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Abstract. In the present paper we investigate nonlinear tracking prob-
lem under boundary control for the oscillation processes described by
Fredholm integro-differential equations. When we investigate this prob-
lem we use notion of a weak generalized solution of the boundary value
problem. Based on the maximum principle for distributed systems we
obtain optimality conditions from which follow the nonlinear integral
equation of optimal control and the differential inequality. We have devel-
oped an algorithm to construct the optimization problem solution. This
solving method of a nonlinear tracking problem is constructive and can
be used in applications.

Keywords: Weak generalized solution - Boundary control - Functional -
Maximum principle - Nonlinear integral equation - Optimization

1 Introduction

With the emergence the theory control for the systems with distributed parame-
ters, a lot of applied problems described by integral-partial differential equations,
integral equations, differential and integral-functional equations ([1], Chap. 5,
pp. 193-197), [2], ([3], Chap. 16, pp. 410-414), (4], Chap. 1, pp. 30-76), became
investigate by methods of optimal control theory ([4], Chap.6, pp. 356-383),
([5], Chap. 2, pp. 45-78), ([6], Chap. 4, pp. 281-309),[7-9]. However, the control
problems described by the integral-differential equations are little learned. In
this paper we investigate the boundary tracking control problem for the elastic
oscillations described by the partial Fredholm integral-differential equations in
partial derivatives. This problem has a number of specific properties: according

© IFIP International Federation for Information Processing 2016

Published by Springer International Publishing AG 2016. All Rights Reserved
L. Bociu et al. (Eds.): CSMO 2015, IFIP AICT 494, pp. 1-10, 2016.

DOI: 10.1007/978-3-319-55795-3_29



Author Proof

2 A. Kerimbekov and E. Abdyldaeva

to the method of [10] the generalized solution of the problem is built by the
solving of countable number of integral equations; the optimal control simulta-
neously satisfies the two relations in the form of equality and inequality, where
the relation in the form of equality leads to a nonlinear integral equation, and
the relation in the form of inequality is a differential with regards to the function
of the external source.

The sufficient conditions for the unique solvability of specific problems
were found, and algorithm was indicated for constructing solutions of nonlin-
ear optimization problems with arbitrary precision in the form of the triple
(u(t), VO(t, x), J[u®(t)]), where u®(t) is the optimal control, VY(t, z) is the opti-
mal process, J[u(t)] is the functional’s minimum value.

2 Formulation of the Optimal Control Problem and
Optimality Conditions

We consider the optimization problem where it is required to minimize the inte-
gral functional

T T
Tu®) = [ [ Wt.o) - &t dude +25 [ Mppuielae 5>0 (1)
0 JQ 0
on the set of solutions of the boundary value problem

T
VtthV:)\/ K(t,7)V(r,z)dr+g(t,x), t€ QCR", 0<t<T, (2)
0

V(0,2) = ¢1(x), Va(0,2) = 1pa(x), = € Q, (3)
I'v(t,z) = Z a; j(x)Vy, (t,x)cos(d, z;) + a(x)V (L, ) (4)

=b(t,z)f[t,u()], zevy, 0<t<T.

Here A is the elliptic operator defined by the formula

n

AV (t,xz) = Z (aij(z)Vy, (t,a:))mi —c(x)V(t,x), a;;(z) = aj,(x),

ij=1

n

n
> aij(@)aia; >0y af, >0

i,j=1 i=1
0 is a normal vector, emanating from the point z € ; K(¢,7) is a given function
defined in the region D = {0 <t < T, 0 <7 < T} and satisfying the condition

Jo [y K2(t,T)dtdr < Ko < o0, ie. K(t,s) € H(D);
Y1(z) € Hi(Q), a(z) € H(Q), fult,u(t)] #0,Vt € (0,T),
f(t,l‘) € H(QT)’ M[tau(t)] € H(07T)v QT = (Q X 11)7 (5)
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are given functions, a(z) > 0,c(x) > 0 are known measurable functions; H(X)
is Hilbert space of functions defined on the set of X; H;(X) is the first order
Sobolev space; f,[t,u(t)] is the function of boundary source which nonlinearly
depends on the control function u(t) € H(0,T) and it is an element of H(0,T);
A is a parameter, T is a fixed moment of time; M, [t, u(t)] # 0 and satisfies the
Lipschitz condition with respect to functional argument u(t) € H(0,T).

This problem is to find a control u°(t) € H(0,T), for which the appropriate
solution VO(¢, ) of the boundary value problem (2)—(4) deviates little from the
given trajectory &(¢,z) € H(Qr) during the entire time ¢ € [0, 7] of the control.

At the same time u°(t) is called optimal control and V°(¢,z) is the optimal
process.

We are looking for a solution of the boundary value problem (2)—(4) in the

form of the series
oo

V(t,z) = Zvn(t)zn(m)a (6)

n=1
where z,(x) are generalized eigenfunctions of the boundary value problem [10]

n

Dn (P, zn) = /Q < Z a;,j(2)Pa; 2na; +c(:c)zn(:r;)¢(t,x)> d:r;-l—/a(a:)zn(a:)@(t, z)dz
gt

i,5=1
:)\i/ zn(2)P(t, x)dx;
Q
I'zpo(z) =0, z€7,0<t<T,n=1,2,...,

and they form complete orthonormal system in the Hilbert space H(Q), and the
corresponding eigenvalues \,, satisfy the following conditions

An < A1, V=1,2,3,..., lim A\, = oc.

n—oo

The Fourier coefficients V;,(¢) for each fixed n = 1,2,3, ..., satisfy the linear
nonhomogeneous Fredholm integral equation of the second type

T
Vi(t) = A /0 Kon(t, 5)Vi (5)ds + an(t), 1)

where

1t
K,(t,s) = )\—/0 sinA, (t — 7)K (1, s)dT,
1

t
an(t) = P1pcosAnt+ %sin/\nt +5 / sinAy (t—7)[qn(T) + bp (1) f 7, u(7)]]dT.
n 0

(8)
The solution of equation (7) we find ([11], chap. 2, pp. 98-110) by the follow-
ing formula

n

Vi(t) = A /0 R (t, 5, Nan (s)ds + an(t), )
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where the resolvent R, (¢, s, A) of the kernel K, (s,t) is given by
(5, 0) Z)\Z YKt s), Knpai(t,s) = Ky(t,s)

and the iterated kernels K, ,(t,s) for each n = 1,2,... are defined by the
formulas

T
Kot s) :/ Kot ) Ko (n,8)d, i = 1,2,3, ., K (t,8) = Kn(t, s).
0

Resolvent R, (t, s, \) is a continuous function when |A| < \’\/170 and satisfy the

following estimate

/ R2(t,s,\)d TKo (10)
(A ~ ATVEo)*

Further, taking into account (8) and (9) solution of the boundary value problem
(2)—(5) can be written as

o0

T
V(ta) = 3@t + 3 [ eltn Vbl foumldnz @), (1)

n=1 n

where

U (t, N) = Y1, (cos Ay t—|—/\/ o (t, 8, A) cos A sds)

T
+%(Sm Ant + )\/ R, (t,s,A)sin A, sds) + /\i / en(t,m, N gn(n)dn, (12)
0 0

n n

T
sin A, (t — n) +/ R, (t, 8, \)sinA, (s —n)ds, 0 <n <t
n

en(t,n,A) = T (13)
A R, (t,8,A\)sin A, (s —n)ds, t <n<T.
7
The function (11) is an element of Gilbert space H(Qr) and weak generalized
solution of boundary problem (2)—(5).

According to condition (5) each control u(t) uniquely defines the controlled
process V (¢, ). Therefore for the solution V(¢,2) + AV (¢, z) of boundary value
problem (2)—(4) corresponds the control u(t)+Au(t), where AV (¢, z) is the incre-
ment corresponding to the increment Au(t). By the method of to the maximum
principle ([4], Chap. 6, pp. 356-383), ([5], Chap. 2, pp. 45-78) the increment of
functional (1) can be written as

AJu] = Ju + Au] = / AITE, V (¢t x), w(t, x), ]dt+/ /AV (¢, z)]dzdt;
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where

[t V(t, ), w(t, x), u(t)] = /W(t,w)b(tvﬂf)dfvf[tU(t)} — 28M[t, u(t)],

~

and the function w(t, x) is the solution of the adjoint boundary value problem

T
wi — Aw = )\/ K(t,7)w(r,x)dr —=2[V(t,x) — &(t,z)], 2 € Q,0 <t < T,
0
w(T,z) =0,w(T,z) =0, z € Q, (14)
w)(t,z) =0, ze€vy, 0<t<T.

According to the maximum principle for systems with distributed parameters
([4], Chap. 6, pp. 356-383), ([5], Chap. 2, pp. 45-78), the optimal control is deter-
mined by the relations

M, [t, u(t)]
zﬁfutu o] Zb (15)
Al 0 (Z“&f’&%?)xﬂv e

which are called optimality conditions.

3 Solution of the Adjoint Boundary-Value Problem

We are looking for a solution of the adjoint boundary value problem (14) in the
form of the series -
x) = an(t)zn(x) (17)
n=1

The Fourier coefficients w,(t) for each fixed n = 1,2,3,..., satisfy the linear
nonhomogeneous Fredholm integral equation of the second type

T
won®) =2 [ Buls, ons s =5 [ sind(r = OV (r) — €. (19)
where .

B, (s,t) = %/t sind, (7 — t)K (s, 7)dT.

The solution of equation (18) we find ([11],chap. 2, pp. 98-110) by the fol-
lowing formula

T
wn(t )\/ (s,t,A) ( )\271 / SinA (T — 8) [V (T) —§n(7)]d7> ds
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——/ sinAp (7 — ) [V (1) — &u(7)]dT (19)

where the resolvent P, (s,t, A) of the kernel B, (s,t) is given by

(s,t,\) Z/\’ 'B.i(s,t), Bni(s,t) = By(s,t),

T
By.it1(s,t) :/ B, (n,t)Bp.i(s,n)dn, i=1,2,3, ...
0

and it is continuous function when || < = \’>1K7 and satisfy the following estimate

(20)

T
/ P2(s,t,\)dr < TKy 5.
0 ()\n — |)\|T\/ Ko)

Further, taking into account (17) and (19) solution of the adjoint boundary value
problem can be written as

w(t,z) = —2{—h(t,z) + E(t,z)}, (21)

where

h(t,x) = S /0 b (8) En (5, t, Nln (7, N d7 2 (2),

Bla) =35 | ( / bn<t>En<t,T,A>sn<7,n,A)bnm)dT) £, ) dzn ),

1
)\/ — P, (s,t, \)sinAp (T — s)ds, 0 <7 <t,
0 An

/\isin)\n(T —t)+ /\/ /\LP (s,t,\)sinA, (T — s)ds, t <71 <T,
n 0 n
Ln(t, A) = &u(8) — P (t, N).

By means of the direct calculations we have proved the following lemmas:

Lemma 1. The function h(t,z) is an element of the space H(QT).
Lemma 2. Function E(t,z) is an element of H(Qr).

Based on the Lemmas 1 and 2 from (21) it follows that solution of adjoint bound-
ary value problem (14) w(t, z) is an element of the Hilbert space H(Qr).
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4 Nonlinear Integral Equation of Optimal Control

We find the optimal control according to optimality conditions (15) and (16). We
substitute in (15) the solution of adjoint boundary-value problem (14) defined
by (21).

We rewrite the equality (15) in the form of

o) T T
futu Z/\i t)/o /O En(t, 7, N)en (1,1, N)d7b, (1) f (0, w(n))dn

i% £) [T Ep(t, 7, Nl (7, \)dr. (22)

Thus, the optimal control is defined as the solution of a nonlinear integral equa-
tion (22) and at the same time (15) and (16) should be carried out. Condition
(5) restricts the class of functions f[t, u(¢)] of external influences. Therefore, we
assume that the function f[t, u(t)] satisfies (16) for any control u(t) € H(0,T),
i.e. the optimization problem is considered in class {f(¢, u(t))} of functions satis-
fying (16). Nonlinear integral equation (22) is solved according to the procedure
of work [7,9]. We set

M, (t,u)
Sult,u)
According to condition (16) control function u(t) is uniquely determined from
equality (23), i.e. there is a such function ¢ that ([12], Chap. 8, pp. 467-480)

u(t) = ¢(t, p(t), B). (24)

By (23) and (24) we rewrite the equation (22) in the operator form

B =p(t). (23)

p(t) + Glp, Al = h(t, A) (25)

where

6o = 3 2one) [ ([ ButtrNetron Ndr) x b0 ln o). i,

n=1

o) 1 T
h(t,\) = Zrnbn(t)/o By (t, 7, Nln (7, N)dr.

Now we investigate the questions of unique solvability of the operator
equation (25).
Lemma 3. The function p(t) is an element of the space H(0,T).

Proof. By (23) we have the estimate

sup

fult,w)

M,(t,
W‘ < N, Vte[0,T].
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Since u(t) € H(0,T), the statement of the lemma follows by the inequality
M, (t,u)|?

T T
2 2
/0 Ip(t) 2dt < 8 / TR

Lemma 4. The operator G[p(t)] which defined by the formula (25) maps the
space H(0,T) into itself, i.e. it is an element of the space H(0,T).

dt < B°N*T? < .

Proof. Taking into account the following estimations

NT2K, )

T
€2 (t,n, \)dn < 2T<1 + 5
/0 (M = [AWVT?K,)

22
/E2t7AdT<Z(1+ MK 2),
A (M — AVT?E)

we obtain the assertion of lemma from following inequality

[ew [ {S el ([ meovon)

<) 1020 p(0). 5 dn} at < / pbi

0 0

= 2
X Z:l {/ En t T, >\)5n(7' 777>\)d7'bn( )f[ <p(r] p( ) ﬂ)]dn} dt

S/o ZF Z/ / E2(t TAdT/ 2 (7, N drb2 () dn

/ 2, e, p(n dndt</ sz
1

n=

N2T2K, N2T2E, )
XZ/ { (M — AVTPE )}QT{H(An—|A|FT2K0)2}[)"(”)CI77

/ P, e(n,p(n), B)ldndt < — (/ Zb > 2?

NT?2K
X {1+ ( 0

‘/\|\/W)2 } ”f[na <P(777P(77)75)]H%1(0,T) < 0.
- 0
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Lemma 5. Suppose that the conditions
£t w®)] = fIt, a0, < follul®) —a()mor). fo>0,

[olt, p(t), B] — @[t @), Bl zro,r) < do(B)|p(t) — D)l (0,7)s P0(B) >0
are satisfied. Then if the condition

v = Cofopo(B) < 1,

is met, the operator Glp, \] is contractive. Here

Co

2T MNT?2K
@ ( 0 Qmwwmﬁwy

RS M — AVTTRD)

Proof. The proof of this theorem follows from Lemma 4 by the following inequal-
ity, i.e. the following inequality is fulfilled

IG[p. Xl = Glp. 5, NIl 0.0y < CollFIE, u(®)] = f1E @71,
< Cof3lllt. p(t), B = lt. 5(t). Blll 0.1y < C5 L5258 Ip() = B(O7r, -

Theorem 1. Suppose that conditions (5), Lemmad and |A| < T\);KT) are satis-

fied. Then operator equation (25) has a unique solution in the space H(0,T).

Proof. According to Lemmas 3 and 4, operator equation (25) can be considered
in the space H(0,T). According to Lemma5 operator G(p) is contractive. Since
the Hilbert space H(0,T) is a complete metric space, by the theorem on principle
of contracting mappings ([12], Chap. 1, pp. 43-53) the operator G(p) has a unique
fixed point, i.e. operator equation (25) has unique solution.

The solution of operator equation (25) can be found by the method of successive
approximations, i.e. n th approximation of the solution is found by the formula

pn=h—G[pp-1], n=1,2,3,...,

where po(t) is an arbitrary element of the space H(0,T'). For the exact solution
P(t) = lim p,(t) we have the following estimate
n—oo

196 = pu(®) < 7= l1b = Glpo(®)] = ol

or when h = py(¢)

,}/n
G[Y ,
_,7” [ O]HH(O,T)

llp(t) _pn(t)HH(&T) < 1

where 0 < v < 1 is the contraction constant. The exact solution can be found
as the limit of the approximate solutions, i.e. substituting this solution in (24)
we find the optimal control

uo(t) = @[tap(t)’ ﬂ}
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We find the optimal process V(¢ z), i.e. the solution of boundary value problem
(2)—(4), corresponding to the optimal control u°(¢, z), according to (6) from the
formula

0 xTr) = 3 ! S (IO S S—GO Zn T
VO(t, z) E(A/ R (t, 5, \)ad(s)d m) (),

1/)271

al (t) = Prncoshpt+——-sinAnt+ L /t siny (t—7)[qn (1) +bn (7) f[1,u°(7)]]dT.
0

An An

The minimum value of the functional (1) is calculated by the formula

J[uo(t)]:/o /Q[Vo(t,x)—g(t,x)]zdxdt+2ﬂ/0 Mt,u®(t)]dt.

The found triple (u®(t), VO(t,z), J[u®(t)] is a solution of the nonlinear optimiza-
tion problem.
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