàâíîâåñèÿ ïðè ñîâìåñòíîì äåéñòâèè ñèëû ãðàâèòàöèè, êâà­
çèñòàòè÷åñêîé ñåéñìè÷åñêîé ñèëû è ãîðèçîíòàëüíûõ òåêòîíè÷åñêèõ ñèë. Âòîðîå ïîëå õàðàêòåðèçóåò âëè­
ÿíèå äâóõ áëèçêî ðàñïîëîæåííûõ ãîð ñ âïàäèíîé ìåæäó íèìè. Òðåòüå ïîëå õàðàêòåðèçóåò âîçíèêíîâåíèå 
òóííåëÿ â ïðåäâàðèòåëüíî íàïðÿæåííîì ìàññèâå îò ïåðâûõ äâóõ ïîëåé. ×åòâåðòîå ïîëå âîçíèêàåò îò íàïî­
ðà âîäû íà êîíòóð òóííåëÿ. Ïðèâåäåíû ðåçóëüòàòû ðàñ÷åòà ïîëåé íàïðÿæåíèé è äåôîðìàöèé ñ ó÷åòîì è áåç 
ó÷åòà íàëè÷èÿ òóííåëÿ

Êëþ÷åâûå ñëîâà: ãîðèçîíòàëüíîå òåêòîíè÷åñêîå ñæàòèå; ãèäðîñòàòè÷åñêèé íàïîð; äåôîðìàöèÿ; êîíôîðì­
íîå îòîáðàæåíèå; ìåòîä Ìóñõåëèøâèëè; ìàññèâû ðå÷íîãî êàíüîíà; íàïðÿæåíèÿ; ñèëû ãðàâèòàöèè; óïðóãîñòü

The distribution of stresses and deformations around the tunnel, when its cross­sectional shape is trapezoidal 
with developed vertical walls, and is located in the zone of intermountain depression influence, are established by 
the method of Kolosov – Muskhelishvili, taking into account the developed methodology and using the MATNCAD 
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software environment. It is noted that the massifs of intermountain depressions experience the action of volumet­
ric forces and tectonic compression, and the hydrostatic head acts on the contour of the tunnel.

To determine the stress fields, a model of the initial stressed state of arrays with a mountain relief is construct­
ed. The model is represented as a sum of four fields. The first stress field is an integral of differential equilibrium 
equations under the joint action of gravity force, quasi­static seismic force and horizontal tectonic forces. The 
second field characterizes the influence of two closely located mountains with a depression between them. The 
third field characterizes the emergence of a tunnel in a prestressed array from the first two fields. The fourth field 
arises from the pressure of water on the tunnel contour. The results of calculation of tension and deformations 
fields, with and without taking into account the existence of the tunnel are given

Key words: horizontal tectonic compression; hydrostatic pressure; deformation; conformal display; Muskhelishvili meth­
od; river canyon massifs; tension; gravitation force; elasticity

Ââåäåíèå. Äëÿ îöåíêè íàïîðíûõ òóííå­
ëåé â ãîðíîé ìåñòíîñòè [9] íåîáõîäè­

ìî, ïðåæäå âñåãî, çíàòü íà÷àëüíîå íàïðÿ­
æåííîå ñîñòîÿíèå ãîðíîãî ìàññèâà â öåíòðå 
âîîáðàæàåìîãî òóííåëÿ. Ýòî íà÷àëüíîå íà­
ïðÿæåííîå ñîñòîÿíèå ìîæåò áûòü èçìåðåíî 
ìåòîäîì «ðàçãðóçêè» èíñòðóìåíòàëüíî [2; 
4; 13; 14; 16; 19; 20] ïðè íàëè÷èè óñëîâèé 
äëÿ âûïîëíåíèÿ èçìåðåíèé. Àëüòåðíàòèâ­
íûé ïóòü îöåíêè íà÷àëüíîãî íàïðÿæåí­
íîãî ñîñòîÿíèÿ ìàññèâà – ìàòåìàòè÷åñêîå 
ìîäåëèðîâàíèå ñ ó÷åòîì ôîðìû ðåëüåôà 
ìàññèâà [4–6; 18] ïðè äåéñòâèè ñèë ãðà­
âèòàöèè, ñåéñìèêè [3; 9] è òåêòîíè÷åñêîé 
àêòèâíîñòè [2; 6; 12; 16]. Êîãäà èçâåñòíî 
íà÷àëüíîå íàïðÿæåííîå ñîñòîÿíèå ìàññèâà 
â öåíòðå âîîáðàæàåìîãî òóííåëÿ, òî íåîá­
õîäèìî óñòàíîâèòü âëèÿíèå âîçíèêíîâåíèÿ 
òóííåëÿ íà ðàñïðåäåëåíèå íàïðÿæåíèé âî­
êðóã òóííåëåé [1; 7‒9] è âëèÿíèå ãèäðî­
ñòàòè÷åñêîãî íàïîðà íà ïåðåðàñïðåäåëåíèå 
íàïðÿæåíèé âîêðóã òóííåëÿ, êàê â ðàáîòå 
Á. Æóìàáàåâà [10], ãäå ñìîäåëèðîâàí íà­
ïîðíûé òóííåëü ñ ýëëèïòè÷åñêèì (êðó­
ãëûì) ñå÷åíèåì. 

Ìåòîäîëîãèÿ è ìåòîäèêà èññëåäîâà­
íèÿ. Â ðàìêàõ ìåòîäà Êîëîñîâà – Ìóñõå­
ëèøâèëè [15] è ïðîãðàììíîãî êîìïëåêñà 
Mathcad [11] èçó÷åíî íàïðÿæåííî­äåôîð­
ìèðîâàííîå ñîñòîÿíèå ìàññèâîâ âîêðóã íà­
ïîðíîãî òóííåëÿ ñ òðàïåöèåâèäíûì ïîïåðå÷­
íûì ñå÷åíèåì è âåðòèêàëüíûìè ñòåíêàìè.

Ìîäåëü íàïðÿæåííîãî ñîñòîÿíèÿ ìàñ­
ñèâîâ ïîðîä âîêðóã òóííåëÿ ñîçäàåòñÿ â 
âèäå ñóììû ïîëåé íàïðÿæåíèé:

            
                                              ,

                                              ,   

                            .                                          (1)

Íàïðÿæåíèÿ ñ âåðõíèì èíäåêñîì 
«ï» – ïîëå íàïðÿæåíèé äëÿ ïîëóïëîñêîñòè 
ó  0, êîòîðîå âîçíèêàåò ïðè ñîâìåñòíîì 
äåéñòâèè ãðàâèòàöèîííûõ ñèë  è ñåéñìè­
÷åñêèõ ñèë             . Ñèëà ãðàâèòàöèè  
íàïðàâëåíà âåðòèêàëüíî âíèç, ò. å. â ãëóáü 
ìàññèâà çåìíîé êîðû, ñåéñìè÷åñêàÿ ñèëà – 
èç ãëóáèíû ìàññèâà ê ïîâåðõíîñòè çåìëè è 
ñîñòàâëÿåò îñòðûé óãîë ( ) ñ âåðòèêàëüíîé 
îñüþ. Ýòè ïîëÿ íàïðÿæåíèé ÿâëÿþòñÿ èí­
òåãðàëàìè íåîäíîðîäíûõ äèôôåðåíöèàëü­
íûõ óðàâíåíèé ðàâíîâåñèÿ äëÿ ïîëóïëîñêî­
ñòè  ó  0:

                                     (2)

ãäå ρ
õ
=γk

c
sinδ – ãîðèçîíòàëüíûå è âåðòè­

êàëüíûå ρ
y
 = γ(1 – k

c
cosδ) ñîñòàâëÿþùèå 

îáúåìíîé ñèëû; 
g – ãðàâèòàöèîííîå óñêîðåíèå; 
λ – êîýôôèöèåíò áîêîâîãî ðàñïîðà; 
k

c
 – êîýôôèöèåíò ñåéñìè÷íîñòè ãîðíî­

ãî ðåãèîíà; òåêòîíè÷åñêàÿ ñèëà Ò
õ
 íàïðàâ­

ëåíà ãîðèçîíòàëüíî. 
Èíòåãðàëû îò (2) èìåþò âèä                

                                                                  (3)

ãäå A1=λ*γ*(1–k
c
*cosδ); A

2
=γ*(1–k

c*
cosδ);   

A
2
=k

c
ґγ*sinδ.
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Íàïðÿæåíèÿ , ,  – ïîëÿ íà­
ïðÿæåíèé, êîòîðûå õàðàêòåðèçóþò âëèÿ­
íèÿ ðåëüåôà ìåæãîðíîé âïàäèíû [9]. Äëÿ 
îïðåäåëåíèÿ ýòîãî âòîðîãî ïîëÿ íàïðÿæå­
íèé â (1) ñíà÷àëà ïîñòðîèì ìîäåëü íà÷àëü­
íîãî íàïðÿæåííîãî ñîñòîÿíèÿ ìàññèâîâ ñ 
ãîðíûì ðåëüåôîì â âèäå 

                                       
      .     (4)

Ïîëå íàïðÿæåíèé (4) íà äíåâíîé ïî­
âåðõíîñòè ìàññèâà ìåæãîðíîé âïàäèíû 
óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì

 (5)
 

ãäå n – íàïðàâëåíèå âíåøíåé íîðìàëè â êà­
êîé­ëèáî òî÷êå êîíòóðà.

Ôîðìà ðåëüåôà ìàññèâà – êðèâîëè­
íåéíàÿ ïîâåðõíîñòü. Ïî ýòîé ïðè÷èíå ñ ïî­
ìîùüþ êîíôîðìíî îòîáðàæàþùåé ôóíê­
öèè [9] òèïà z = ω(ζ); z = х + i * y;  i = 
ζ = ξ + i * ƞ ââîäèì êðèâîëèíåéíóþ äå­
êàðòîâóþ ñèñòåìó êîîðäèíàò; ξ, ƞ – ïåðå­
ìåííûå âî âñïîìîãàòåëüíîé ïîëóïëîñêîñòè 

0Ј . Ïåðåìåííàÿ -Ґ Ј Ј Ґ îñü äëÿ äåé­
ñòâèòåëüíûõ ÷èñåë, à ïåðåìåííàÿ  – äëÿ 
êîìïëåêñíûõ ÷èñåë. Äëÿ îòîáðàæåíèÿ ïî­
ëóïëîñêîñòè ñ äâóìÿ âûñòóïàìè âèä îòîáðà­
æàþùåé ôóíêöèè âûáèðàåì â âèäå [9]

                                  ;

                                    .                   (6) 

Çäåñü  – ïîñòîÿííûå ïàðàìåòðû 
îòîáðàæàþùåé ôóíêöèè â (6). Ðàçäåëèâ 
ïðè 0=  â (6) äåéñòâèòåëüíîé ÷àñòè ( )x  
îò ìíèìîé y( ) , ïîñòðîèì êîíòóðíûå ëè­
íèè ïîëóïëîñêîñòè ñ äâóìÿ âûñòóïàìè 
(ðèñ. 1). Ïåðâûé ðåëüåô ãîð íà ðèñ. 1 ïî­
ëó÷åí ïðè çíà÷åíèè ñëåäóþùèõ ïàðàìåòðîâ: 
à = 55 ì; à

1 
= 350 ì; â

1 
= 575 ì;  t

b
= ­22 ì.

Âòîðîé ðåëüåô ãîð ïîëó÷åí ïðè çíà÷åíèè 
ïàðàìåòðîâ: à = 55 ì; à

1 
= 575 ì; â

1
= 350 ì; 

t
b 
= ­22 ì. Ïîñëåäíèé ðåëüåô ñîîòâåòñòâóåò 

çíà÷åíèÿì ïàðàìåòðîâ: à = 60 ì; à
1 
= 400 ì; 

â
1
=400 ì;  t

b
= ­14 ì. Îòíîøåíèå ïðîèçâî­

äíûõ îòîáðàæàþùåé ôóíêöèè â (6) îïðå­
äåëÿåò 

0* ( )a= +

0 1 1( ) / ( ) b / ( )ba t= - + + -

2( ) / ( ) ieў ў =   

2 ( ) / ( ) ie-ў ў = ,                                                (7)

ãäå  – óãîë, ñîñòàâëÿåìûé ìåæäó îñüþ ( ) 
ñ îñüþ îõ. Êîìïîíåíòû íàïðÿæåíèé σ

x
ð, 

σ
ó

ð, τ
õó

ð  â êðèâîëèíåéíûõ êîîðäèíàòàõ îáî­
çíà÷àþòñÿ ÷åðåç . Àðãóìåíòàìè 
íàïðÿæåíèé ñòàíîâÿòñÿ ïåðåìåííûå . 
Â êîíòóðíûõ òî÷êàõ   è  T=  äåé­
ñòâóþò ïî íîðìàëè è ïî êàñàòåëüíîé.

Ñîãëàñíî ïðåäñòàâëåíèþ â (4), íà 
êîíòóðíûõ òî÷êàõ ãðàíè÷íîå óñëîâèå (5) 
ñîñòîÿëî èç ñóììû ôèêòèâíûõ íàãðóçîê 
N è T è íàãðóçîê­óñèëèé N П, T П. Ïåðâûå 
âîçíèêàþò îò âòîðîãî ïîëÿ íàïðÿæåíèé, 
âòîðûå – îò íàéäåííîãî ïîëÿ íàïðÿæåíèé 
(3). Ïðè÷åì N è T ðàâíû ïî âåëè÷èíå è 
ïðîòèâîïîëîæíû ñ N П, T П. Ñëåäîâàòåëüíî, 
ñóììàðíîå ïîëå íàïðÿæåíèé â (4) äîëæíî 
îáåñïå÷èòü âûïîëíåíèå ãðàíè÷íûõ óñëî­
âèé (5). 

Ïåðåõîä îò êîìïîíåíòîâ íàïðÿæåíèé 
σ

x
ð, σ

ó
ð, τ

õó
ð ê êîìïîíåíòàì íàïðÿæåíèé 

 è íàîáîðîò ðåàëèçóåòñÿ ñ ïîìî­
ùüþ ôîðìóë (6) è (7) [15]:

x y+ = +     
22 ( 2 ) ;i

y x xyi i e-- + = - + .
                           (8)

Êîìïîíåíòû íàïðÿæåíèé , ,  
âûðàæàþòñÿ ôóíêöèÿìè  ñ ïî­
ìîùüþ ñîîòíîøåíèé [15]:

2( ( ) ( ))+ = F +F      
2 2( ( ) ( )i ў ў ў- + = F + Y

                                  .                                              (9) 
Ôóíêöèè   ÿâëÿþòñÿ ðåøå­

íèåì ãðàíè÷íîé çàäà÷è

(t) (t) (t) (t) (t) (t) (t) (t)ў ў ў ўF +F + F + Y =     
  

                                                                      

  .                                             (10) 

Èíòåãðàëû òèïà Êîøè îò ãðàíè÷íûõ 
óñëîâèé (10) èìåþò âèä

  

( ) ( )) / ( )ў ў ў- + = F + Y

(t) T(t) (t)N i ў= -

[ (t) T(t)] (t)N i ў= +

(t) (t) (t) (t) (t) (t) (t) (t) [ў ў ў ўF +F + F + Y =
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Ðèñ. 1. Êîíòóðû âïàäèí ìåæäó ãîð ñ ðàçëè÷íûìè âûñîòàìè / 
Fig. 1. Contours of the valleys between the mountains with different heights

                            (11)

ãäå îáîçíà÷åíû èíòåãðàëû äëÿ ïðàâîé ÷àñòè 
óðàâíåíèé ÷åðåç 

0 5 6 0( , ) ( , ) ( , )A T T

                                              
.

           .               (12)
Â (12) ïðèíÿòû óêîðî÷åííûå çàïèñè 

âûðàæåíèé:

  

3 6( , ) ( , ) S( , )T C At T

1 2 3 2 3 1 2/ 2; (A iA ) / 2; (A A ) / 4;xT T T a T i= = + = +  

5 3 2 6 1 2 3( A iA ) / 2; (A A 2iA ) / 4;T a T i= - + = - - -   

                                                             .

Â ïåðâîì óðàâíåíèè (11) G(ζ) ÿâëÿåò­
ñÿ ïîëþñîì ôóíêöèè  è ñîäåðæàò Ô

1
 è 

Ô
2 
 è èì ñîïðÿæåííûå åù¸ äâå ïîñòîÿííûå.

. 
Îíè îïðåäåëÿþòñÿ èç ñèñòåìû ÷åòûðåõ ëè­
íåéíûõ óðàâíåíèé, åñëè ïîñëåäîâàòåëüíî 
ïðåäïîëîæèì â (11) 

1 2 – ,  –  – bi t i= = .  
Ïðàâûå ÷àñòè ýòîé ñèñòåìû îáîçíà÷åíû

2

3 4/ ( ( , ) ) / ( , ) ;b bS t i S t i

4 1 2 3(A A 2iA ) / 4;T i= - - +

0ptb b

0 0 1 0 0tb b

1 1 1 2 1; ;ptbC a C b= W = W

0 10 0, 1 ;  0 , 1 ;bM B M B t= - = - -

2 30 0, 1 ;  0 , 1 ;bM B M B t= - = - -

1 0 1 0( , ) ( , ); ( , ) ( , )At T Bt T
2

1 2 b

2

1 2( , ) / ( ( , ) ) / ( , )S S i S i

.

1 1 1 2 1 0 3 1 4 1;S ; ;Sptb tbS a a S b b= - W = - W = - W = - W
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Ââåäåì â (11) ñëåäóþùèå îáîçíà÷åíèÿ:  
2 2

1 1 2 1 b .

Òîãäà êîýôôèöèåíòû â ëåâîé ÷àñòè ñèñòå­
ìû îïðåäåëÿþòñÿ â âèäå

           
0,0 0,1 0,2 1 0,3 2( i); 0; ( ); ( );M M M n i M n iў= - = = - = -

 
           

        
3,0 1,2 3,1 1,3 3,2 3,3 1,1; ; 0;M M M M M M M= = = = .

Ðåøåíèå ñèñòåìû â íîòàöèÿõ 
MATÍCAD ðàçìåùåíî â ýëåìåíòàõ âåêòîðà 
ñòîëáöà 

                                                
                                       .

Ïðè âû÷èñëåíèè Ψ(ζ) â îêðåñòíîñòè 
òî÷åê 1 2, ,bi t i= - = - -  ïðåäóñìîòðåíû 
àëüòåðíàòèâíûå ñîîòíîøåíèÿ, ÷åì â (11), 
ïðè êîòîðîì ÿâíî ðàñêðûòî îòñóòñòâèå êà­
æóùåãîñÿ íàëè÷èÿ ïîëþñà ( )G  ôóíêöèè 

1,0 1,1 1,2 10; ( t i); ( t i);b bM M M nў= = - - = - -

1,3 2; ( t i);bM n= - -

2,0 0,2 2,1 0,3 2,2 0,0 2,3; ; ; 0;M M M M M M M= = = =

Ψ(ζ). Ïðîöåäóðà ðàñ÷åòà ïîëåé íàïðÿæå­
íèé ðåàëèçîâàíà ïóòåì çàïèñè âñåõ ñîîòíî­
øåíèé â íîòàöèÿõ MATÍCAD.  

Äëÿ êîíòóðíûõ òî÷åê ïåðåìåííàÿ      , 
t= . Äëÿ 20 òî÷åê âû÷èñëåííûå çíà÷å­

íèÿ êîìïîíåíòîâ íàïðÿæåíèé ïðèâåäåíû â 
òàáë. 1. Íà ðèñ. 2 ïðåäñòàâëåíû èçîëèíèè 
êîìïîíåíòîâ íàïðÿæåíèé äëÿ ìàññèâîâ 
âïàäèíû ìåæäó ãîð, èçîáðàæåííîé íà ðèñ. 1 
ñ êîíòóðíîé ëèíèåé x3 è y3. 

Ðàññìîòðåíî äåéñòâèå ñèëû ãðàâèòà­
öèè è òåêòîíè÷åñêîå ñæàòèå Ò

õ
 =15 Ìïà. 

Âåêòîðû òð¸õìåðíûõ ïîâåðõíîñòåé êîìïî­
íåíòîâ íàïðÿæåíèé îáîçíà÷åíû

.

Òàáëèöà 1 / Tablå 1

 Âû÷èñëåííûå çíà÷åíèÿ êîìïîíåíòîâ íàïðÿæåíèé äëÿ äâàäöàòè òî÷åê /
Calculated values of stress components for twenty points  

0 «t» «õ» «ó» «σ1» «σ2» «N» «Ò» «Òmax»

1 ­5 ­397 ,9 16,5 1,8·10­15 ­26,1 2,9·10­15 1,8·10­15 ­24,3

2 ­4 ­356,3 24,8 1,1·10­14 ­33,4 9,8·10­15 ­5,3·10­15 ­23,6

3 ­3 ­323,4 41,4 7,1·10­15 ­39,5 7,1·10­15 8,2·10­15 ­0,4

4 ­2 ­304,9 81,6 9,8·10­15 ­11,2 ­1·10­14 2,9·10­15 ­10,1

5 ­1 ­286,5 201,8 3,6·10­15 ­0,8 3,6·10­15 1,5·10­15 ­0,6

6 0 ­28,4 402 0 ­0,1 0 0 ­0,1

7 1 229,4 202,4 ­2,1·10­15 ­0,7 ­2·10­15 ­1,8·10­15 0,5

8 2 246,9 82,8 ­2,7·10­15 ­10,4 ­1,7·10­15 0 ­9,6

9 3 263,9 43,3 0 ­40,9 3,6·10­15 ­1,9·10­15 ­0,1

10 4 294,5 27,5 3,6·10­15 ­36,4 4,4·10­15 ­1,8·10­15 ­25,9

11 5 333 20,3 3,6·10­15 ­29,4 4·10­15 0 ­27,8

12 6 375,6 17 0 ­26,4 0 0 ­26,2

13 7 420 16 0 ­25,5 0 0 ­25,5­

14 8 464,4 17 0 ­26,4 0 0 26,2

15 9 507 20,3 ­3,6·10­15 ­29,4 ­3,2·10­15 0 ­27,8

0=
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16 10 545,5 27,5, ­3,6·10­15 ­36,4 ­2,7·10­15 ­1,4·10­14 ­25,9

17 11 576,1 43,3 ­3,6·10­15 ­40,9 ­3,6·10­15 4,9·10­15 ­0,1

18 12 593,1 82,8 ­1,2·10­14 ­10,4 ­1,2·10­14 3,6·10­15 ­9,6

19 13 610,6 202,4 ­2,7·10­15 ­0,7 ­2,7·10­15 0 ­0,5

20 14 868,4 402 1,8·10­15 ­0,1 1,8·10­15 0 ­0,1

Îêîí÷àíèå òàáë. 1

Ðèñ. 2. Ðàñïðåäåëåíèå íàïðÿæåíèé â ìàññèâàõ ìåæãîðíîé âïàäèíû / 
Fig. 2. Stresses distribution in intermountain depression

Èç òàáë. 1 âèäíî, ÷òî â êîíòóðíûõ òî÷êàõ 
âïàäèíû ìåæäó ãîð óñëîâèå (5) ïðè N = T = 0 
âûïîëíÿåòñÿ ñ âûñîêîé òî÷íîñòüþ, ãäå âå­
ëè÷èíà ïîãðåøíîñòè íå áîëåå 10­15; âûñîòà 
ãîð 402 ì; íàèáîëüøåå çíà÷åíèå ãëàâíîé 
íîðìàëüíîé êîìïîíåíòû íàïðÿæåíèé  

­ 40,9 ÌÏà.

Äëÿ ëîêàëüíîé çîíû îñíîâàíèÿ âïà­
äèíû ìåæäó ãîð íà ðèñ. 3. ïðåäñòàâëåíû 
èçîëèíèè ðàñïðåäåëåíèÿ êîìïîíåíòîâ íà­
ïðÿæåíèé. Êàê âèäíî èç ðèñ. 3, èçîëèíèè 
íàïðÿæåíèé â çîíå îñíîâàíèÿ, ãäå ãîðèçîí­
òàëüíàÿ êîìïîíåíòà íà ãëóáèíå äî 300 ì 
ðàñòåò íåçíà÷èòåëüíî (­21,5…­25,7 ÌÏà), 
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à âåðòèêàëüíàÿ êîìïîíåíòà óâåëè÷èâàåò­
ñÿ (0…­12 ÌÏà) ïî÷òè ëèíåéíî; êàñàòåëü­
íàÿ êîìïîíåíòà  íà îñè ñèììåòðèè ãîð ðàâíà 

íóëþ è èìååò ìàêñèìàëüíîå çíà÷åíèå 18 ÌÏà 
â çîíå ñîïðÿæåíèÿ áîðòà ñêëîíà ãîðû ñ åãî 
îñíîâàíèåì. 

 Ðèñ. 3. Ðàñïðåäåëåíèå íàïðÿæåíèé â ìàññèâàõ â îñíîâàíèè âïàäèíû / 
Fig. 3. Distribution of stresses in massifs at the base of depression

Òóííåëü ðàñïîëîæåí â çîíå îñíîâàíèÿ 
íà ãëóáèíå 200 ì îò ïîâåðõíîñòè âïàäèíû, 
èñïûòûâàåò íà÷àëüíîå íàïðÿæåííîå ñîñòîÿ­
íèå, S

x
=­21,7; S

y
=­11; S

xy
=17 Ìïà. Ýòî ñî­

ñòîÿíèå èñïîëüçóåì äëÿ îïðåäåëåíèÿ òðåòüåãî 
ïîëÿ íàïðÿæåíèé â (1) (âëèÿíèå òóííåëÿ).

Âëèÿíèå òóííåëÿ                           óñòàíàâ­
ëèâàåòñÿ ïóòåì ðåøåíèÿ ãðàíè÷íîé çàäà÷è 
äëÿ ïëîñêîñòè õîó ñ îòâåðñòèåì, ôîðìà êî­
òîðîé ìîäåëèðóåòñÿ ñ ïîìîùüþ îòîáðàæà­
þùåé ôóíêöèè 

Çäåñü 0 Ј Ј Ґ  îñü ïîëîæèòåëüíûõ ÷è­
ñåë; 0 2Ј Ј – â ðàäèàíàõ. R – êîýôôè­
öèåíò äëÿ èçìåíåíèÿ ðàçìåðîâ îòâåðñòèÿ; 
δ – ïàðàìåòð (â ðàäèàíàõ) äëÿ óñòàíîâ­
ëåíèÿ îðèåíòàöèè îñè ñèììåòðèè îòâåð­
ñòèÿ îòíîñèòåëüíî ãîðèçîíòàëüíîé îñè. 
Ñ ïîìîùüþ ïàðàìåòðîâ îòîáðàæàþùåé 

(13)
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ôóíêöèè d
1
, d

2
, d

3
, d

4
, d

5
 ïóòåì âàðèàöèè èõ 

çíà÷åíèé ìîæíî ìîäåëèðîâàòü ðàçíîîáðàç­
íûå ôîðìû ñå÷åíèé òóííåëåé. Â ÷àñòíî­
ñòè, ïðè d

1
=0,1416; d

2
=0,0651; d

3
=-0,097; 

d
4
=0,0371; d

5
=0,0019; R=1; / 2  ìîäå­

ëèðóåì òóííåëü ñ òðàïåöèåâèäíûì ñå÷åíè­
åì ñ ðàçâèòûìè âåðòèêàëüíûìè ñòåíêàìè 
(ðèñ. 4).

Ðèñ. 4. Âèä ñå÷åíèÿ òóííåëÿ è ñåòêà ðàçáèåíèÿ 
îáëàñòè / Fig. 4. Type of tunnel section and grid 

partitioning area

Ñóììà ïåðâûõ òðåõ ïîëåé íàïðÿæåíèé 
â êîíòóðíûõ òî÷êàõ òóííåëÿ óäîâëåòâîðÿåò 
ãðàíè÷íûì  óñëîâèÿì:

(σ
x

ð+ σ
x

ï+Ò
õ

 + σ
x

m) * (cos n, õ) +

+ ( τ
õó

n +τ
õó

ð + τ
õó

m) cos (n, ó)=0;   
(τ

õó
n +τ

õó
ð + τ

õó
m) cos (n, õ) + 

+ (σ
y

ï +σ
y

ð+ σ
y

m)cos (n,ó)=0.          (14) 

Ïðè îòîáðàæåíèè òèïà (13) óãîë  
ìåæäó íàïðàâëåíèÿìè îñåé îõ è êàñàòåëü­
íîé êðèâîé  îïðåäåëÿåòñÿ ôîðìóëîé 

                                             .                  (15)             

Ïðåîáðàçîâàííûå ñ ïîìîùüþ (13) è 
(15) â êðèâîëèíåéíîé ñèñòåìå êîîðäèíàò 
êîìïîíåíòû íàïðÿæåíèé ïðèíÿòî îáîçíà­
÷àòü , , ,  èç êîòîðûõ ( , )  äåé­
ñòâóåò ïî íàïðàâëåíèþ íîðìàëè êðèâîëè­
íåéíîé äóãè, à êîìïîíåíòà , ( , )  – ïî 
íàïðàâëåíèþ êàñàòåëüíîé. Â ÷àñòíîñòè, íà 
êîíòóðíûõ òî÷êàõ òóííåëÿ èìååò ìåñòî

2 2 2( ) / ( )ie ў ў=

22 2( ) / ( )ie- ў ў=

               ;                                 .                                (16)

Ãðàíè÷íûå óñëîâèÿ â (14) ñîäåðæàò 
äâå ñîñòàâëÿþùèå óñèëèé (N, T) è  (Ní,Tí). 
Ñîñòàâëÿþùèå (N, T)  âîçíèêàþò îò òðåòüå­
ãî ïîëÿ íàïðÿæåíèé â (1), à ñîñòàâëÿþùèå  
(Ní,Tí) ‒ îò íà÷àëüíîãî ïîëÿ íàïðÿæåíèé 
S

x
, S

y
 , S

xy
. Ïîýòîìó  N è T ïðèíèìàþòñÿ 

ðàâíûìè ïî âåëè÷èíå è ïðîòèâîïîëîæíû­
ìè ñ (Ní,Tí). Ñëåäîâàòåëüíî, ñóììà ïåðâûõ 
òðåõ ïîëåé íàïðÿæåíèé â (1) äîëæíà îáåñïå­
÷èâàòü âûïîëíåíèå ãðàíè÷íûõ óñëîâèé (14). 

Òàêèì îáðàçîì, ïîëå íàïðÿæåíèé 
îò âëèÿíèÿ âîçíèêíîâåíèÿ òóííåëÿ íà­
ïðÿæåíèé â ìàññèâå ìåæãîðíîé âïàäèíû 

, , , ãäå íà÷àëüíîå íàïðÿæåííîå 
ñîñòîÿíèå â òî÷êå âîçíèêíîâåíèÿ òóííå­
ëÿ õàðàêòåðèçóåòñÿ êîìïîíåíòàìè S

x
, S

y
, 

S
xy

,  áóäåò îïðåäåëåíî èç ãðàíè÷íûõ óñëî­
âèé (14). Óñëîâèå (14) â ïðåîáðàçîâàííîé 
ïëîñêîñòè (ðèñ. 4) íîâûõ ïåðåìåííûõ (13) 
(15)  ïðèíèìàåò âèä [2]

   

                         ;

                               .                                              (17) 

Çäåñü îáîçíà÷åíî òàê æå, êàê â ðàáîòå 
È. Ò. Àéòìàòîâà [2]

(S ) / 4x ySG = + ;                                         ;   

                                    .

Â ðàáîòå Á. Æóìàáàåâà [9] ýòè ïîñòî­
ÿííûå ââåäåíû äëÿ îáîçíà÷åíèÿ îäíîðîä­
íîãî íà÷àëüíîãî íàïðÿæåííîãî ñîñòîÿíèÿ 
S

x
, S

y
 , S

xy
 â öåíòðå îòâåðñòèÿ, ãäå ðàçìå­

ùåíî íà÷àëî îñè êîîðäèíàò íîâîãî âñïî­
ìîãàòåëüíîãî ïåðåìåííîãî . Ôóíê­
öèè  îïðåäåëåíû äëÿ âíåøíîñòè 
åäèíè÷íîé îêðóæíîñòè, ãäå 1= , êîíòóð­
íûå òî÷êè ýòîé îêðóæíîñòè îáîçíà÷åíû 

 è i- . Âäàëè îò êîíòóð­
íûõ òî÷åê  ýòè ôóíêöèè ñòðåìÿòñÿ 
ê íóëþ. Ïðè÷åì, êàê ïîêàçûâàåò ïðàêòèêà 
ðàñ÷åòîâ â ïîäîáíûõ ñèòóàöèÿõ, ïðè óäàëå­
íèè îò êîíòóðà òóííåëÿ áîëåå ÷åì íà 10 R 

(1, )N = , (1, )T =

( ) ( ) * ( ) / ( )R Rй щ й щў ў ўG + + G + +л ы л ы

( ) ( ) * ( ) / ( )R Rй щ й щў ў ўG + + G + +л ы л ы

( ) 0Rй щў ў ў+ G + =л ы

( ) 0Rў ў ў+ G + =

(S 2iS ) / 2y x xySўG = - +

(S 2iS ) / 2y x xySўG = - -
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âëèÿíèå îòâåðñòèÿ íå áîëåå 1 % íà íà÷àëü­
íîå íàïðÿæåííîå ñîñòîÿíèå ìàññèâà ìåæãîð­
íîé âïàäèíû. 

Èíòåãðàëû òèïà Êîøè îò çàäàííûõ 
ãðàíè÷íûõ óñëîâèé (17) îïðåäåëÿþò èñêî­
ìûå ôóíêöèé . Êîãäà íà êîíòóð 
òóííåëÿ äåéñòâóåò ãèäðîñòàòè÷åñêèé íàïîð 
(–P

0
), íåîáõîäèìî ðåøàòü ãðàíè÷íóþ çàäà­

÷ó ïî îïðåäåëåíèþ  ôóíêöèé  èç 
óñëîâèé:

                      
0( ) ( )* ( ) / ( ) ( ) ( )P Rй щў ў+ + = -л ы  

   

  
.(18)

Ñîîòíîøåíèÿ äëÿ îïðåäåëåíèÿ ôóíê­
öèé   èç ãðàíè÷íûõ óñëîâèé (17)  
è (18) èäåíòè÷íû, è ïîýòîìó ðàöèîíàëüíî  
îáúåäèíåíèå â âèäå  ñóììû äëÿ ïîñòîÿííûõ 
êîýôôèöèåíòîâ  (17) è (18)

1 (S S ) / 4;i
x yN Re= +

 

3 1;N N=  
4 2;N N=

a
01

=-N
1
d

1
- N

3
;  a

02
=-N

1
d

2
;

  
a

03
=-N

1
d

3
;

    

a
04

=-N
1
d

4
;

   
a

05
=-N

1
d

5
;

   

b
01

=-N
4
d

1
- N

2
;  b

02
=-N

4
d

2
;

  
b

03
=-N

4
d

3
;

   

 
b

04
=-N

4
d

4
;

   
b

05
=-N

4
d

5
;

   

a
11

= i P
0
Rd

1
; a

12
= i P

0
Rd

2
; a

13
= i P

0
Rd

3
;  

a
14

= i P
0
Rd

4
;  a

15
= i P

0
Rd

5
;

b
11

=P
0
R ;  sb

1
= b

01
+ b

11;   
sb

2
= b

02
;  

sb
3
= b

03
;  sb

4
= b

04
;  sb

5
= b

05
;  

ca
1
= a

01
+ a

11
;  ca

2
= a

02
+ a

12
;  ca

3
= a

03
+ a

13
;  

ca
4
= a

04
+ a

14
;  ca

5
= a

05
+ a

15  
.

Èíòåãðàëû òèïà Êîøè îò ãðàíè÷íûõ 
óñëîâèé â (17) è (18)  èìåþò âèä

  ;(19)
                   

0( ) ( )* ( ) / ( ) ( ) ( )P Rй щў ў+ + = -л ы

2 (S S 2 S ) / 2;i
y x xyN Re i-= - +

0( ) G( ) A ( );+ =

0( )* ( ) / ( ) ( ) G( ) ( )Bй щў ў + - =л ы

2 2 2 3
1 2 14 5 52 i ib R b R e b R e- -й щ й щ+ + +л ы л ы

2 1
1 2 33 4 5( ) 2 3 iG b R b R b R e -й щ= + + +л ы

                                             
 .

                 
Äëÿ ðàçëîæåíèé â îòíîøåíèÿõ ( ) / ( )ў  

è ( ) / ( )ў  ââîäèì íîâûå îáîçíà÷åíèÿ: 

5 5

0 0
1 1

( ) ; ( ) ;k k
k k

k k

A ca B sb- -

= =

= =е е

bp0=b
0

;  bp1=b
1

;    bp2=b
2

;     

bp3=b
3

;    bp4=b
4

;  bp5=b
5

;  

qp0=q
0

; qp1=q
1

; qp2=q
2

; 

qp3=q
3

; qp4=q
4

; qp5=q
5

.
 
Ïåðâîå óðàâíåíèå (19) ñîäåðæèò ïî­

ëþñû òðåòüåãî ïîðÿäêà îò èíòåãðàëà  âòî­
ðîãî ñëàãàåìîãî ãðàíè÷íîãî óñëîâèÿ â (17). 
Ïîêà îáîçíà÷èì èõ ÷åðåç 

1 2 3 1 2 3,  , , ,  ,  R R R R R R . 
Äëÿ îïðåäåëåíèÿ èõ çíà÷åíèé ïðèðàâíèâàÿ 
êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ 
ïåðåìåííîãî (k 1,2,3)k- =  ïðàâûõ è ëåâûõ 
÷àñòåé ïåðâîãî óðàâíåíèÿ, áóäåì èìåòü ñè­
ñòåìó òðåõ óðàâíåíèé. Äîáàâèì èì ñîïðÿ­
æåííûå óðàâíåíèÿ è ïðèâåäåì ñèñòåìó èç 
øåñòè óðàâíåíèé. Êîýôôèöèåíòû ñèñòåìû 
èìåþò âèä

                                                       .

Êîýôôèöèåíòû â ïðàâîé ÷àñòè ñèñòå­
ìû óðàâíåíèé ðàâíû

           

                                                    .

Ìåòîäîì âåêòîðíîé àëãåáðû îòâåò 
ðåøåíèÿ ñèñòåìû ïðèâåäåí â ýëåìåíòàõ 

0,0 0,1 0,2 0,3 31; 0; 0; ;M M M M bp= = = = -

0,4 4 0,5 52 ; 3 ;M bp M bp= - = -

1,0 1,1 1,2 1,3 40; 1; 0; ;M M M M bp M= = = = -

1,4 5 1,52 ; 0;M bp M= - =

2,0 2,1 2,2 2,3 50; 0; 1; ;M M M M bp M

2,4 2,50; 0;M M

2,0 2,1 2,2 2,3 50; 0; 1; ;M M M M bp M= = = = -

2,4 2,50; 0;M M= =

3,0 0,3 3,1 0,4 3,2 0,5; ; ;M M M M M M M= = =

3,3 0,0 3,4 0,1 3,5 0,2; ; ;M M M M M M= = =

4,0 1,3 4,1 1,4 4,2 1,5; ; ;M M M M M M= = =

4,3 1,0 4,4 1,1 4,5 1,2; ; ;M M M M M M= = =

5,3 2,0 5,4 2,1 5,5 2,2; ; ;M M M M M M= = =

5,0 2,3 5,1 2,4 5,2 2,5; ; ;M M M M M M= = =

3 1 4 2 5 30 ; 0 ; 0M ca M ca M ca= = =

0 1 1 2 2 30 ; 0 ; 0 ;M ca M ca M ca M= = =
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ìàññèâà­ñòîëáöà MR, ãäå 1 *M0.MR M -=  Ñî­
îòíîøåíèå äëÿ ôóíêöèè  ( ) ïîñëå îáúå­
äèíåíèÿ êîýôôèöèåíòîâ ïðè (k 1,2,3)k- =  
ïåðâîãî óðàâíåíèÿ â (19) áóäåò èìåòü âèä

                                                 
5

1

( ) ;k
k

k

C -

=

= е  
.

Çäåñü ïðèíÿòî

                          .        

4 4 5 5; ;C ca C ca= =

1 1 1 2 2 2 3 3 3; ; ;C ca C ca C ca C= + = + = +

2
1 3 3 4 4 5 5(b MR 2b MR 3b MR ) ;ie= + +

2 2
2 4 3 5 4 3 5 3(b MR 2b MR ) ; b MR ;i ie e= + =

MR

18.878 7.071i+

0.698- 1.332i+

0.036- 1.573i-

18.878 7.071i-

0.698- 1.332i-

0.036- 1.573i+

ж
з
з
з
з
з
з
и

ц
ч
ч
ч
ч
ч
ч
ш

=

4 5
2

0
1 0

R ( ) ( ) ;Q( ) ( );k i k
k k

k k

r e q- -= =е е
2

1 0f( ) (b b Q( ) / d( )) ;ie-= + +

0 0( ) B ( ) R ( ) f( ) ( )ў= + -

( ) ( ) / ( ); ( ) ( ) / ( );ў ў ў ўF = Y = F

2( ) ( ( ) ( ) ( ) ( )) / ( )ў ўў ў ў ўў ўF = -
5

1 2 5 4 4 3 3 2
2

; 5 4 3 ;k k
k

r kC b r C b C b C b
=

= = + +е

3 5 3 4 2 4 5 2r 5 4 ; r 5 ;C b C b C b= + =

Ñîîòíîøåíèÿ äëÿ ôóíêöèé

                                      .

Ñóììà ïåðâûõ òðåõ ïîëåé íàïðÿæå­
íèé â ñèñòåìå êðèâîëèíåéíûõ êîîðäèíàò, 
ãäå äëÿ êîíòóðíûõ òî÷åê òóííåëÿ 1= , äëÿ 
êàæäîãî êîìïîíåíòà íàïðÿæåíèé ïðåä­
ñòàâëåíà â âèäå òàáë. 2.  

Òàáëèöà 2 / Tablå 2

 Êîìïîíåíòû íàïðÿæåíèé /  Stress components

σ
ρ
 (1, Ө) τ

ρӨ
 (1, Ө) σ

Ө
 (1, Ө)

­2,487·10­14 ­8,171·10­14 ­67,989

5,151·10­14 ­1,424·10­14 ­51,145

­3,553·10­14 ­2,487·10­14 ­33,736

­1,066·10­14 1,421·10­14 ­17,319

­2,842·10­14 1,776·10­14 ­2,707

7,105·10­14 ­3,908·10­14 10,007

­2,842·10­14 ­7,105·10­15 21,088

4,974·10­14 ­6,217·10­14 30,765

­1,421·10­14 ­2,487·10­14 38,89

0 ­7,994·10­14 44,762

6,395·10­14 ­3,197·10­14 47,292

5,684·10­14 7,105·10­15 45,745

2,132·10­14 ­7,105·10­15 40,574

­1,066·10­14 2,487·10­14 33,345

­4,974·10­14 1,776·10­14 25,754
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Èç òð¸õ êîìïîíåíòîâ ëèøü îäíà – 
îêðóæíàÿ êîìïîíåíòà – îòëè÷íî îò íóëÿ, 
à äðóãèå (íîðìàëüíàÿ è êàñàòåëüíàÿ êîì­

ïîíåíòû) âî âñåõ òî÷êàõ áëèçêè ê íóëþ. 
Ïîãðåøíîñòü ãðàíè÷íîãî óñëîâèÿ â (17) íå 
áîëåå 10...14­é ñòåïåíè.       

Ðèñ. 5. Ðàñïðåäåëåíèå íàïðÿæåíèé âîêðóã òóííåëÿ / 
Fig. 5. Stress distribution around the tunnel

Íàéäåííûå êîìïîíåíòû íàïðÿæåíèé 
ïîçâîëèëè ñ ïîìîùüþ Çàêîíà Ãóêà [2] âû­
÷èñëèòü êîìïîíåíòû îòíîñèòåëüíûõ 
äåôîðìàöèé. Çíà÷åíèå ìîäóëÿ Þíãà 

Å = 1,71*104 ÌÏà è êîýôôèöèåíòà Ïóàñ­
ñîíà 0,3= . Ðåçóëüòàòû ðàñ÷åòà ïðåäñòàâ­
ëåíû íà ðèñ. 6 â âèäå èçîëèíèé êîìïîíåí­
òîâ îòíîñèòåëüíûõ äåôîðìàöèé.            
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Ñïèñîê ëèòåðàòóðû                                                                                              

Ðèñ. 6. Èçîëèíèè ãîðèçîíòàëüíûõ, âåðòèêàëüíûõ è óãëîâûõ îòíîñèòåëüíûõ äåôîðìàöèé / 
Fig. 6. Isolines of horizontal, vertical and angular deformations

Çàêëþ÷åíèå. Â ðåçóëüòàòå èññëåäîâà­
íèÿ ñîçäàíà ìàòåìàòè÷åñêàÿ ìîäåëü íàïðÿ­
æåííîãî è äåôîðìèðîâàííîãî ñîñòîÿíèÿ 
âîêðóã íàïîðíîãî òóííåëÿ ñâîä÷àòûì ïîïå­
ðå÷íûì ñå÷åíèåì ñ ðàçâèòûìè âåðòèêàëü­
íûìè ñòåíêàìè, ðàñïîëîæåííîãî â çîíå 
îñíîâàíèÿ âïàäèíû ìåæäó äâóõ ãîð. Ìî­
äåëü ïîñòðîåíà â âèäå ñóììû ÷åòûðåõ ïî­
ëåé. Ïåðâîå ïîëå íàïðÿæåíèé – èíòåãðàëû 
äèôôåðåíöèàëüíûõ óðàâíåíèé ðàâíîâåñèÿ 
ïðè ñîâìåñòíîì äåéñòâèè ñèëû ãðàâèòàöèè, 
êâàçèñòàòè÷åñêîé ñåéñìè÷åñêîé ñèëû è ãî­
ðèçîíòàëüíûõ òåêòîíè÷åñêèõ ñèë. Âòîðîå 
õàðàêòåðèçóåò âëèÿíèå äâóõ áëèçêî ðàñ­

ïîëîæåííûõ ãîð ñ âïàäèíîé ìåæäó íèìè. 
Òðåòüå ïîëå õàðàêòåðèçóåò âîçíèêíîâåíèå 
òóííåëÿ â ïðåäâàðèòåëüíî íàïðÿæåííîì 
ìàññèâå îò ïåðâûõ äâóõ ïîëåé. ×åòâåðòîå 
âîçíèêàåò îò íàïîðà âîäû íà êîíòóð òóí­
íåëÿ. Èñïîëüçîâàí àïïàðàò êîíôîðìíîãî 
îòîáðàæåíèÿ ïîëóïëîñêîñòè ñ äâóìÿ âûñòó­
ïàìè íà âñïîìîãàòåëüíóþ ïîëóïëîñêîñòü 
è îòîáðàæåíèå âíåøíîñòè îòâåðñòèÿ íà 
âíåøíîñòü åäèíè÷íîãî êðóãà âî âñïîìîãà­
òåëüíîé ïëîñêîñòè. Ïðèâåäåíû ðåçóëüòàòû 
ðàñ÷åòà ïîëåé íàïðÿæåíèé è äåôîðìàöèé ñ 
ó÷åòîì è áåç ó÷åòà íàëè÷èÿ òóííåëÿ.
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